
Kedar spaces §3O_

€ Rix]⇐+ ,>
is a simple extension of R .

irrca,R)=x7l
Let D= ✗ 1-4×2+1> c- R'✗V47-117 .

dqgcx ,#7--2

By Thur 29118
Y BE 11212 )=E is written

uniquely as a + bx a,beR

✗2+1
= 0 in E ✗2=-1 in E

Try : Catbi )lc+di)(atbxllctdx)
=/ ac - b.d) + ( be + ad)✗ = Cac - b.d) + lbctadli

Addition latbxltcctdx )
= (at c) + (bed)✗

⇒ RK)=¥¥f>
in ¢

is isomorphic to ¢ .



We are used to drawing ① as a vector space /
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We will generalize this for all swipe extensions

Good View Fed) as a
"vector space

"

over F.



Recall to element path) can be uniquely written as

B. = bot b , ✗ + . . .

+ bn - , ✗
^"

bi c- F

when degld , F) = n .

Bookkeeping keep track of coefficients bi as

entries of a vector : Cbo
,
bi , - → bn -1) c- F

"

-
I 2

.
. -
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If F- R , Q -¢ , we
know we can add vectors ,

multiply by scalars , → linear - combinations
,

independence , bases ,



Main Example of a vector space over F

F a field , V
= Fn is a vectorsp-aceofdim.nl

= ( bo
, .

. >
bn
-
c)

☒ = ( co
,
-

,
an - ,)

✗ + P = ( bot co , . . ,
bn
- , tch,)

at = Cabo
, -

,
abm ,)

"scalar

mdtipli
'

bi , Ci c- F
a (dtp) = at + aB.

a c- F '

.Def3# .

A vector space

Ex -5=2/2
.

✗ E V = 1=3 . V over F is

/V1 = 23 an abelian group
(0/0,0) with an operation of
11,0 , 1) + ( 1

,
1,0 ) = ( 0

,
I d) scalar multiplication

satisfying 5 axioms
(1,0 , 1) + ( I, I , 0 ) + ( o, 1,11

= (90/0)
See Def 30 . 1 .#Éepodat

.



Main theorem for vector spaces a field extensions

Thm30i23_ Let EZF and suppose d.EE
is alg .
/F

'

If degcx,F) =n then Fla) 15 an n -drink

vector space over F wit basis {1,4 .

>
dnt}

Also every
elf B of Fix) is algebraic / F

and deglp, F) tdegld.FI .

Read { P , , ,pn}EV is a basis for ✓ over F if

they span V and are linearly independent
11

"

If a
,pit . - - + anpn

-_ 0

✓ = { a,p,+ .
.
- + anpilai c- F } ⇒ ai=o I



ROI Fed) 3- bot bit - . . + bn.it
" "

addition to

scalar melt

t I behave as for

F
" vectors !

3- Cbo
,

-

→
bn-1 )

-

Notie I ↳

✗ ↳

:

✗
n- I ↳

Second statement : Betta) consider I ,p, - → pm

Factfromlinearalg : NH vectors in n- drink vector

space must be linearly dependent ( Thm 30.191



\



Exam Problem 2020

F- 213 fix) = ✗3+2×+1 c- FIX]
.

¥1,23

a) Explain why K=Fc×V{ ✗3+2×+1> is a field .

2×3+2×+17 = { foxy . 1×3+2×+1 ) lfex) C- FCXI } .

is a field ←→ N is max
ideal d- R.

RIN
Romm rio when 12--1-7×3 < fix> is maximal
w/ unity ⇐ fix) is irreducible

.

dakin : fix) is irreducible



If not fex) = gcx)
hcx) anti deg g- 2 degh - I

gcx) , had c-Fcx]

⇒ and fex) must have a zero in F

checks : fco) =/ to fci ) = 1+2+1=1--10
f-(2) = 8+4+1 = 1--10 .

since fex) has no zero in F fix) is wired
.

Therefore K is a field .



b) K= Fix) where ✗ = ✗ + < ✗ 2-+2×+17

use ✗ to write a basis of K over F

Express ✗
6 and a" in this basis .

Fun today's theorem Fix) is a
vector

space of chin 3 over F with basis

✗3+2×+1--0 in Fct)
{ 1,2 , 223 . ⇒ 23=2+2
✗ " = ✗ . ✗

3
__ ✗ (2+2)--22+22

✗ 6--23.23 = (✗ + 2)( ✗ +2) = ✗2+4×+4=642+1



c) Frid a manic polynomial of deg 3 gcx)

in Fcx] S - E . ✗
2 is a zero of gcx ) .



d) show fcitx)=O and f-(2+2)=0

Conclude K is splitting field of K overF.


