
Elam Problem 202£
3¥ R cannon ring w/ unity

Then RII Integral
domain

I

I is a prime ideal

( if ab c- I then aor

be I . )

Fact 4×4+1>
is an

integral domain
⇒

✗4+1 is irreducible / IF,
However I c- Fz is a zero

of ✗4+1



Therefore ✗ 4+1 factors over Fz as ☒ + 1) fex) for

some fex) C- lfzcx]
.
Hence ✗4+1 is not irreducible

and ttzc -94×4+1 > is not an integral domain .



Claim fix)=×4t ✗ 3+1 is irreducible in 17=2 .

cased Fox) Égcxhcx) where dg 5×3=1 deshcx) =3 _fx, has
f- ( o) =/ 0 and fci) = 1+1+1=10 ⇒ no zeros in Fz

⇒ 71 a facfoisuhoi fix)=gc×7hcx) where degg- 7-
dgh =3 .

Case_2 fix)= ( ✗Ztax + b) ( x
-tcxtd) asked c- HI

- ✗
4
+ @ + c) ✗

'
+ ( ac+b +d) ✗

-

+ lad + be )x¥bd .

bd =\ ⇒ b=d= Ia but adtbc =o ⇒as
contradiction

such

→ no factorization exists and fax) is med
.

over tfz .



is a field sincewe know E=F2c×%
✗
4
+ ✗3+1 > fix, is ironed

.
over 11=2

moreoor ⑤ = ✗ + 5×4 + ✗3+17 c- E is a

zero of fex) 3

call : fco) = 04 to
>
+ I = (✗+ <✗4×3-1>5+1×+41×7,1

+ I

=

✗ 4++3+1 + 4×4++3+17
= 4×4 + ✗3+17 = 0 in E.)

Now [ E : Ez ] - degtcx) = 4 so IE / = 24--16 .

By the miqeness theorem
for finite fields

E E Ito
.

identity OEE wite an element of HT.
under the isomorphism .



111=16*1--15 mower kTo* is a cyclic group .

E- *
claims or'd@ = 15

The possible orders of 0 are
1
, 3,5 or 15 .

E-= { ao + a , O + azoth + ago
>

ai c- Fz }
.

0--11 03--11 05=(0-2+2) 0--04+0=07*1-1,0
since 84+03+1--0 in E

Hence
,
ordo = 15 and 0 generates Fµ*EE.*



Want to factor fcx) = (✗ + a) - - - - 1×+24) .

Recall 0 Was a zero of foxy ,

O C- C- Eltz
.

Frobenius automorphism 62 : IFK → Fire

a ↳ of

62 fixes 11=2

From last time → 6<(0-7,62-6210) , - - - -
are

Zeros of fex)
.



Claim ⑥
,

0-2
,
04
,
08 are district zeros of fgx)

" "

✗4++3+10-3+1 (03+1×03+1)
•6¥# + I

"

(03+1) 02+1
.
"

0-5+02-11
0-(03+1) + 02+1

0-4 + 0 -10-2+1

03+1/+0 -10-7-11
= 03+02-10 .

deaf f- (03+02+0)=0 .

in C- .



Isomorphism Extensions § 49

Recall let FEE . xp c- E are conjugate over F if

wire
,F) = irrlp , F) .

4B conjugate or F ⇒ Typ : Fcs) → Fcp)
is an

lsormor .

a ↳ a ac- F

✗ → B

Qcstnn_CanXqpbee@toanattomorphsimY.E - E ?
=D nfl b) =T✗

,
plb)FÉ§→¥P ) y be Fay ✗2-2= irr ( 1=52,0-7

Exanpte-E-QIGN-sl~q.INE) → ④ C-G) extends to
'

c-= { aotairzt
T

,
: E → E Ts : C- → C-

airs +air}
v3 ↳ 53 V3 ↳ - Fs



Recall : For ✗ alg over F. Gay T
: Fix ) → F's F-

must map
x to a conjugate p of a

over F. ( corollary 48.5)

The conjugates of Fs over Q are
1=53 since

air ( 53
,
a) = ✗2- 3 .



Thinks Iso Ext'n Than

let E be an algext . of F
aid

FT

6 : F → F
'

be a field isomorphism
Then 6- can be extended to

an isomorphism 2 : E → ÉEFT 6

( so that It a) = 6 (a) it ac-F) .

Roof Idea To extend 6 : Fid ✗ c- C- ✗¢F
.

First extend to

F- ? ? Fix) .

let
pcx)

= irrlx
,F) = aotqxt . . -

+ ✗
"
EFCX]

8 Let P be azero of qcx)
= Glad + Glapxt . . .+ 87-1=1×3

FIL) - -

¥
- - > Flp) Define red :Fc✗) → F' (B) Continue this

\
'

a ↳ • (a) aft procedure &

F ↳ F) ✗ ↳ p •

cse Zorn's lemma

if E B infinite degree / F.☒



Cooking 491£ EE F- is alg .

extln of F and qpeE
conjugate

then Typo : Fix) → Fcp) can be extended to an

isomorphism 7 : E → E
' £ F-

.

.

←
isomorphism It an

automorphism . )

Ex¥ti%¥E= ① ( 21$, i ) - --- → E =/ E.

1 I

¥1b
, grig,

: ☒ (21/3)→ ④ ( £+1321b ) .

sir 12113
, a) = irrléti

/32113) = ✗
3- 2 ⇒ xp congregate .

"

✗

"

B 8

K= ☒ ( 21 ? e-
"

32113
,

'

e4ti/321B)→ K, ←
extension of T.to

I
"

y
k is an automorphism

T : 0-(21/3)→ Q(e*Ñ/32113 ) .

"splitting field
"

of ✗3- 2 .

.



coollay-49.si The algebraic closure of a field is mope

up to isomorphisms .

Roof idea extend id : F →F to F-

¥

Implicitly used this to shorten proof of uniqueness
of finite fields (Than 33112)



Def_ 491 Let E be a finite field extension of F

( [E- F) < • ) .
The # of isomorphisms of E

onto a subfield of F- leaving F fried

is the index of F- der F denote { E :F} .

-
-
-

-

← identity map

{ E : -53 = # of extensions of it:F→F to TIE → HE]

isomorphism where ICE] £ F-
.

This { E : -53 is finite if CE :FKoo

See exercise 49,13



Exanpte .

⑧ (see Grande 49.11-1
④ ( 2113, i ) → ?

I 0-(21/3)
{☒ 12113) : =3

{a.+a,2↳+az2%}= ☒ (21/3)=70-18%2
" ')

unction
,a, .az c-Q.

I
→

☒ ( e4
" " >
2
"3) [☒ (2113) : ☒]

.

id : Q → d-
. Exercise .

¥2"3i ) : 0-(2/13) }
Sala"3i ) : Q2 .

K= ☒ ( 2113, exits 2
"3
,

e4tiba"3) - ?

I

ed : Q - Q




