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Recall E is a field extension of F if FEE
-

If FEE are
fields ✗ c- E is algebraic im

F if ✗ is a duo of some
Fact

✗ is a zero of

⇐ • any ✗ c- F is algebraic over F fex, -_ x -✗

C- FCX]

• ☒ c- ① then TZ
,
i
,
Fr (rE☒ ) algebraic / Q .

• If ✗ c- E is algebraic then F c- Fcx) e- E. and
"

every pets)
is algebraic

,>
over F. (Bythm 30,23)

.



An extension E of F is an algebraic if tact
-

TinnonDI ?É
is algebraic / F-

If an extension E of F is an n-dimensional

vector space over F
, say E. is afiuteexthofdIorer.towrite [ E :FD=n .

[E :F]=n ⇐> 7 a basis { a , , - → an 3
of E over F

C- = { aid ,+ - . -
+ andn laic F } .

if ✗ c- E algor F
⇐ Fix) is algebraic extension oar F of degree
(Fed) : F ] = dig Carla , F)) :

- n .

Recall basis of Fcx) /F is El , ✗, . - . . -2^+3



Last time The field extension Fix ) is a vector space over
F:

Thm3Oi23_ Let EZF and suppose d.EE
15 alg.lt

1) If degct,F) =n then Fla ) 15 an n -drink

vector space ever F wit basis {1,4 .

>
dnt}

2) Also every
elf B of Fix) is algebraic / F

and deglp, F) tdegld.FI . irrcx
,F) .

11

Proof 816th 1) ✗ = ✗ + Simca,FD let fix)= aotait - - + ✗
^

aief

F' d) = { bot bit . . . + bµ✗
" "

/ biery
⇒ an - - laotqxt-tan.int ) .

and
any am MZR canbe

t I

F
"
= { Ibo , -

→
bn , ) lbief } . written'ITF '

terms of linear

combinations 1,2 , ✗
2

,
. . . ,
✗
n - l



2) p c- Fed) I ,p,p? . . . . . , pm ] ntl
Its 1ha

vector space
of

c-Fct) chin n .

⇒ dependent !
7 co , -

-

,
Cn C- F not all zeros .

-1
.

↳ + gpt -
- -
-

+ Cnp
"

= 0 in Fct)

⇒ p is a zero of
gcx)

= cnxtht . - . . -1-9×+4
so p is algebraic over F

c- Fcx?

and irrlp , F) fdegcgcxdtdegcfexil-irrca.FI



Thinks If [ C- : F) =n< • then E isalg.orerTEZK.BE
let LEE

,

then 1,4×3 . > the E-
,

ntl ells

in a vector space of a dimensions Thm⇒30 . 19

Aot aid + - - - tank
"
=o for ai c- F not all zero .

⇒ ✗ is a zero of fcx ) = anxht - - - + do ⇒

✗ is alg over F ☐ .

What about the converse ? If C- is alg over F it need

not have finite dein over F.

☒ =F E-☒ ( EDB) (B)V6 ) . . . - (Tn) . . . -V-nc-Zt.is
an infinite dimensional vector space over Q .



Exanpie ① (E) is a simple extension of Q
is abasis

irrcrz
,
a) = ✗2-2 deg( R2, Q) =L { I ,r2} for ☒ (E)

over Q .

☒ (R2) = { a. + air I ao , ace 0-3 .

④

Nohie 03¢ ② (oz) and irrcrs,Q⇒=irrW↳ ,
Q)

=

✗
2- 3

.

so { 1 , v33 is abasis of (Qira)/ (Fst) over ☒(E)
Farsi F

'

⑨ B) = { b. + b. Fs Ibo,b, c- QIFL) } using ④ for

bots, c- ④(E)
-={(a. + a.E) + ( as +air)BI%aieQ}

.

={a. + ask + airs + airbag:%ieQ3 .



turns. { 1,52, 53,563 is a basis of ☒ (E)(B) over
Q '

[☒ lrzkfs) : ☒3=4

✗
☒ (B) ☒ logos )

Aside 13--52+05 c-QGE)CFs) .

☒(E)(B) =Qlr3Ñ2) p2= ( ra + B.)2--2+206+3
%
ext - / \
④V21 / dye ☒ Irs) ( B2- 5)2--12%12
→
\ Q.ee# ⇒ B.

"

4-
top
- +25=24 -

deg
2.
ext . ⇒ B4 - 10132+1 = 0

B is a zero of fex)= ✗4-10×2+1 .

fun factors / D- ←→ I fgd¥
.

