Problem 3

For p a prime and n a positive integer, we let F,. be the field with p" elements,
with [F,, denoting Z,.

3a

Determine if Fy[z]/(z* 4 1) is an integral domain.

3b

Show that f(z) = z* + 2 + 1 is irreducible in Fy. Explain why f(z) admits
a zero 6 in the field Fy4, seen as an extension of F, with degree [Fy4 : Fy] = 4.
Prove that f(z) is a primitive polynomial in Fy[z], meaning that 6 is a
generator of the multiplicative group of units F7.

', 7o)

Assume known that z* + z 4 1 is irreducible in Fy. With f(z) as in part 3b,
explain why there is an isomorphism of fields

Folz]/{z* + 2% + 1) 2 Fy[z]/(z* + = + 1).
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3b

Show that f(z) = 2* 4+ 2% 4+ 1 is irreducible in F,. Explain why f(z) admits
a zero @ in the field Fy4, seen as an extension of F, with degree [Fy4 : Fy] = 4.
Prove that f(z) is a primitive polynomial in Fy[z], meaning that € is a
generator of the multiplicative group of units [},.

a < \ Q.a\)s\o\ \‘;\ Krﬁ_
S | \m\g :,\):f C’ﬂgm= | deghox)= 8
Coase. 3 S\lg%\ = o) ) Lu(\ ben
L) #Zo  adh B = £\ vV F O = ns e W T

— ‘< &l\ w<) = K\\f\ u)v-ir( =1
) 3/ o~ «ch_,&\r\ '«&\ ’R ) Cb( k) Ma: 3
CO& 2 52[7(3 =] ( XZ”& QX+B><7<1* C)<+O(> &/L/C/OA G’d\%z_’

= xH *—(C*’VQ)szc(O\Q+\:>‘<o)\>><2*(CLO\*LC>X+\°OA‘

W=\l 5 bed=l GQic =D b odtbe —0 > G@resy

,S\Jc}"\ QW\(\W‘G\A.QQ)“:Q/\-
= no D, Sesedren eSS ST S’EK) 3 N\(‘@ vl E



We  Yned E‘-(\FJ_DQ/ . 2 o Re\d %m@e.
< xt+x =1y ) & wred o Ty

Maresar O = X+ <xts xPrly e B8 o

seo R k) % g

QXW& By = Of £ O w = [eeertdo) s ey
= e kP e 4T S

Moo [E-Fl=d &= 4 = \E\=3 -1t
%3 o u\\é\ws e sremnn S« Rude Ry
E 2 T \M% & cC o o Qovard ¢ T

e






3d

[t is known that the Galois group Gal(F,s/F,) is a cyclic group of order 4
generated by the Frobenius automorphism 5. Use this to write a splitting
of f(x) from part 3b into linear terms in [F,4. If needed, vou can use without
proof that an irreducible polynomial of degree 4 in Fy[z] divides 22" — z in
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