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�����5���������  �¡¢ M¡ £	¤'¥§¦8¨Z©aªS«§¬o�®L®:¯L°:±:¤.²�³�´µ	°
A
±:¶!·m¤ ¤~ªA¤~ªV¸�¤~¹»º¼¯�½|¤~ª�¯L¸�¤'¬

|A| = s ¾M¿ ±a°x¤~·�±:¤~·E¸:º�¤~ªpÀÁºn¹ |P(A)| Â�Ã ¤~±§ºX¦¸:ºnªÅÄZ©a·Æ½|©5¸:ªMºnª�¯ ¾µÇL¦~ªMºnª�¯L´�Èº�É(°:·
|P(A)| = 2s ¾�Ê§ËÁÌ

Ã ¤~±§ºX¦�®M¤~·ÍºnªV¸:ÎL¥§¦8¨Z©aªÏ©a±:¤~· s
´

Ð~ªV¸:ÎL¥§¦8¨Z©aª(¦'¦~ÀÑ°:·ÆÀ�´
s = 0

´
A = ∅

¬
P(A) = {∅}

¬
|P(A)| = 1 = 20 ¬r¦5Ò¸�¤~ÀÁÀ�¤Ó¤~·pÕÔ ¾

Ð~ªV¸:ÎL¥§¦8¨Z©aª(¦~ÀÁ·ÆºnªMªV´oÈº�°:ªMÀÑ°:·eªVÒk°:À!±aÒ:·�ÄZ©a·Æ½|©5¸:ªMºnª�¯ Ê§ËÁÌ ¤~·�¦5°:ªMª.ÄZ©a·w°:¹n¹X¤½|¤~ª�¯L¸�¤~·�½|¤D¸
s
¤~¹X¤~½|¤~ªMÀ�¤~· ¾ Èº�½pÒ|¸L°O±§ºX¦§¤.°:ÀMÄZ©a·Æ½|©5¸:ªMºnª�¯�¤~ªS¤~·�¦5°:ªMªÅÄZ©a·¤~ªy±§ºn¹Ö¥:Ò:·Æ¹»º¼¯O½|¤~ª�¯L¸�¤Í½|¤D¸

s + 1
¤~¹X¤~½|¤~ªMÀ�¤~· ¾µ	°;°:¹»Àn¦5Ò

A
±:¶!·m¤p¤~ª×½|¤~ª�¯L¸�¤Å½|¤D¸

s + 1
¤~¹X¤~½|¤~ªMÀ�¤~·m¬�¹¼°

a ∈ A
©D¯

A′ =
A\{a} ¾(Ø °oÉ(°:· A′ s

¤~¹X¤~½|¤~ªMÀ�¤~·m¬�©D¯�±:¤D¸�ºnªV¸:Îl¥§¦8¨Z©aª(¦'É�Ù'®M©aÀ�¤'¦§¤~ªÛÚ~¤'¦~ÀÑÒ:·
P(A′)°:±

2s
¤~¹X¤~½|¤~ªMÀ�¤~· ¾ Èº+É(°:· P(A) = P(A′)∪{B∪{a}|B ∈ P(A′)} ¾�Ø ¤~·Æ½|¤D¸¤~·

|P(A)| = |P(A′)| + |P(A′)| = 2s + 2s = 2 · 2s = 2s+1 ¬r©D¯x®+Òa¦~À�°:ªV¸�¤~ª¤~·Í±§ºX¦~À ¾�����5���������! M¡XÜ	¡ÕÝÕªq°:ªMª+¤~ª�ÄZ©a·Æ½|¤~¹�½p°:ªp¥:°:ªk±§ºX¦§¤o½|¤D¸.ºnªV¸:ÎL¥§¦8¨Z©aª(¬�©D¯Í¦§©a½¸:ÎA¥:°:ª(¦'¥�¨Z¤ É(°:·�¦§¤~ÀÁÀ�ÄmÇ�·m¬�¤~·Å¸�¤~ªjÚ5ºnª+©a½ÓºX¦'¥L¤�ÄZ©a·Æ½|¤~¹X¤~ªV´µ	°
a
©D¯

b
±:¶!·'¤w±§ºn¹Ö¥:Ò:·Æ¹»º¼¯�¤�·'¤'¤~¹n¹X¤eÀÑ°:¹n¹ ¾ÞØ °�¤~·

(a + b)n =

n
∑

i=0

(

n

i

)

