
Edd Atoms $-48 .

Read A Add isomerism is a bijective map

4 : C- → E
'
SI . flat b) = 41 a) + 4lb)

4 Cab ) = Yea, 4lb)V-qbc-E.AE#doutomIuoimis an in 4 : c- → E.

T-day-i.tl Conjugate isomorphisms Yap : Fid) →Flp)

2) Tied fields and automorphism groups

3) Frobenius automorphisms cop : E → E
for finite féld E

char (E) =p .



Conjugation isomorphism
Google y : ¢ → ¢

←
conjuration .

Ycz ) = E Kati b) = a- ib

Notice Ylzw) = Fw =Ew- = Ylzilcw) ⇒ 4 IF an
automorphism

Y ( ztw) = Ftw = E +To = 412-1-1kW ) of ①
.

Def_ 481 Let E be alg .

ext
.

of F. Then ✗ PEE

are conj# If irlgt-t-ircp.FI .

⇐ E E E irrfi.IR/--irrC-i.R)--xZ-1
"

R ¢ Hence i , - i are conjugate / IR .

Exercise shoo at :b and a- ib have

same aired poly over IR V-a.be#.Hin-t-:Cx-(a+ib)1x-la-ib1



GI If F = F- then irrcx
,
F) = ✗ - ✗

7- irrcp ,F)
= x-p

if ✗ FP

µ . district conjugate elements
.



thm-48.is Let F be a field and xp be alg
over F wit degcx, F) =n The map

%,p
: Fed → Fcp )

%,p( cotcidt . - - - - + Cmd
" -1) = ↳ + GP + -

- -
-
tch - ip

" "

is a field 15am if and only if d
,
P are conjugate
over F.

Roof suppose Typ is an iso and in Ca,F)=ao+q×+ .
-
+ ×
"

0=1,p( a.+ qdt . - + d) = aota , Pt - - -
+ P
"
→

p is a zero

of threat) and t.int/ F) divides wir (B) F)
.

oar F-
.



since 4h
,p
: Fcx) → Fcp) it a field isomorphism it is

also a bio of vector spaces oar F

dgcd ,F) = [Fix) : F ]
= [Fcp) : F) = deglp /F) ⇒

irrcxct) = irr ( Pif ) and xp are conjugate .

Conversely , two
,
F) = lrrlp ,F) = pcx) then

Xp
Far ÉÉF×Kpc×,> Is Fcp) .

✗ I
✗ + < pan> → p

So Fcx) ,F( p) E Fix]Kp⇐,> moreover
,

Xp0T£
"

= Yap so Typ is an isom .
☐☐

n



Example. fix) = ✗3-2
.

is irreducible oo Q
.

05<-0
.

fex) has zeros 2113
,

eZ"% 2113
,
e.4*1^132113

.

Flame
in pay over D- ✗3-2

☒ (2) EQ for
MY

ale conjugates .

of these zeros ✗ -

IR
-
€

So ☒ 12
/

b) =/ ☒( eat "z%)
I
\ as subfields of Q .

☒12113 ) ☒ (
"32113) But ☒ (211311-0-62*132113)
-

↳/ Tyus
,
@2*5132/13

.



Conolly 48=5 let ✗ be alg .
over F. Gay isomorph

4 : Fea) → E where C- ← F- with Y( a) = a Hae-5

maps ✗ to a conjugate p of door F.

Ro=fhtif : show 412) =P hat the same degree of wir poly /f.
then show B. is a zero

of 1hr14 F) .

as ✗
.

Conversely for every conjugate p of ✗

there exists exactly one isomorphisms
Hypo :Fcd → E which ivapr drop and a↳aaeF



coollaiy-48.to Let fix) c- Rex] . If fcatib) -0 a,b←R

then fca - ib) = o .

Pw± .

Use part 1 of 48,5 with T : e→¢ conplx
conj .

4(a) = a AER
.

Hence ✗ catib)=a - ib is a

Zero of f.

0--71:-[ ( fcatib
)) -_ fca -ib)

to ☐ .



--

6 : C-

'

→ E isomorphism .Field automorphisms

Def48 let 6 : C- → E be an automorphisms .

An elk ac- E is ×# by 6 if 6cal = a
.

Exaipk_ 6 : ① → ¢ complex conjugation fixes exactly
the real numbers .

thm4 let s be a collection of automorphisms
of E. Then Eg = { a. c- E I 6cal

-_ at GES }

Is a subfield of E. ( Es
is the subfield )

fried by S .

Proof fee text ) .



Def48 The field Eg is the fixed field of

an automorphism 6 .
If S isa#tir

of automorphisms Es is the fixedfeldf

Thm44 The set of all field automorphisms
of E is a go-go under function composition .

At (E) . pwo-f.it comp .

is associative 2) id
: C-→E c- Atcc )

3)✗ c- Atcc) then 4¥ Atef

thm4 If FE E- then the automorphisms of E

fixing T-liafs.at
"-F) forms a subgp G / F- (F) EAut.CC )

and F £ E.GE/F).Pwaf- (see text )
.



Exanpte Frobenius automorphism .

( finite fields)

Thm4 Let F- be a finite field chart=p
1

The map cop : F- → F- defied by

Gpl a)
= AP t ac-F- is an automorphism.

Esp I Xp
= { c. I / Osce p -13 .



Bad a,beE
Gplab)

= ( ab)
P
= aPbP=6pCa)6p (b)

Gpcatb)
= (atb) P = apt (P¥b- ..tl#-bP--aP+bPCharlF) =p .

=

Gp (a) + Gpcb) .

Hence Gp is a homomorphism .

Clair's cop
is a bijection

if Gp / a) = o → aP=o → a -0
hence

injective .

Since F- is finite Cop : 5-
→ F is abjection
- -

hence automorphism.



If C. e. Zp £ F- by Fermat } little

theorem CP = * Hence Gpcc) - c

-

C E ÉGP
at most

Notice Esp has size p
since it consists

zeros of XP - ✗ .

Hence Esp -_ Kp .

☐
.


