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To have a passing grade you must have satisfactory answers to at least 50% of the 
questions and have attempted to solve all of them.  

PROBLEM 1 

Let !  be connected, bounded and open. We call a function !  
superharmonic (in ! )  if !  in ! . 

a)  

Suppose !  is superharmonic. Prove that 

	 ! , 

for any ball ! . 

b) 

For a superharmonic function !  prove that if  

Ω ⊂ ℝn u ∈ C2(Ω)
Ω Δu ≤ 0 Ω

u

u(x) ≥
1

|B(x, r) | ∫B(x,r)
u dy

B(x, r) ⊂ Ω

u
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	 ! , 

for some !  (interior minimum), then ! . 

c)  

Suppose !  satisfy 

	 !   

and 

	 ! . 

Use part b) to show that 

	 ! . 

d) 

Let !  be a concave function. For a harmonic function !  prove that !  is a 
superharmonic function. 

PROBLEM 2 

a) 

Consider the function 

	 !  

where !  denotes the volume of the unit ball in !  ( ! ). Verify that 

	 ! . 

Moreover, show that 

min
Ω

u = u(x0)

x0 ∈ Ω u ≡ constant

u, v ∈ C2(Ω)

Δu ≤ 0 in Ω, u = f on ∂Ω (superharmonic)

Δv ≥ 0 in Ω, v = g on ∂Ω (subharmonic)

u(x) − v(x) ≥ min
∂Ω

( f − g), x ∈ Ω

η ∈ C2(ℝ) u η(u)

Φ(x) =
1

n(n − 2)αn

1
|x |n−2 , x ≠ 0,

αn ℝn n ≥ 3

ΔΦ(x) = 0, x ≠ 0



	 !  

b)  

Show that the fundamental solution of the Laplace operator !  (! ) is 

	 ! , 

that is, show that 

	 ! . 

c)  

Let !  solve the Poisson equation ! . Suppose !  goes to zero as 
! , sufficiently fast to justify integration by parts. Show that 

	 ! . 

In other words,  !  implies !  (regularization through the gain of two 
derivatives). 

d)  

Suppose !  is a minimizer of the functional 

	 ! , 

where !  is a given !  function. Show that !  satisfies the nonlinear Poisson 
equation (Euler-Lagrange equation) 

	 !  

where ! . 

|Φxi xi
(x) | ≤

C
|x |n , x ≠ 0, i = 1,…, n .

−Δ n ≥ 3

Φ(x) =
1

n(n − 2)αn

1
|x |n−2 , x ≠ 0

∫ℝn
Φ(x)Δϕ(x) d x = − ϕ(0), ∀ϕ ∈ C∞

c (ℝn)

u ∈ C2(ℝn) −Δu = f in ℝn u
|x | → ∞

f ∈ L2(ℝn) ⟹ uxi xj
L2(ℝn)

≤ ∥f ∥L2(ℝn), i, j = 1,…, n

f ∈ L2(ℝn) u ∈ H2(ℝn)

u ∈ 𝒜 := {w ∈ C2(Ω) : w = 0 on ∂Ω}

I[w] := ∫Ω

1
2

|Dw |2 − F(w) d x, w ∈ 𝒜

F : ℝ → ℝ C1 u

−Δu = f (u) in Ω, u = 0 on ∂Ω,

f = F′�



PROBLEM 3 

a)  

Define the weak derivative of a one-dimensional function ! . Compute the weak 
derivative of ! . 

b)  

Let !  be a bounded open subset of !  (! ). Define the Sobolev space ! .  What 
does it mean that !  is compactly embedded in ! ? For which values of !  is the 
embedding compact? 

c)  

Consider the heat equation with a “friction” term: 

	 !  

where !  is a negative constant and the initial datum !  is a continuous function. Use the 
energy method to prove that there exists at most one classical solution (decaying sufficiently 
fast towards zero as ! , to justify integration by parts).

u : ℝ → ℝ
u(x) = |x |

Ω ℝn n > 2 W1,2(Ω)
W1,2(Ω) Lq(Ω) q

ut = Δu + cu in ℝn × (0,∞),
u(x,0) = g(x), x ∈ ℝn,

c g

|x | → ∞