aibn−i

ÄZ©a·.°:¹n¹X¤ÍªV°:ÀÁÎ�·Æ¹»º¼¯�¤ÍÀ�°:¹n¹
n ¾ ß



�

Ã ¤~±§ºX¦�®M¤~·ÍºnªV¸:ÎL¥§¦8¨Z©aªÏ©a±:¤~· n
´

Ð~ªV¸:ÎL¥§¦8¨Z©aª(¦'¦~ÀÑ°:·ÆÀ�´
n = 0

´
(a + b)0 = 1 = a0b0 =

∑0
i=0

(

0
i

)

aib0−i
¬�¦5Ò¸�¤~ÀÁÀ�¤Ó¤~·pÕÔ ¾Ð~ªV¸:ÎL¥§¦8¨Z©aª(¦~ÀÁ·ÆºnªMªV´���ªMÀ�°ÏªVÒ�°:À

(a + b)n =
∑

n

i=0

(

n

i

)

aibn−i ¾ Èº�½pÒ�¸L°±§ºX¦§¤.°:À
(a + b)n+1 =

∑

n+1
i=0

(

n+1
i

)

aibn+1−i
´

(a + b)n+1 = (a + b)(a + b)n = (a + b)

n
∑

i=0

(

n

i

)

aibn−i

= a

n
∑

i=0

(

n

i

)

aibn−i+b

n
∑

i=0

(

n

i

)

aibn−i =
n

∑

i=0

(

n

i

)

ai+1bn−i+
n

∑

i=0

(

n

i

)

aibn−i+1

=

n+1
∑

i=1

(

n

i − 1

)

aibn−(i−1)+

n
∑

i=0

(

n

i

)

aibn+1−i =

n
∑

i=1

(

n

i − 1

)

aibn+1−i+an+1

+

n
∑

i=1

(

n

i

)

aibn+1−i +bn+1 =

n
∑

i=1

(

(

n

i − 1

)

+

(

n

i

)

)aibn+1−i +an+1 +bn+1

=

n
∑

i=1

(

n + 1

i

)

aibn+1−i + an+1 + bn+1 =

n+1
∑

i=0

(

n + 1

i

)

aibn+1−i.

� b��Å�n�������	�h�����n�
�����5����������Ü�¡¢ M¡ £	¤'¥§¦8¨Z©aª�
(¬o�®L®:¯L°:±:¤����´
µ	°

(G, ∗)
±:¶!·m¤O¤~ªj¯:·ÆÎ�®L®M¤Å½|¤D¸qº¢¸�¤~ªMÀ¢ºnÀ�¤~À8¦§¤~¹X¤~½|¤~ªMÀ

e
©D¯�¦~¹»ºX¥q°:À

x ∗ x = eÄZ©a·.°:¹n¹X¤
x ∈ G ¾ È�ºX¦Å°:À G

¤~·w°LÚ~¤~¹Ö¦'¥ ¾Èº�½pÒA°:¹»Àn¦5ÒA±§ºX¦§¤x°:À
a ∗ b = b ∗ a

ÄZ©a·Å°:¹n¹X¤
a, b ∈ G ¾�¿ ¤~·Í¥:°:ªS±§º�¦~À�°:·ÆÀ�¤½|¤D¸

a∗ b
©D¯w¥L©a½Ó½|¤�¸:ºn·m¤'¥aÀ�¤ÄÆ·m¤~½ ÀÁºn¹h°:À�¸�¤~ÀÁÀ�¤Í¤~· ¹»ºX¥

b∗a
´�£�º¢¸�¤~ª

x∗x = e
¬

¦5Ò�¤~·
x−1 = x

ÄZ©a·w°:¹n¹X¤
x ∈ G ¾�Ø °rÄ3Ò:·e±§º[ÄZ©a·w°:¹n¹X¤ a, b ∈ G Ê ¦~º¢¸�¤~ª a ∗ b

¤~·º¼¯E¨Z¤~ªyº
G Ì ´

a ∗ b = (a ∗ b)−1 = b−1 ∗ a−1 = b ∗ a.�����5����������Ü�¡@Ü	¡ £	¤'¥§¦8¨Z©aª��a¬o�®L®:¯L°:±:¤��L²L´µ	°
G
±:¶!·'¤Û¤~ªt¯:·ÆÎ�®L®M¤p©D¯

a ∈ G � ¥§¦§¤~·ÆÀ ¾ ÈºX¦Ó°:À Ha = {x ∈ G|xa = ax}¤~·x¤~ªyÎ[ªV¸�¤~·Á¯:·ÆÎ§®L®M¤Íº
G ¾Ã ¤~±§ºX¦5´�È�º!Ú5·ÆÎl¥L¤~·��V¤'©a·'¤~½�� ¾ ²�
 ¾ Èº�½pÒp±§ºX¦§¤�ÄmÇ�¹ ¯�¤~ªV¸�¤ÍÀ¢·'¤wÀ¢ºnª�¯L´� ���

