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1. Show that ifty < t; < ty, the Vandermonde matrix

1ty t
V=I[1+4 &
1ty t3

is non-singular by showing that its determinant can be amitis
(t1 —to)(ta — to)(ta — t1).
Solution:  Using the first column to expand the determinant, we get
detV = (1115 — taot3) — (tots — tatd) + (tots — t113).
Meanwhile
(t1 —to)(ta — to)(ta — t1) = (t1ta — tito — toty + t%)(tg —t1)
= (t1t3 + totp + tot3) — (tot] + tots + t113).

2. Recall the cubic Lagrange basis functions

3

t—t;
Li(t):Ht‘_tj', i=0,1,2,3.
j=0 "
J#i

What is the value of ; at the pointg = tg, t1, t5,t37?

Solution:
1 ifj=1;
Li(tj ) = . .
0 ifj#i.
We often express this property using the Kronecker delta,; @s) = o;;.

3. What are the values and first derivatives of the Hermiterpotyials H,, H,, H, H3, de-
fined in the lecture, at the end poirits- 0 andt = 17?

Solution:
Ho(0) =1, Hy(0)=0, Ho(1)=0, Hy(1)=0,
Hy(0) =0, Hi(0)=1, Hi(1)=0, H{(1)=0,
Hy(0) =0, Hy(0)=0, Hy(l)=1, Hy(1)=0,
H3(0) =0, H;0)=0, H31)=0, Hi1)=1



4. Letp andq be two Bezier curves of degree

d d
p(t) = Z szz d(t)a q<t) - Z quz d(t)a
=0 =0
where p
Bia(t) = (,)x’u N Bi(t) = (,)xu — A4,
] 7
and . _—
—a - _
A= b—a’ A= c—1b’
anda < b < ¢ and define a spline curve: [a, c] — R" by
<
r(t) = p(t) a<t<y,
q(t) b<t<c

What are the conditions on the control points &randG? continuity?
Solution: The first two arc length derivatives ofits tangent and curvature vectors) are

() = r'(t) () = r'(t) x r”(t).

(8] [ (6)]1?
The first two derivatives gbp andq att = b are:
d d
/ o ! _
p'(b) = 5o APa-1, q'(b) 3 2%:
" d(d B 1) 2 " d(d _ 1) 2
b) = Apg_ b) = A*qp.
P ( ) (b—a)2 Pd—2, q ( ) (C—b)2 Jo
Thusr is G' continuous at = b if and only ifp(1) = q(0) and
p() _ q(0)
I’ a0

or equivalentlyp, = qo and
Apg-1 Aqp

[APa-1]l  [|Aqo]’
Notice that the interval lengthts— a andc — b cancelled out.

The curver is G? continuous at = b ifitis G' att = b and

p'(b) x p"(b)  d'(b) x q"(b)

'@ ld @




and again the interval lengths- a andc — b cancel out, giving

Apg—1 X A2pd72 Aqp x AQQO

1Apaal® ([ Aqol®

or
Apg—2 X Apg_1 Aqp x Aq

1Apa-il® [|Agol?

Thus the conditions fa&* andG? are independent of the intervéitsb] andb, c|. This is to
be expected because tangent and curvature vectors arendien of the parameterization
of the curve.




