Part I

Theorem. Let X be a set of £-formulas, and let ¢ be an L-sentence. Then,

(i) X F ¢ if, and only if, ¥ = ¢
(ii) ¥ has a model if, and only if, ¥ is consistent

(iii) if every finite subset of ¥ has a model, then ¥ has a model.

Problem 1

Explain briefly what it means that a set of formulas is consistent.
Problem 2

Prove that (i) and (ii) are equivalent.

Problem 3

Prove that (i) implies (iii).

Part 11

Lemma (A). Let £ be a first-order language. For any L-theory T', any L-terms
s,t,u, we have

(i) Tks=s

(i) TFs=tAt=u — s=u
(iii) TFs=t — t=s.

Problem 1
Prove Clause (i) of Lemma (A) by giving a T-derivation where s is an arbitrary £-term.
Solution:

Let T =Vyly =y| vV -Vyly = y|.

The following derivation proves T F s = s.

1. z=2 E1l

2. T ==z 1,PC
3. T — Vzz =1 2,QR
4. Vzxr = x| 3,PC
5. Vezjlr=2] — s=s Q1

6. s=s 5,6,PC

Let £ be the first-order language {<} where < is a binary relation symbol, and let 7" be
the L-theory consisting of the non-logical axioms



(A1) Vzlz < z]
(A2) Vazyzlz <y N y<z — z<2]

(A3) Voylr <y AN y<z — z=y|
Lemma (B). THVzylzr <y AN y<z < z=y|.

Problem 2

Prove Lemma (B) by giving a T-derivation. [Hint: use Lemma (A).]

Solution:

We will use the Lemma 2.7.2 from Leary’s book:

> F 6 if and only if ¥ - Vz6.

1. z=zhzx=y - (z<z — x<y)
2. x==x

3. <=z

4. =y — xz<y

5. z=yAhz=z — (x<z — y<uz)
6. z=y — y<u

7. z=y — (x<yny<Lua)

8. (r<yAy<z) — z=y

9. z=y < (x<yry<a)

10. Vaylz<y AN y<z < x=y]

E3

(4)

A, (%)
1,2,3,PC
E3
2.3,5,PC
4,6,PC
As, (%)
78,PC

9,(*)

For any terms s and t, let s <t =s <tAs#t,that is, s < t is shorthand for s <t A s # t.

Lemma (C). THVaylzr <y — -y <z]and T FVay|-x <y — y# x|

Problem 3

Prove Lemma (C) by giving T-derivations. [Hint: use Lemma (B).]

Solution:

The derivation below shows that the lemma holds.



1. Vaylr <y AN y<z < z=1y] (B)
2. z<yNy<z < =y (*)
3. z<yANax#ty - y<czx 2,PC
4. x<y — wy<z 3, =
5. Vaylr <y — -y <z 4,(*%)
6. <y — x#y 2,PC
7. y=x—xr=y (A)
8. <y — y#=x 6,7,PC
9. Vay[rwx <y — y#a] 8,(*)

We extend the language £ with a unary function symbol f, and we extend the theory T' by
the axioms

(Ag) Val[r < f(z)]
(A5) Vaylz <y — f(x) < f(y)]-

Problem 4

Prove that the axiom Aj is independent of the other axioms; that is, prove Ay, Ay, Az, Ag t/
As and Ay, Ag, Az, Ay i/ —As.

Solution:

Let 2 be the following L-structure: The universe A is the set QT of all rational numbers.
Let <% be the standard ordering of Q. For any ¢ € A, and let

() = { q_|_% otherwise.

Now, 2 = {A;, Ag, A3, Ay} and A = As. By the Soundness Theorem for first-order logic,
we have Al, AQ, A3, A4 |7[ A5.

Let B be the following L-structure: The universe B is N. Let <® be the standard ordering
of N. For any n € A, and let f®(n) = n+ 1. Now, B = {A;, Ay, A3, A4} and B = - A4s.
By the Soundness Theorem for first-order logic, we have Ay, Ao, A3, A4 I/ —As.

Let fO(t) =t and f"r(t) = f(f(t)).
Problem 5

Prove that we have T It < f¢(t) for any L-term ¢ and any ¢ > 0. [Hints: use induction on
¢; use Lemma (C).]

Solution:

Assume ¢ = 1 (induction start). This case is trivial as T' contains the axiom Ajy.



We turn to the induction step. Our induction hypothesis is T F t < f(t). (We will prove
TFt< f(t).) Now, since t < f(t) =t < fE(t) At # fE(t), we have

() THt< Y
(ii) Tt # fit)

(We will prove T F t < fiF4(t) and T F t # fF1(t). Then, T+t < f1(t) because of the
rule PC)

We have the following T-derivation:

L fit) < f449) inst. of Ay
2. fUt) < ) 1,PC

3.t < fYt) (i)

4ot < fU A FU) S PN — e < Y inst. of Ay
5. < ffYe)

This proves T k¢ < fF1(t). The next derivation proves that T ¢ # f¢+1(t) holds.

L fA9) <t A< F ) — A1) < FA1) inst. of Ay
2. fl< @) inst. of Ay
3. L) — o) < ff by (C)
4. —fHL ) < ff 2,3,PC
5. —ffl) <t v -t < fht) 1,4,PC
6. t<fi) (i)
7. aff ) <t 5,6,PC
8. —fffi(t) <t — fUNE) £t by (C)
9.  fUL(t) £t by 7,8,PC
10. t=f) — ) =t (A)
1. t# f) 9,10,PC
Problem 6
Let 2 be any model for T'. Prove that there exists an L-structure B such that (i) 2 and B
are elementary equivalent, and (ii) there exists by, b1, bo, ... in the universe of B such that
Pl <P 20
for any ¢ € N.



Solution:

Let 2 be a model for T. We know that T -t < f“1(t) holds for any £ > 0. Hence, by the
Soundness Theorem, we know that 2 contains an infinite chain

ap <% ap < ag <M az < ...

Let L' be L extended by the constants cg, c1,co,.... Let T” be the £'-theory with get when
T is extended by {c;+1 < ¢; | ¢ € N}. Any finite subset of 7" has a model since 2 contains
an infinite chain. By the Compactness Theorem, 7" has a model 9B’. The L'-structure B’
can easily be turned into L-structure B that is elementary equivalent to 2{. Moreover, the
exists elements by, b1, bo, ... in the universe of B such that

b <P b <B <Py <P <Py
Now, as 2 and B are elementary equivalent, the axiom As holds in 9B, that is,
B E=Veyls <y — flz) < fly)].
Hence, we have

L fB(bis1) <T BB <® o0 <B Bby) <P B0 < fBy) .




