
Group actions and Burnside's Thin § 16+17

Recall : . .

Def# Let ✗ be a set and G be a group

An acted G=X Ii a map * : Gx ✗→ ✗s.tl
. e * ✗

= ✗ it ✗ c- ✗

2 lgigz ) * ,
✗ = g ,

* lgz * x) t ✗c-✗ and g. gzEG

Mainexupe : Sn acts on El - → n} .



Isotopy Sbguapr

DI
.

Let X be a G- set . Define
.

a- ✗

Xg= { ✗ c- ✗ lg×=× }
.

and G ={geGlgx=x}
.

☒ c- ✗
stabiliser

-

or isotropy sibywp
hideouts of ✗ fixed by SEG

"
"

elements of G fixing ✗
"

Examples ' c- ✗

✗ = { 1 , - . ,n3 G - Sh G
,

= { e, (43114/5,6) . -

I = ( 112 )
= S

✗ \{ 13

Xz = { 3,4 , 5, - . . n}
I Sn -1

.



This 16.1-2 Gx is a subgwp of G

Proof 1) closed ! gi - ga c- Gx then

(g. g) x = g , lgzx)
=

g ,
✗ = ✗ ⇒ g,gzEG×

9

since gz✗=✗
92 c-G

2) e. c- Gx since 3) incises in Gx .

g. c- Gx then ☐ .

ex = ✗

✗ = ex - ( g-
'g) ✗ = g-

'

lgx)
= g-

'
✗

⇒ g-
'
✗ = ✗ g-

'
c- Gx .



Orbits .

Recall • c- Sn we considered its cycles .

=
I 2 3 4 56 p

/

V2 §? → (1,2/3,471516) .(23416-5) 4 d
93

{1,2/3,4}

G = 467 acting on ✗ = { 1- > 63 ,

has orbits gs
, , }

.

thmlb.lt Let ✗ be a G-set
.
Too ×

,# c- ✗

define × ,~xz (⇒ I gc-Gs.t.gl ,
-_ X2 .

This is an equivalence relation on X .

Proof see text . Reflexive (ex ,=x ,) symmetric / g-1×2--4)
Ironsitie ( 91×1--42 92×2=+3 (92917×1 = ✗ s .



DE let ✗ be a G-set .

A cell in the

partition of the eguwalve relation 13 an

orbit in X under G.
but gets

GX .

confused
• 0 = { x' c- ✗ I gx=x

'

gea } .

a
2C ,

Ox '

Example .. If G adr transitivity then there is only
one orbit D= ✗

I

• Let G ← É ' define an action of G on
G) . by

Gx G' → G ? What are tee orbits .

? The

(g , g
' ) ↳

gg
'

. right costs { Gg
' 3 of G in G

'
'



Thmlbtb Let ✗ be a G-set . Then

I / = ( G : G ) ← index = # of assets of G,
x in G .

Piaf . Define 4 :{ G*gG*, gzG*. - , }→ 0¥
?

TlgG*f=g*
Rand wite cation : is 4 well defied ?

→Made

suppose g Gx
=

g
"
Gx then I lg~Gx) = gsc

⇒ g) = gas 4 (g)Gx)
= (g§☒ defied

§ c- Gsc = g(g^*)=gx



Deficit :{ G*.GG#gzG*.--,3-O*TlgG*t--g*

✗ is one to one I suppose cosets gG* and g'Gz

sÉgG)=Tlg'G >c) ⇒ ga
= g)x
x
- (g-

'

g.He
⇒ g-

'

g' c-Gx ⇒ g' c- gGx
⇒ g'Gz=gGz
⇒ T one toneHironl

Suppose It , £0, ⇒ gx=x ,
then

X(gG,)=gx=x ,
⇒ 4 onto

☐
.



G-setsand-ontu-gw-hsymmd-nds17-x17.ttHow many ways
are there to seat n

people
around

.

a circular table ?

① ,
.

1) if the table has a distinguished

Sid ncn-11 . - - -
.

: - 2
.

.
:/ =n !

① 1 .

27 if no distinguished seat there
\ are ¥ = Cn - 1) !

-

r
.

a-7 ✗ = {
seeking arrangements
with a distinguished cat } /✗ / = n !

Answer to port

more everyone 2) is A- of orbits
G=i¥n acts on ✗

ik = >c
'

all i spots to left . of ✗ under G .



"?⃝ ,
People = { 1

,
- -
h}

to

✗ = g arrangements
with }

,
a distinguished seat

5

74 =/ Kz
C- ✗ .

1.x ,
= a> =Z/n= G

But removing the distinguished
Seat they become the same

xz =

,

? ① # seating

I} ① 3 arrangements
5- X

,

g-
is # of

6
3

°

2 orbits of ✗

o
order G.



What if we don't distinguish between clockwise or

counter-clockwise arrangements ? Ie
.

Beaded

necklaces ?



Tm (Burnside's fomdaf
.

let G be a fink yp

and X a
finite G- set .

Then

¥{orbits of } =

1- I lxgl
✗ under G

161 g. c- G.
"

,

Xg = { ✗ c- ✗ I gx = × } .

Xg C- ✗ Do not partition

g. Xe = ✗



Piaf By
"

double counting
" ( that 2250

.

)

N={ 1g , x ) I gx=x } a-
G×X

.

partition N by the horizontal rows

G INNFE / Xgl ×
,÷

⇒ g.c- G I

*
Snie Fxiy g) c-G then a row is {(g)e) 191--1/1

Partition along columns ¥ the column is { ( g, >d) I gx
'=x'3<→ Gx .

10×1=46 : Gx)

IN / = 816,1 -_§¥¥ ,
= 1612¥

✗ c- ✗ REX K



If ✗
'
c- Ox then 0×-0×1 ⇒ 10×1--10×11

Denoting an
orbit by 0

:
✗
§o¥ = ¥,

2 I = ¥- = I

✗c-0

→ I 1- =
# orbits

Rex 1 of ✗ under G .

* {FILE} 161=1 V1 = E Ngl .

g c-
G

☐ .



Exanpkl7.to # of ways of coloring the retries

equilateral triangle nite 4- colors wite repetitious
allowed

.

✗ = { colorings of labelled triangle }
①

4 colours & repetitions

1×1=64 .

6--53 want to count # of orbits .

.



Example 17.6
-

# of ways of coloring the retries

equilateral triangle nite 4- colours wite repetitious
allowed ?

#{orbits d-Apply Bernstein Thm : ✗ under a } • 161 = I /Xg /
g. c- G.

r

r



Challenge that 2280 .

→ ways of connecting dots .

How many indistinguishable ⇒ are there on 4

vertices ?

eg .

-• •
•

i. = :*
O o

✗ ¥

G. =
?


