The cable equation A.K.A. the
monodomain model
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Electric flow In heurons

The neuron consists of three parts:
#® Dendrite-tree, the “input stage” of the neuron, converges on

the soma.
® Soma, the cell body, contain the “normal” cellular functions
#® Axon, the output of the neuron, may be branched.

Synapses at the ends are connected to neighboring
dendrites.

The axon has an excitable membrane, gives rise to active
conduction. Will first look at conduction in the dentrites, passive
conduction.

—p. 3



The cable equation

The cell typically has a potential gradient along its length. Radial
components will be ignored.

Notation:

V; and V, are intra- and extra cellular potential
I; and I, are intra- and extra cellular (axial) current
r; and r. are intra- and extra cellular resistance per unit length
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Discrete cable
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Ohmic resistance assumed:
Vil + Ax) — Vi(z) = —I;(x)r;Ax

Ve(x + Ax) — Vo(x) = —I.(z)r. Ax

In the limit:

1 0V 1 9V,
[ =———and [, =-———"
r; Ox re O
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Conservation of current yields:
Ii(x) — Ii(x + Ax) = —(Ie(x) — Ic(x + Az)) = LI Ax

where I; is transmembrane current, per unit length. In the limit

(1) yields:
ol; Ol

- dx  Ox
We would like to express I; in terms of V.

I =

iéﬂve 1 0%V, 1 0’V 0%V,

re Ox2 _fr_z- oxr2 7“_7;(851;2 + 8:62)

1 1.0%V, 1 0%V

(r_e + r_@) ox2  r; Ox?

(1)
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From the membrane model previously derived we have

oV

I, = p(Cp 2t

+ Tion)

where p Is the circumference of the cable. The total expression
will be in Ampere/meter.

The total 1D cable model is then:

oV 1 0%V

a7 + Tion(V)) = (Te T axg)

p(Ch,
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Dimensionless form

We can scale the variables to reduce the number of parameters.
Defines a membrane resistance:

R, ~ Ay 0

where V} is the resting potential. Multiplication with R,

oV R, 0%V

milm 5, mI' —
CoR 5 + Rimdion p(ri + 1) 022

Here we have assumed r; and r. constant.

Defining f = —R,.lign, Tm = C Ry, (time constant) and
N = R,,/(p(r; +r.)) (Space constant squared) we can write

oV , 02V
m —J — 2
T = f =2 (2)
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Introduces the dimensionless variables:
T=t/t, and X =zx/\,

We can then write:

8_V _ 0°V

or 0X?2
A solution V(T,X) of (3) will imply that V' (¢, z) = V(t/Tm,aﬁ/)\m)
will satisfy (2).

(3)
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The reaction term

The form of f depends on the cell type we want to study.

For the axon [y, (m,n, h, V') of the HH-model is a good
candidate.

For the dendrite, which is non-excitable, a linear resistance
model is good. Shift V so V = 0 Is the resting potential:

ov._ov.
oT  0X?2

Need boundary and initial values. Initially at rest:
V(X,0)=0
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Boundary conditions

Types of boundary conditions:
® Dirichlet: V(z,,T) = V4, voltage clamp.

® Neumann: g% = —r;\,,,1, current injection.
Justification:
oV; oV 0V, =0 OV
— —’I“ifi - — — — _Tz'li eZQ — = —TZ'L;

ox ox ox ox
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Gap junctions



Gap junctions

interacting
plasma membranes

channel
1.5 nm in
diameter

connexon

2 connexons in ~ composed of
register forming an -~ 6 subunits

open channel between
adjacent cells
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Gap junctions

Gap junctions are located between cell and ions may pass
through them.

The junctions have a high resistance to flow compared to the
Intra cellular environment.
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Consider a 1D line of cell and assume that Fick’s law holds in the
Interior:

Between cells we must have continuity of flow:

de(z;F)
—D —-D b
dx dx

Here z, and z; indicates that the function is evaluated in the
limit from left and right, respectively.
Furthermore we assume this flow to be proportional to the fall:

J = Fle(z ) — c(z)]

where F'Is a permeability constant.
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Would like relate £ and D into an average, large scale, effective
diffusion coefficient. Consider N cells of length L:

Ac c1 — Co
— D= —_D
/ DeA:c ° NL

Steady flux with fixed gradient.

At steady state J Is constant, so from J = —D(dc/dx) we have
that c is linear in the interior. The solution ¢ will be piecewise
linear with jump at the cell boundaries.

Continuity of flow over the gaps gives dc/dx = — X for all
Interfaces. For the same reason the steps must all be equal,
c(zy ) — c(x) = A.
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The size on A and A must fit the drop (co — ¢1):

N intervals of length L: NLA
N jumps of size A: NA

So In total we must have:
NLAN+ NA=c¢cy— 1

From the definition of ' we have DX = F'A. In steady state the
flux is the same on every scale:

J =D\ = L(CO_Cl) (NL)\+NA)
= (NL)\—HV% A1+ )
So
D 11
D=D(14+ 2 )= — —
I+ 7)== 5. " DT FL
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