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Problem 1
Let B be the unit ball of R2:

B = {(x1, x2) ∈ R2 : x21 + x22 < 1} (1)

a) Define the vectorfield v : B → R2 by:

∀x1, x2 ∈ R v(x1, x2) = (−x2, x1). (2)

Find a solution u to the equation :{
−∆u+ v · gradu = 1, on B.

u|∂B = 0.
(3)

of the form:
u(x) = a|x|2 + b, (4)

for some a, b ∈ R.

b) Define the vectorfield w : B → R2 by:

∀x1, x2 ∈ R w(x1, x2) = (x22, x1). (5)

What is the divergence of w?

Fix δ > 0. Write the weak formulation of the equation:{
−δ∆u+ w · gradu = 1 on B,

u|∂B = 0.
(6)

Show that this formulation has a unique solution u in H1
0(B).

(Continued on page 2.)
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c) For any δ > 0 we let uδ ∈ H1
0(B) denote the solution to (6). Show that

there exists C > 0 such that for all δ > 0:

‖uδ‖H1(B) ≤ C/δ. (7)

Problem 2
Pick p ∈]1,+∞[ and define p′ by 1/p′ + 1/p = 1.

a) Show that for any u ∈ C1
0(R) one can find a ∈ R such that for all

x ∈ R:
u(x)p =

∫ x

a

pu(y)p−1u′(y) d y. (8)

Deduce that there exists C > 0 such that for all u ∈ C1
0(R) we have:

sup
x∈R
|u(x)| ≤ C‖u‖1/p

′

Lp(R)‖u
′‖1/pLp(R). (9)

b) Pick θ ∈ [0, 1]. We suppose that there exists C > 0 such that for all
u ∈ C1

0(R):
sup
x∈R
|u(x)| ≤ C‖u‖1−θLp(R)‖u

′‖θLp(R). (10)

Fix a non-zero v ∈ C1
0(R). For any δ ∈ R with δ > 0 define vδ : R→ R

by:
∀x ∈ R vδ(x) = v(δx). (11)

Show that:

‖vδ‖1−θLp(R)‖v
′
δ‖θLp(R) = δθ−1/p‖v‖1−θLp(R)‖v

′‖θLp(R). (12)

Deduce that θ = 1/p.

c) Choose a < b in R and let I =]a, b[. Deduce from (a) that there exists
C > 0 such that for all u ∈ W 1,p

0 (I):

‖u‖L∞(I) ≤ C‖u‖1/p
′

Lp(I)‖u
′‖1/pLp(I). (13)

Combine this inequality with the compactness of the injection
W 1,p

0 (I) → Lp(I) to prove the following statement: Any bounded
sequence in W 1,p

0 (I) has a subsequence which converges in L∞(I).

d) Fix a non-zero w ∈ C1
0(R). For any n ∈ N, define wn : R→ R by:

∀x ∈ R wn(x) = w(x− n). (14)

Show that the sequence (wn)n∈N is bounded in W 1,p(R), but has no
subsequence which converges in L∞(R).
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