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if ✗ is a duo of some
Fad

-

⇐ • any ✗ c- FEE is alg .
are F- ✗ - ✗ c- Fan

• ☒ c- 1C then V2
,
i
,

"Tr
,

. .
. .

. algebraic / Q
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An extension E of F is algebraic ifV-ac-CDIE.tn
is a / F-

If an extension E of F is an n-dimensional

vector space over F
, say E. is a fñikex

ofrerF .

The degree of E over F

is denoted [E : FJ = din (E)
F

⇐ Fix) is algebraic oar F of degree
(Fcs) : F ] = degcirrlx, F)) .



Last time The field extension Fix ) is a vector space over
F:

Thm30i23_ Let EZF and suppose d.EE
is alg .
/F

If deg Cx,F) =n then Fla ) is an n -drink

vector space ever F wit basis {1,4 . ,Ñ}

Also every
elf B of Fix) is algebraic / F

and deglp, F) tdegld.FI .
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Thinks If [ E : F) =n< • then E is alg .

over F.

Ref let LEE
,

then 1,4×3 . > the E-
,

ntl ells

in a vector space of a dimensions Thm⇒30 . 19

Aot aid + - - -
+ ankh =o for a ; c- F not all zero .

⇒ ✗ is a zero of fix)= anxht - - - + do ⇒

✗ is alg over F ☐ .

What about the converse ? If E algae F we

may have CE : F) not finite
.
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Exanpie ① (E) in an extension of Q

irrcrz
,
a) = ✗2-2. ⇒ [Qcrz) : =L and { 1,523

is a basis for ①(E) over Q ,

④ (T2) = { a. + air I do,qEQ3 .

Notice B. ¢04Bn) and irr( v3
,
☒ Ira)) =

.

✗2-3 .

so { 1,533 is a basis for @(E)Krs) or QCE) .

(☒ ( ra))fz) = { botb.is/boib,c-Qlr4 unit
= { Carafa) + Cao' + air)Fs / %%ieQ} .

= { ao.to/rz+ao'r3i-air61aajIic-Qf



⇒ { 1 , rz
,
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,
Tz - Fs } is a ban's for

Qcrz > (B) over Q
.
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f-irreducible

air ( B , Q)= ✗4-10×2+1 ⇒ degcp , 0-1--4 .

⇒ ☒ (Tatts) = ☒(E)(B) .

⇐ is also simple



Threat K ⇒ C- IF be fields then

with CK :E ] and [ E : F ] finite then

[ K : F ] = [K
.

: C- ICE : F ] in particular
K is finite are F.

Root Sketch Suppose { a.→ an}
is a basis for

C- overt and { pi , . . ,pm3 is a basis for

K wer E .

Then

K = { b , pit - . - tbnpn / brief } .

={ ( and , + Aziza .
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= { 8 aijxipj I aij c- f- 3.
→ {✗ipjs span
K over F

Also {✗ ipj } are independent over F →

{xipj} is a basis fork over F

→ [ K : F) =/ { alipj} / = [ K ! E) [K : -5T
. ☐

.

Corollaries
31.6 If -1T£ Fz C-

. .

.E Fr are Quite field extensions
-

[Fr : -5,1 = [Fr : T-r-ilct-r-ii.fr -21 . . .

[Fz : F,] .

31.7 If C- IF and ✗ c- C- is alg .

over F then

7- B. c- Fix) deglp, F) divides degcx ,F)



Roof3 FCL) ⇒ p .

and FE Flp) c-Fix) .

⇒ ( Fox ) : F) = ( Fk) : Fcp) / ( Fcp) :-B
"

deg F) deglp ,F) .

€3110 consider 2
"

? 2k c- R

irr( 2113
,
Q)= ✗3-2 → [04211%0]--3

air ( 21k , a) = ✗2-2 .

⇒ [Qca"4 :@7=2

By Cor 3h7 a"2¢Q( 2lb) .

and degla
"2
,
0-(2*1)=2

.

So [Q( 2132112) : Q] = 6 and
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,
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,
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for ☒(2113,2%1.



N -true that 2116 c- ② 12113,2114

and deg (21/6,0)--6 ✗6-2 is wrieduabk

by Eisenstein .
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Algebraic closers
let EZF .

The algebraic closure of Fin

E is FJ = { Feel ✗ is-alg.ae -1-3 .

( This is a subfield of E by Thur
3h12)

.

⇐ 1) If E is algebraic over F then E- = E.
2) Recall ✗ c- E is algebraic number if algebraic
over Q 0T¢ is the field of algebraic number

.

3) E- Qlx)
,
then Q_E=⑤ .



Def A field F is algebraically closed if

every
non- constant polynomial fix c- Fix]

has a zero in F.

€ ① is alg .

closed (Thm 3h18)

Thm3 A field F is alg closed if
and

only if every non- constant polynomial factors

into linear factors
.

Rod
.



An algebraically closed field has no_ algebraic
extensions ( Cor 31.16)

Thm3 Every field F has an algebraic

dome F-
.

(proof is difficult - emitted ! )


