
EIN Geos §28_

Red : Let R be a commutative ring nite unity .

NER an ideal :

Def • N is maximal : if * N
'

E R s .t .
NE N

• N is prime :
'

if it a,b c- R
ab c- N ⇒ either a orb c-N

e-
?Ñ 's maximal ←→ RIN is a field

N Max

• N is
prime pg RIN

is an integral domain/ ⇒
( no zero divisors) N prime .



82-7
.

Ideals mf¥ .

Fa field

DI 27.IR commit
. ring.

with unity and a c- R
. The

prince ideal gamed by a- is

→
< a> = { rat re 123

Some

"¥I idealN is weed principle if N=<a>
for a c- R -

G- 1712--21 every
ideal is of the form nZ={ Knt KEK}=<n>

= In>

2) R=K[×] N = { ax-ibaloybc-ZLXT.3-sad%da-tqxta.IE}
Does N = { fix > ? since 2 B-N if degfcx)= 0 ⇒ f2 .

⇒ 21 Ai tt ai t gcxl E N .

[ ✗+2 c- N bit ✗+24<2> .

If deglfex))>0 then 2¢ < fex,> but 2 c- N
.

⇒ N is not
principal .



This 27-24 Every ideal in Fox] is principal for Fafeld .

Rod N c- Fox] an ideal .

If N={0 } then N = To> .

otherwise take o * gcx) c-
N with mini degree . .

• If
.

deg (g) = 0 , then gcx) = c c-F and is a mit in -17×1

SO C EN
, I c-R ⇒ I. c c- N ⇒ I c- N ⇒ N - R

N = < I>

• If degcgj) 21 ,
for fade N apply division alg :

fcx ) = qcxlgcx) + rcx) where degcrcx)) < deglgcx))
or rcx) = 0

bit rcx) c- N since rcx) = fix) - qc-o.ge/-) .

A

⇒ rcx) =D ⇒ fex) c- sgcx)> II N # < gcxs> .
☐ .



Thanatos /Max ideals of Fai )
An ideal { pix)> =/ { 03 of Fox] is maximal ⇒

pcx) is irreducible / F.

reoll-pcxlirreaduub.ie/+-:--pcx)--fex)gcxj0sdegfsdgp.

c- Fox] F-on ¥c×] des G .

Rad suppose <pad> is maximal ⇒ < pad> is prime .

if pcx) red then { pcx) > =L fix> gcx)> Igf
prime

< dggp
⇒ fex> gcx)

C- < pcx)> one of fex) or gcx)

must be in ✗ pcx)> but min deg of all

polynomials -40 in < pcx,>
is degcpcx,) .

contradiction



⇐ sppose pcx) is
irreducible and consider

fpcx) ) E NE Fox ] .
some some ideal N

.

Then N - < gcx) > since all ideals of Fun an principal

But pcx) E N
so pcx)

= fcx) . gcx)
for some
fex) c- 1-7×3

sinie p is tired this factorsatori is boring i.e.

either deggcx) = 0 gcx)=c ← unit . ⇒N=< 17=1-7×3

hence N is It a proper
ideal -

deg gcx) = degpcx) teen pcx)
- cgcx)

and

Efexyo#73 =
< pcx) >

= < gcx)> = {
fix ) - gin } ☐

.

Hence Lpcx)> maximal .

Question
.

who are prime ideals in 1-7×3 ?
Answer . .

. Npriime 4--7 N maximal in Fox]



Recoil . : N is Max ⇐ Fcxyµ is a field .

⇐ : 1) ✗ 3+3×+2 is irreducible / 215 ⇒

25014×3+3×+2>
= E 13 a field .

N=

✗3+3×+2 irreducible / Is since if not

✗3-13×+2 = fix)gcx) degf -_ I degg -_ 2 .

=

(x -a) gcx) .

'

and ✗3+3×+2 has a root in 215 .

a=o ⇒ •3+3.0+2 =/ 0 9--2 - . . -
-

=/0

:
•=\ ⇒ 13+3=1+1--1 =/ °

a.=p . - - -
- -

=/ 0



claim .

N - has .

53--125 costs in 21s EX] .

corsets look like pcx) + N E 21s- CX ] .

for degpcx) £2 . pcx) = a. ✗49,11+90
pc× s . 5- 5

such polynomials.