Ha

¤~·Í¹»ÎL¥§¥L¤~À ¾� ��� Ð5¸�¤~ªMÀ¢ºnÀ�¤~À8¦§¤~¹X¤~½|¤~ªMÀ�¤~À
e
º
G
¤~·Íº

Ha ¾��� ��� ©a·w°:¹n¹X¤
x ∈ Ha

¬
x−1 ∈ Ha ¾°L¸ Ê ² Ì ´�µ	° x, y ∈ Ha ¾ È�ºo½pÒS¸L°y±§ºX¦§¤k°:ÀÕ®V·m©5¸:ÎL¥aÀ�¤~À xy

¹»º¼¯§¯�¤~·Oº¼¯E¨Z¤~ª-º
Ha

´
(xy)a = x(ya) = x(ay) = (xa)y = (ax)y = a(xy).

Ø ¤~·Æ½|¤D¸Û¥L©a½Ó½ÓÎ�À�¤~·m¤~· xy
½|¤D¸

a
¬�©D¯

xy
¹»º¼¯§¯�¤~·Íº

Ha ¾°L¸ Ê � Ì ´ e ∈ Ha

¬�¦~º¢¸�¤~ª
ea = a = ae ¾



�
°L¸ Ê � Ì ´ÅÈ�º�½pÒ;±§ºX¦§¤|°:À ¸�¤~·m¦§©a½ x ∈ G

¦~¹»ºX¥;°:À
ax = xa

¬�¦5ÒS¤~·
ax−1 =

x−1a ¾¿ ¤~·e¥:°:ªt±§º�ºX¥§¥L¤.Ú5·ÆÎl¥L¤�¦5°:½Ó½|¤eÀ�¤'¥aªMºX¥§¥x¦§©a½sº Ê ² Ì ¬Õ¸:±5¦ ¾ ±§º�¥:°:ªtºX¥§¥L¤¦~ÀÑ°:·ÆÀ�¤j½|¤D¸
ax−1 ©D¯ ¥L©a½Ó½|¤.ÄÆ·m¤~½ À¢ºn¹e°:ÀO¸�¤~À¢À�¤Ï¤~·y¹»ºX¥

x−1a ¾ ÈºÍ¦~ÀÑ°:·ÆÀ�¤~·½|¤D¸)¸�¤~ÀÓ±§ºÍ¥�¨Z¤~ªMª+¤~· Ê ª+¤~½Ó¹»º¼¯ ax = xa Ì ¬k©D¯ ¦5Ò ¥L©a½Ó½|¤~·;±§ºp¤~À¢À�¤~·jª+©§¤~ª©'®M¤~·E°a¦8¨Z©aª+¤~·�ÄÆ·m¤~½�ÀÁºn¹Þ¸�¤~À!±§º�±§ºn¹+É(° Ê ª+¤~½Ó¹»º¼¯ x−1a = ax−1 Ì ´

ax = xa
¯L°:ª�¯�¤~·e½|¤D¸

x−1 ÄÆ·E°O±:¤~ª(¦~À¢·m¤e¦~º¢¸�¤~ª
x−1ax = x−1xa

x−1ax = ea = a
¯L°:ª�¯�¤~·e½|¤D¸

x−1 ÄÆ·E°ÛÉLÇ�Ùa·m¤e¦~º¢¸�¤~ª
x−1axx−1 = ax−1

x−1a = ax−1

� b��D�����n�Þ������ �+�����n�
0�^:9!K�WhCEPQFQ=+UV13K�WXCE1�4�7�1��(T�W@689mFw?>W@TETm1r687>9D�[TmCD1~Tm4�W@4�?>1395Y�2MFÅ159�2�13T�F§KO7>?ÅTDWX=154�Pl=@15CET ^ÓF:4LTmFpFaTr2�13T�K�W	CEPQFQ=	K[W@CD1e139�6815WX=ÁY[7:?pCD^ÓP:7>IpIO1 689D15I TmW@=+4�7�1eCD7>IIO7QTmCDW@159�687>9D�[TmCD1~Tm4�W@4�?>134�1:b(i�FÅK>1~T�K[W+FQT�K[^:9�F:4LT'F:?>13=XCE1�IO^ÅJMF.K���9ET�6815WX=ÁYl7>?2�159EIO132;139�2�154;7>\�\�9EWX4�4(15=XW@?>1�\�^:CETmF:4�2�134t9DW@PLTmWX?(b

