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st-flow

Given a directed graph D = (V,E)  

2 distinct vertices s t ∈ V
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t sink: no edges outgoing from  t
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An st-flow is a function x: E → R, satisfying 
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flow conservation constraints

non-negativity and capacity constraints g y p y

Obs: divx(v) = 0 for all v ≠ s,t.Obs: divx(v) 0   for all v ≠ s,t. 



Flow on paths and cycles
Given a directed graph D = (V,E)  

P = {u=u1,(u1 , u2),u2 , …,(uk-1,uk), uk = v)  uv-path{ 1 ( 1 2) 2 ( k 1 k) k ) p

yP ∈ {0,1}E  incidence vector of P

f A f f P 0A flow x ∈ RA is called flow on the path P if x = k⋅yP , with k > 0
(x has positive components only on the edges of P)
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P = {1,(1,2),2,(2,3),3,(3,4),4}k = 2
x = 2⋅yP x = 2⋅yC

flow on a cycleflow on a path



Summing flows

L t b t fl d l t ’ b fl t th
Theorem
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Let x be an st-flow and let x’ be a flow on an st-path or on a 
cycle. If z = x + x’ satisfies 0 ≤ z ≤ c, then z is an st-flow.  
If z = x x’ satisfies 0 ≤ z ≤ c then z is an st flowdaIf z = x - x  satisfies 0 ≤ z ≤ c, then z is an st-flow. 

Show it. 



Example
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Example
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The flow decomposition theorem

Theorem: 

Let x ∈ RE be an st-flow of D. There exists a set Π = {P1,…} of st-

paths and a set Ω = {C1,…} of cycles such that: ∑∑
Ω∈Π∈

+=
C

CC

P

PP ykykx

xcvxcwith kPyP flow on path P ∈ Π and kCyC flow on cycle C ∈ Ω

Ω∈Π∈ CP

Prove it! Hints:
(A flow can be decomposed into flows on st-path and flows on cycles. 
Prove it! Hints:  
- if x = 0, then the theorem holds trivially. So we can assume xuv > 0.

- if u∈V has div (u) > 0 then there is a vertex vertex w with div (w) < 0- if u∈V has divx(u) > 0 then there is a vertex vertex w with divx(w) <  0

- if u∈V has divx(u) > 0 then there is a vertex v with xuv > 0. 

if h di ( ) < 0 th h th ith iti fl U it- if v has divx(v) <  0 then we have uv-path with positive flow. Use it

- otherwise there exists w∈V with xvw > 0. How can we use it? 



More hints

- Start with any vertex u. Take an outgoing edge (u,v). Build the path
(u (u v) v) Take an outgoing edge (v w) Build the path(u,(u,v),v). Take an outgoing edge (v,w). Build the path
(u,(u,v),v,(v,w),w)… sooner or later you meet every vertex, or a vertex
you have already encountered.    

u

v

ww