✗2-10×+1 is in . over Q .

→ Irrcp , a) = ✗4-10×7-1



☒WERE) Both Oirats) and ☒(B)
are ⑨ 4 dem't vector

☒ Ip) ) deg4 .

spaces
over Q and

deep -

I ☒ ( p ) c- ☒ (E)Crs)

☒ ⇒ ☒ ( p)
- QCE,XFs )

.



Threat K = C- IF be fields then

with CK : C- ] and [ E : F ] finite then

"

m

"
n

[ K : F ] = [K
.

: C- ICE : F ] In patiutor ,
K is finite dime over F.

ROI sketch Suppose { a , , - ⇒ an}
is a basis for

C- over F and { pi , . . ,pm3 is a basis for

K over E.

K={ b , Pit - - tbmpmlbijef }
= { land , -1 . . - + an.hn/Bit----+(ain*4+---tann*n)pm/aic-F} .



= {

Eaij@iBj1laijeF3.IEisn1EjEmcleuim_seekxt.E✗ i Pj } is a basis for Kaner F

l{ ✗ ipj ? / = nm
= [ K : F ] ☐ .

hÉ¢%>
→ Sirrine

Corollaries
31.6 If -1T£ Fz C-

. .
Fr are Quite field extensions

-

[Fr :F, ]
= Cfr :Frill.FI#:Fr-el---CFz:tT7.3lo7-If C- IF aud ✗ c- C- is alg .

over F then

it B. c-Fix ) degcp ,F) divides degcd ,F) .



Roof3 FCL) → B. and Fe Flp) c-Fix) .

⇒ ( Fox ) : F) = ( FK) : Fcp) / ( Fcp) :-B
"

deg F) deglp ,F) .

€3110 consider 2
"

? 2¥ c- R

irr( 2113
,
Q)= ✗3-2

irr ( 2112 , a) = ✗2-2 .





AH closers

let EZF .

The algebraic closure of Fin
- -

E is FJ= { ✗ c- El ✗ is alg .

wert }
.

( This is a subfield of E by Thur
3h12)

.

⇐ 1) E is algebraic over F ←→ FI __ E

2) Recall ✗ c- G is an algebraic number if it is

algebraic over Q ( iz , Jn , . . . . algebraic
# 'sbtei-If-bie.EC

¥ is the field of algebraic.fr#isalg..r5c-QTc-I?fetd3)E--QCx)then-QE--Q
. [' ± ¥5 a-

atranscendental extension of Q
.



Def A field F is algebraically closed if

every
non- constant pÉ fix c- Fix]

has a zero in F.
Fundamental Thm of Alg .

€ ① is alg .

closed (Thm 3h18)

Thm35 A field F is alg closed if
and

only if every non- constant polynomial factorsdegf

into linear factors
.
over fcx) =# ex - a;) ai. c- F

i = IF
✗ - ai c-FCX]

Roof
.

⇐ is clear

⇒ Suppose fex) has a zero .ae Ex] fcx)= (x- g) gcx) by deuisgg.pe
gcx) c- Fcx] now hid a zero

•

az of six) and confine until fex)=c1Tc×-a;)



An algebraically closed Reid has no_ algebraic
extensions ( Cor 31.16) (⇒

all extensions of alg
closed fields are a degree

)
.

Thm3l Every field F has an algebraic

dome F-
.

(proof is difficult - emitted ! )
( ie

.

a field F- which is alg .

closed and with

Fe E)
.

Ez=FÑ=É"
"

co : 1123--2 finite

2) Q
= F ☒ i3 the set of algebraic #Is .

E is an infinite extte

E-☒ (E)(B) . .
.

(Tn )
. . . - -

.

V-nc-2.lt Q and E €0T ⇒ Fro



3) Zp p prime what is 21J .

ÉÉnois of Ip came from f=TKp[ fix> c- Zftx]
< fex , > irreducible .

-

2/2 fix)=×2 -1 ✗ + I = gcx)
hex) Izz

.

"

£0,13 . Fco) = I =/ 0

fee) = 1 =/ ☐

no
root so no fadorisahoi so

fix) is irreducible
.

C- =Z2_[×] → ✗ = ✗ + < f. × ,> /
fun)= (✗ + < fix,>12
+ ( ✗ + <fun> )

Lfzx )> + I

= ✗7×+1 +<fix,>
= IF?E



Xp "%fe×
,>

= €

field

text trim
construct finite fields lfq wite q=pk ItsVpprice

"TheWeilconjedmes"Kanen[%"
"