¥
2) ✗2-2 is irreducible /a→E=QH]{×2- ay field

claim E contains a zero of ✗2-2

✗ = ✗ +4×2-2> c- E x2-2--1×+4×2-2>72-2
if AEN = ✗2+4×2-27 -2
then a+N=N = ✗2-2+4×2-27=2×2-27--0 E



Tim (Kronecker) For every non
- constant fix c- Fox] there

is a field E Z F and xc-ES.t.fm) = 0 in E.
C- extension of F.

RmK_ : Not 've QCXI /<✗2-ay
= E contains a subfield A- ☒ -

F' = { at 4×2-27 la-cQ3 c- E
'

4 is an isomorphism
1^4 I of fields-

must shoo bijection & respects addition
☒ a

+ multiplication .

( see textbook ) tower
of fields

9 -
Fix
,y),

DI A field E is an extension
- IR

field of F if FEE . p

-

F'g)



Root By Thm 23.20 we can assume fix) is mired IF

( if not factor and find a zero of any med .

factor )
.

.

sinie fix) tired
'

E = Fc×%fe×,>
is a- field

.

Claim / F can be identified wite a subfield of E.

.

"

this is an injective
4 : F → E

field homomorphisms
a 1-7 at { fcx)>

Csec textbook )

C¥M2 ✗ =✗ + < fix,> c- C- is a ceo of fex) .

Suppose
: fcx) = do + A.✗ i-azXZ-c.r-ta.mx

"

f- (2) = a. + a,(✗+ < fe⇒>)+ - .
+ an / ✗ + <fexi)?



Compete w/ fed) = ao 't a ,X t.az/2t--.tanXntLfcxi.
coset in

representative = < fix)> = 0 in E . E .

* ☐

⇐ ✗2+1 is irreducible over R not
"

over ① .

( REQ)

d = ✗ + 4×2+1 > c-
IRCXT is a zero

¥17

✓ ¥ tied isomorphism

also i c- ① is a zero .

Such that

41×+42+17 ) - i
£



AH & Transcendental Extensions .

- -

Def 29=6 ✗ c- E z F is algebraic / F if fix)=o

for some fex) c- Fcx] .F-tistransvendentall-T.CI
V2 c- IR is algebraic / ☒ .

iec is algebraic /IR
10h

fix) #2+1f-( X) = ✗
2-2

it
,
e E IR are transcendental oar Q .

CHARD) .

When C- = 1C ,F- Q call ✗aol.gekra.io/transoaohtd#.Reca-llevaluation homomorphism : Ufa : Fix] → F att

fcx) ↳ f- (a)

For FEE % : Fox]→ E
ce to a aef

lie
.
lllaotacxt - -XQNXY

upgrade ✗ .

✗ c- E. ✗ ↳ ✗ - aota , ✗t
- - -- and

"



Tvn29il2_ Let C- ZF then ✗c- E 15 transcendental

/ F if and only if % is injective .

ROI ✗ is transcendental ←→ fed) =/ o H fe¥-ÉFX]
⇐ Yaffa,) -40 Y fix)tFx

¥☐%
.⇐ % is injective .

Thm29iB_ .

Let C- =F and oppose ✗c- E is algebraic
over F. Then I an wired polynomial pcx) c-

Fox]

s.t.pk)=o .

Moreover
,
PCX)

•

is uniquely determined

up to constant factor and has min degree

among poly 's in Fcx] nite ✗ as a zero



pcx)
erred over Fcx] : = pcx)

=/ fix)gcx) where feed ,gcx)eFa☐

⇒ < pcx)> is
maximal in -17×3

.

and 06dg f , edgy 't degp

Proof idea : consider % : Fox] → E by alone

Thm Ker % =/ 803 and Ker % = N = < pcx)>
ideal

-

any generator of Kerk gives the polynomial pcx) .☐☐

Convenient to take the generator nite leading coff - l"monic"

DeÉ_ 29¥ Let FEE
and ✗ c- E algebraic / F.

the unique monic polynomial pcx) from above is

the airedviable polynomial of a over F.

denote ir-F-FI-sa-dits-degre-ebydegcx.FI
.