�����5�����������	¡Á M¡�µ	°
G
±:¶!·m¤x¤~ªyºX¥§¥L¤��_°LÚ~¤~¹Ö¦'¥e¯:·~Î§®L®M¤x©D¯

G′
±:¶!·m¤.¤~ª×°LÚ~¤~¹Ö¦'¥

¯:·ÆÎ�®L®M¤ ¾ È�ºX¦.°:À�¸�¤~ÀÕºX¥§¥L¤e¥:°:ª � ªMª+¤'¦Å¤~ªyºX¦§©a½|©a· � ½|¤~¹n¹X©a½ G
©D¯

G′ ¾Ã ¤~±§ºX¦5´ ��ªMÀÑ°.°:ÀÞ¸�¤~À � ªMª+¤'¦ ¤~ªOºX¦§©a½|©a· � ½|¤~¹n¹X©a½ G
©D¯

G′ ¾ µ	° φ : G → G′±:¶!·m¤Ó¤~ª;¦~¹»ºX¥pºX¦§©a½|©a· �Õ¾Ø °Ó¯E¨Z¤~¹¼¸�¤~·�ÄZ©a·.°:¹n¹X¤ a, b ∈ G
´
φ(ab) = φ(a)φ(b) =

φ(b)φ(a) = φ(ba)
® ¾ ¯ ¾ ° ¾ ÉM©a½|©a½|©a· � �D¤�¯�¤~ª(¦'¥:°~®M¤~ª ¾	Ø ¤~·Æ½|¤D¸A°:¹»À8¦5Ò φ(ab) =

φ(ba)
¬�©D¯Û¦~º¢¸�¤~ª

φ
¤~·

1− 1
¬�¦5Òk¤~·

ab = ba ¾
	 ¤~ªS¸�¤~À¢À�¤Í½|©aÀ8¦~º�¤~·w°:À G ºX¥§¥L¤
¤~·Û°LÚ~¤~¹Ö¦'¥ Ê a ©D¯

b
±a°:·Õ¨Z©k±§ºn¹Ö¥:Ò:·~¹»º¼¯�¤ÍÉM¤~· Ì:¾�Ø ¤~·Æ½|¤D¸A±a°:·.±aÒ:·Û°:ªMÀÑ°§¯�¤~¹Ö¦§¤!ÄZ¤~ºn¹Ö¬©D¯k¸�¤~À � ªMª+¤'¦Íºnª�¯�¤~ªyºX¦§©a½|©a· � ÄÆ·E° G

ÀÁºn¹
G′ ¾�����5������������¡@Ü	¡�È�ºX¦Å°:À�¸�¤~À � ªMª+¤'¦ÍÎM¤~ªV¸�¤~¹»º¼¯O½p°:ª�¯�¤�®V·Æºn½ÓÀ�°:¹n¹ ¾Ã ¤~±§ºX¦ ÊÁÃ ¤~±§ºX¦§¤~À¯LÒ:· ÀÁºn¹¼Ú'°a¥L¤�ÀÁºn¹MÝÕÎl¥a¹»º¢¸ Ì ´ ��ªMÀÑ°p°:À!¸�¤~À � ªMª+¤'¦ÍÚ'°:·m¤w¤~ªV¸�¤~¹»º¼¯½p°:ª�¯�¤®V·~ºn½ÓÀ�°:¹n¹Ö¬h¹¼°

p1, . . . , pn

±:¶!·m¤�°:¹n¹X¤®V·Æºn½ÓÀÑ°:¹n¹ ¾ £	¤®+Ò q = p1 ·· · ··pn+1 ¾ÝÕªMÀ�¤~ª ¤~·
q
¦§¤~¹»±Û®V·Æºn½ Ê ¸L°;É(°:·|±§ºÄÆÎ[ªMª+¤~À.¤~À!®V·~ºn½ÓÀ�°:¹n¹�¦§©a½ ¤~· ÄZ©a·m¦'¥�¨Z¤~¹n¹»º¼¯ÄÆ·E°H°:¹n¹X¤

pi

¬
i = 1, ..., n Ì ¤~¹n¹X¤~· q

É(°:·j¤~ª ®V·Æºn½�Ä3°a¥aÀ�©a·k¦§©a½ ¤~·wÄZ©a·m¦'¥�¨Z¤~¹n¹»º¼¯ÄÆ·E°q®V·~ºn½ÓÀ�°:¹n¹X¤~ª+¤
p1, ..., pn

