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Cubic Splines

v

Given a < b and x = [xo, ..., Xn4+1] with
a=:1x<x3<--<xy<xny1:=Db.

v

Cubic Splines:
S2(x) := {g € C*a, b : 8l € May forj=0,.... N
My := span{x* : 0 < k < d} polynomials of degree < d.

Unique representation of g € S2 in terms of truncated
3

powers x3 := max{x3, 0}.

x3 € C*(R).

g(x) = 221:1 ck(x = x)3 + Zi:o ax“, x € [a, b].
S3(x) is a linear space of functions of dimension N + 4.
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Natural Cubic Splines

> NS%(X) = {g S Sg(x) * 8l(aig)? Blixy ) € |_|1}.
» Truncated power representation g € NS3(x) <=
> g(x) =0 c(x — xk)3 + ao + a1x, x € [a, b],
> ZLVZI Ck = 0, 22121 CpXKk = 0.
» Proof Choosing x € (a, x;) shows that a, = a3 =0 in
the truncated power representation.
» Choosing x € (xy, b) shows the orthogonality conditions.

» remove +'s:

g(x) = S0 cl(x — xk)® + a0 + a1x, x € (x, b).
» Expand (x — xx)3 = x3 — 3x,x? + 3x£x — XE
» Expanded Sum: Y, ck(x — xk)3 =

X3k ek = 30, coxi)x® + 3k axg)x — (X, cix})-



Radial basis function representation

v

truncated power representation: g € NS3(x) <=
> g(x) = SN ck(x — xk)3 + a0 + aix, x € [a, b],
> 221:1 Cx = 0, 221:1 Ci XKk = 0.
» Replace x3 by 1(|x|* + x*) in truncated power
representation.
N N
> g(x) = 3 2o kX = xl® 4+ 3 200y an(x — x)? + a0 +
aix, x € [a, b],
N N
> g(X)N: % D ket Cklx = xi]® + %(Zk:l CXE)X —
T axd) + a0 + arx, x € [a, b],
» radial basis function representation
» g(x) = Zivzl ck|x — xi|® + do + dix, x € [a, b],
> Yhaa =0, Y ax =0.



Natural cubic spline interpolation in a radial basis
formulation

» Find Pr € NS%(x) such that Pr(x;)) =f;, j=1,..., N.
> s k(g — xkl) + do + duxg = £, j =

> Zk Cx — 0, Zk Ci X — 0.
» Matrix form

o % lle - [0 A-wsmme= | L

» N + 2 equations in N + 2 unknowns.
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Radial Function in R*®

Definition
Let s € N and || || a norm on R®. A function ¢ : R®* — R is
called radial if

D(x) = p(llx[), xR,
for some univariate function ¢ : [0, 00) — R.

» The norm is often the Euclidian norm || ||».
» || || = || |l2 when nothing else is said.
» Radial: &(x) = ¢(r) for all x with ||x|| = r.



2,2

Gaussian, p(r) = e ", =26

0(x) = () = e



Distance, o(r) = —r




Thin Plate,(r) = rlog r

D) = ¢(Ix]) = 50 + 1) log(x + 7).

V*®(x) = 0.



RBF Interpolation without polynomial precision

Given
» N, s € N and distinct points xq,...,xy € R,

» ordinate-values f; = f(x;) representing an unknown
function f.

» A radial function @ : R® — R given by &(x) = ¢(||x]|)
» Linear combinations Pr(x) := S, ck®(x — )

Find
» ¢ =[c,...,cn] such that

:ch@ —x)=f, j=1,...,N

» Matrix Problem Ac = f, where
A = [p(llx; — xi|)] € RYN £ =T, ... ]
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CTe(lx —xal) e(lx - %)
A= Lo(ﬂxz “xl) lx —xzuﬂ '

1 a

QD(f) _ e—s2r2, A= L} 1:|, 3= e—62||x1—x2||2 <1life#0.

A is symmetric and positive definite. (Positive

eigenvalues by Gerschgorin or strict diagonal dominance).
0 b
o(r)=r, A= [b O:|,b—||X1—X2H.

A is symmetric with one positive and one negative
eigenvalue.

Nonsingular, but indefinite.

Same for thin plate



Franke's test function




Franke's test function

f(x,y) :==0.75 % Exp( — ((9% x — 2)> + (9 y — 2)*)/4)
+0.75 % Exp( — ((9 % x +1)?/49 + (9 x y + 1)?/10))
+05x% Exp(— ((9xx —7)* + (9% y —3)%)/4)
—02xExp(— (9% x — 4>+ (9xy — 7)%))



Halton Points

> Xip,...,Xy uniformly distributed points in (0,1)".
» can be downloaded by searching for haltonseq.m.