2×2-2<-1 not monies

EI . irr ( R2 , Q)
= ✗2-2 c- ☒ad in ( i,") = ¥

+1=0

1hr ( T2 , IR) = X - Tz c-Ran irr(%) = ✗3-2

deg cos, ☒)
= degli , Q) = 2 deg likeQ) =3

deglrz , R) = I

irr (31T€, a.) =
?

r



Empie Gs
.

if E z F and ✗ c- E. there is a field FCI
s.t.FI Fla) c- E defined by .

• If ✗ algebraic IF Fay :=F ←
Kerk

air (a ,FD ⇐maximal
a ↳ at Livre,F)>

ideal

F E FIL)
kxY+< irrcx,F1>

Recall % : Fox] → E. then Fca) = 0/21-17×1] C- E
'

i

FE Fix) E E

• if ✗ transcendental IF ⇐ old is injective .

⇒ 1-7×3=-01×(-17×7) a- E FCL) is field of

→not a field lot int domain fractions of 01×[12×7] .



Def An extension field E of F is a simple

extension if C- =Fc✗) for somexc-E.CI
.
Q is a simple extension of IR ① = RCÉ)

=B¥?⃝
• Non - example : R is not a swipe ext . over ☒

.

Thm2q If E=F(d) be a simple extension

with a alg over F
. Every BEE can be

written ' uniquely in the form

p=bo + b
, ✗

+ - . . .

+ bn , an
-1

where bi are in F and n deglntdt ) .



€ 2154×3-+3×+2> = E is a snipe extension

✗ = ✗ + 4×3+3×+27 .

then Irr (42/5)=117-3×+2since desk , -6$ ) =3 .

Thin 29113 says ftp.c-E-Z/scx) can be

written uniquely as bot
.

b
, ✗
+bzxzbo.br/bztZs-Bc-Ep--fex)-4×3+3×+27 fex) is not

unique .

.

= fex) + (5+2*+31+2) + < ✗ 3+3×+2) .

Notice ! a
>
+ 3×+2--0 since ( ✗ +4×3+3×+2>1131×14×7*+27

INE +2
= ✗

3 -15×3+3×+27
⇒ =

- 3d -2 +z× + < ✗
3+3×+27=4×31-3×-12)

+ 2 =O in C- '



✗3=-3×-2 ✗4 = d. ✗3=-3×2-22

✗
s=

✗ 4. ✗ = -3×3-2×2 = -31-32-2) - 2×2

= 4×+1+3×2
-

Whyinique ?
nie bi ,ci c- 215 .If botbixtbet-cotqy-cz.dz
holds

Cbo -G) tb ,
- a) ✗ + Cbz - g) 22--0

1) x is a zero of some poly of degree
but irrcgz.es) £2

.

or 2) bi __ Ci it i
was ✗3+3×+2 deg 3 .



Field Operations in E / E / = 53--125

( 3+2a)( 1+424=3+2×+12×2
-1623

= 3+2×+222+23 .

= 3+2×+222 - 3×-2
= 1+4×+2×2 .

c- E-

see Ex2 for a similar example with

4 elements
. 2<074×4×+17 .



Tm2q If E=F(d) be a simple extension

with a alg over F
. Every BEE can be

written ' uniquely in the form

B. = bo + b
, ✗

+ - . . .

+ bn , an
-1

where bi are in F and n deg last) .
F%wc✗,F1> co -192 + . - - ted CIEF

11

Proof Fca) = 0/211-7×71 = { f- (d) If c- Fun}
.

c- E-

.

Suppose im (d) F) = pcx)
= Xhtamix

"'t
.
. -1-91×+90

Pla)=o ⇒ an = - 1am,I't - - -+ ao) .



Any monomial am can be written in terms of a
"
Ken

coracle adulators)am __ am
-"

l - an -can
-t

. .
. - + a.) =

. .
. . .

. . .

( see example for

⇒ for any fun c- Fan fun)= b. + bit- + bn-Ñ
"

for some bo
, - -
bn-1 c-F- Existence of expression is

poorer .

Now for uniqueness : suppose in Fcx) we have :

b.+bit . . .tbn+Ñ-1--6+99 .t . .
-
+ and

""

big- c- F

then (bo - G) + ( b, - 9) ✗ + .
. . + (bn-icn.it

"-1--0

⇒ ✗ is a zero of a polynomial of degree
Eh -1 in Fox] of bi=ci Ki



1st case we arrive at a contradiction sonic

in ( 4F) = pcx) degpcx) =n . ☐
.