´ ��ªMÀÑ°Ïª+¤~½Ó¹»º¼¯�°:Àp¤~ª
pi

¬
i ∈ {1, ..., n}

¬Å¤~·j¤~ª®V·Æºn½�Ä3°a¥aÀ�©a·Íº
q ¾ÞØ °|É(°:·Í±§ºÕ°:¹»Àn¦5Ò pi|p1 · · · · · pn

©D¯
pi|q

¬�©D¯A¸L°|½pÒk±§º�©D¯a¦5ÒÉ(°Ï°:À
pi|(q − p1 · · · · · pn) = 1 ¾�	 ¤~ª]¸�¤~À¢À�¤t¤~·�Ò~®M¤~ªVÚ'°:·ÆÀÅ¤~ª�½|©aÀn¦~º¼¯�¤~¹Ö¦§¤'¬¦~º¢¸�¤~ª
pi

¤~·|¤~À�®V·Æºn½ÓÀ�°:¹n¹!©D¯t¸�¤~·Æ½|¤D¸
6= 1,−1 ¾	 ¤~ª-¸�¤~·Æ½|¤D¸|É(°:·Ó±§ºhÄÆÎ�ªMª+¤~À¤~À+®V·Æºn½ÓÀÑ°:¹n¹�¦§©a½ ºX¥§¥L¤w¤~·.¤~ªj°:±

p1, . . . , pn ¾ ��¹»Àn¦5ÒÓ¥:°:ª;ºX¥§¥L¤ p1, . . . , pn

±:¶!·m¤°:¹n¹X¤�®V·Æºn½ÓÀÑ°:¹n¹Ö¬�©D¯�¸�¤~·~½|¤D¸ � ªMª+¤'¦.¸�¤~À�Î�¤~ªV¸�¤~¹»º¼¯O½p°:ª�¯�¤�®V·~ºn½ÓÀ�°:¹n¹ ¾
� b�� �����n�Ó�����]���� ������������n���5���

0�^:9!K�W+CDPaF:=VK�WXCD1�FQT�1~T��(TmCDF:?>4
A
WXIp\�=XW@CD159E159!13T��(TmCDF:?>4

B
Y[Cm^xPaF:4|K�Wh=XWXPQ1?>7�2(TÍK[W@CD1|FQT

¬B
WXIp\�=XW@CD139D159

¬A
b �
¬B ⇒ ¬A

PaF:=X=@15CÍ2�1~T��������������� �"!#�$!&% '
TmW@=

A ⇒ B
� b)(KA7>?ÓTmW@=+159r2�1~To=X13TETm139D1Í^ÓK[W@CD1Í2�1~TrP:7>4LTm9DF:\V7>CDW¼TmW@K:1:b



�

�����5�����������¡¢ M¡pÈºX¦Í°:À�É�±§ºX¦
p ≥ 3

¤~·Í¤~À+®V·Æºn½ÓÀÑ°:¹n¹Ö¬¦5Ò|¤~·
p = 4k +1

¤~¹n¹X¤~·
p = 4k − 1

ÄZ©a·x¤~ª
k ∈ N ¾Ã ¤~±§ºX¦5´�È�º�±§ºX¦§¤~·�°:À!¸�¤~·'¦§©a½ p

ºX¥§¥L¤Í¤~·!®+Ò�ÄZ©a·Æ½|¤~ª
4k +1

¤~¹n¹X¤~·
4k− 1

¬Þ¦5Ò¤~·
p
ºX¥§¥L¤x¤~À�®V·Æºn½ÓÀÑ°:¹n¹¼´

Ø ¤~·m¦§©a½ p
ºX¥§¥L¤Û¤~·r®+Ò�ÄZ©a·Æ½|¤~ª

4k + 1
¤~¹n¹X¤~·

4k − 1
¬�¦5Ò;¤~·

p
®+Ò�ÄZ©a·Æ½|¤~ª

4k
¤~¹n¹X¤~·

4k + 2
ÄZ©a·Å¤~ª

k ∈ N ¾¿ ±§ºX¦ p = 4k
¬Õ¸L°q¤~·

p = 2 · 2k
ºX¥§¥L¤�®V·Æºn½ ¾¿ ±§ºX¦ p = 4k + 2

¬Õ¸L°q¤~·
p = 2(2k + 1)

ºX¥§¥L¤�®V·Æºn½ ¾
� b��e����Þ� ���)��� ���	� ���H���n���
���n���Þ� � �L���e��������V���
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