289 Halton Points in R?



Gaussian Example
>
P(x) = e = IF e =211
» 289 (left) and 1089 right) Halton Points

» f sampled from Franke's test function.
» Matlab program RBFInterpolation2D.m by Fasshauer

REF interpolant false colored by maximum efror. REBF interpolant false colored by maximum errr.




Discussion

Dense linear system

Non-singular?

Extremely ill-conditioned for ¢ not large.
Polynomials of low degree not reproduced.

vV v v v Vv

But.. Can work for scattered data in high space
dimension without triangulating the data.



Non-singularity via Fourier Transform

Definition
For a function f € L;(IR®) we define the (symmetric) Fourier
transform of f by

Flw) = ! /S f(x)e ™*dx, w eR". (1)

(2m)s/2 Jg
and the inverse Fourier transform

f(x) = ﬁ /R s flw)e*dw, xeR°. (2)

~

B(x) = eI = Gw) = e w1/ > g



Non-negative Fourier transform

Theorem

Let &(x) = ¢(||x||) be a radial function with nonnegative
Fourier transform not identically zero. For any distinct points
X1,...,Xy the matrix

A = [p(llx; — xill)] € R™Y,

is positive definite.



Proof

c'Ac = ZZ cick®@(x; — x)

j=1 k=1

1 § : A lw Xi—X
1 a
= o / E e’ cpe” ) d(w)dw

1 fw-X
- 7 |, Zm e d(u)de > 0,

Equality = Z ce“ =0, weR’, =c=0.
J



Discussion

» The Fourier transform can be used for some other
examples. But,

» The distance function and thin plate and other examples
are not integrable so do not have a Fourier transform

» Can use nonnegativity of the generalized Fourier
transform.

» We will instead look at the connection between positive
definite matrices and completely monotone functions.



Polynomial reproduction

v

Gaussian, distance and thin plate do not reproduce
polynomials

can add terms to achieve this.

Example x = (x,y) € R?, add 1, x, y to reproduce linear
polynomials

Pr(x) := S0y ckp(l|x — xk|]) + di + dox + dy,
need 3 extra conditions
Zk Cx = 0, Zk Ci XKk = 0, Zk CkYk = 0



Linear system

> S ps ap(llx = xill) + di+ doxg+dsy; = £, j=1,... N
Yuk=0, > ,axk=0 >, ,cay=0

5 5] [0 A-vonmmer-| 7

» S; :={c € RV : Bc =0}, is a subspace of RV,

1 xv yn



Positive definite on a subspace

Definition
Suppose A € RVN and S a subspace of RV. We say that A is
positive definite on S if AT = A and ¢” Ac > 0 for all nonzero

ceS.

» If A is positive definite on
S =ker(B) := {c € RV : Bc = 0} and B € RM" has
linearly independent rows then the block matrix
A BT
B 0

is nonsingular.



Proof

{A BT] ﬁ PN Ac+B'd=0

B 0 d Bc=0
N c"Ac+c'B'd=0
¢'B"=0"

» Soc=0and thend =0 since0 =Ac+B’d=B"d
and B has linearly independent rows.



Positive and negative eigenvalues

Theorem
If A € RNN js positive definite on the subspace
S:={ceRV:Y, c=0}and} ;a; <0, then A has N —1
positive eigenvalues and one negative eigenvalue.

» Proof
S is a subspace of RV of dimension N — 1.

v

» Since A is symmetric it has real eigenvalues.
» Let \; > \p > -+ > Ay be the eigenvalues of A.
» Recall Courant-Fischer's characterization
Ay = max min c’Ac.
dim 7=k ceT
llell=1
» In particular
An—1> min ¢’ Ac > 0.
ceS
llel=1
» But Zi)\,' = Zia,-,- <0so Ay <0O.



Non-singularity without polynomial precision

Corollary

Let @(x) := ¢(||x||) be a radial function. If

A = [o(|lx; — x«||)] € RNV is positive definite on the subspace
S:={ceR":>, c =0} and ©(0) =0 then A is
non-singular with N — 1 positive eigenvalues and one negative
eigenvalue.

Proof.

This follows immediately from the previous theorem. O]



Distance matrix

> @(r) = —r, D(x) = o(||x]]) = —IIx]|.

» A =[||x; — x]|] and

» a; =[x, —x;]| =0,j=1,..., N since ¢(0) =0 so
2.3 < 0.

» We show next time that A is positive definite on
S:={ceR":Y, & =0}.

» It will then follow that the distance matrix is non-singular
with N — 1 positive and one negative eigenvalue.



