
Ex-con Problem 2021 fix) = (+2-211×2-5) c- QCX]
.

41 Fid the zeros of fix) in Q and determine

the splitting Reid K of fix) over Q .

Shar Ik : Oh] = 4 . / you may use w/o proof that

✗2- 2 ⇒ ✗ = =/VI ✗4-14×2+9
* irreducible /

✗
2- 5 =) ✗ = I V5

ACV2,Vs = k



[ k :*] = 4

Proof :[ n :*]=[]•[☒④J
Need to show that O 's of ✗ 2-5
is not in E to contract
air Ers

,
Qur)) - x2- 5

show * do , a , @ Q
S - t .

Rafi + ☆
◦ =VE ?

.

so [ K : atra)] = *egirrk-rs.a.ir)) -2

⇒ µ : a) = 2-2=4 ☒



4.b) Determine the gap GCKIQ) and write down

diagrams of svbgopr H of GCK/a) and

subfields E of K obtained as fixed fields of

H .



Sede Extensions § 51 .

Recall f ≥ F
-

dimension of C- as a
"

degree of EIF
"

[ C- : F ] =

vector space over F

{ E : F } = # of isomorphisms ≈ : E → TCE] ≤ F- Kinder of
extending id : F- → F ( Kiis F Egf 4

a

GCE /F) = { ≈ : C- → É / automorphism }
.

fixing F

When [ C-it ] < •
"

E finite exth over F
"

IGIEIF ) / ≤ { C- it } ≤ [E :F] .

Deft A finite exit'n E of F is a sep-wab.ie extension
of F if { C- : F } = [E :F ]



An element LEE is separable of _F if Fox)

is a separableexthocr-T.Anim-d.fi#-Fcyis-E-- ifvanof fix) is separable oer F. %
[ K'- Q]
*

Excerpt K= ⑤ ( 52,55) 15 separable or Q . K

QIR.rs) in a spitting feed ⇒ /GLOVE.FI/Q)/--siEE-L:Q?GlK/Q)--{ id
,
6
,
I
,
604--706 }

where 6 (E) = -52 2h51 = -55 To 6--607--8 .

Gers) = V5 Ilir ) = 52 Jar ) = - V2

6 fixes Q Y fries ☒ .

✗ (Fs) = -55 .

fix Q

IGlK/☒) 1--4 = { K :D} - [K : IQ] .



4b) Determine the gap GCKIQ) and write down

diagrams of svbgopor It of GCK/a) and

subfields E of K obtained as fixed fields of H
.

See aboc example ahee we showed

Glk /a) = { id , G , T , Got
= 8 }

Hokie 6
,
≈
,
8 have order 2

.

⇒

G(K/☒ ) I 2/2×2/2 aka Klein 4- group .

By Lagrange any
H ≤ GCKIQ) sbgwp must have

IH / dividers IGCKia) 1=4



If 141--1 H={ id } <o>
-

if 111-1--2 It -- { id
,

"G } or { edit } or { 12,8 } .

if 11+1=4 It = GCK / a)
.

Recall KH
= { aek / KakaHeit/

The srbgop diagram is :
Ka >

= Q(r5) ≤ K .

K< ≈> = ④ (E) ≤ K
GIKIQ)
\ K≠ Kay> ≥

☒⇔
✓ I

< 6 > < z > < gy
"nie Moo)=8(E)8hr5) -1-1×-11510=06 .

% gtoseekg-Qlroln.tn#\
{ I'd } /

dega[< o> , implies [K : Quo) ] = 2

id : K →K so [Kg>
: Qloio)] = 1,2

but

idea = a ¥¥" ]ᵈg2 ≠2 since K#Ker> .



so key> = Q(%)

Kid __ K

KGCK/a) = Q .

⇐ 9- EGIKIQ)
\✓ I

< 67 < a > < y >

④V5) QCCE) Otro) .

\ I /
\

{ I'd } / K

This is the first example of
a Galois correspondence



thmsl.IT ≤ C- ≤ K and CK :E ]
,
CE : F) < • .

K is separable over F if and only if K
is

separable ever E and E is separable or F.

Rod For any fields F-≤ E { E :F } ≤ CE :F ] . and

{ K :F3= { K :E3{ E : F }

[K'- F) = [K : EJCE : F)
.

.GroHayO F≤ E CE : F) < • then E is

separable it and only if It ✗ c- E is

separable over F.

Proof . C- = FCX
, ,
- →He)¥?Fy<a. recursively be thin 51.9



6%152,55)=K
] separable1

over acre) by Thun k separable
① ( Tz ) = f 51-9 over Q .

I
= f- ] separable

over Q
Q .

Examples .

Let C- =

{Fix) : -53 =
# conjugates of a =

#distinct rats of ≤ degivrk.FI
do F link

,
F) .

[Fix ) : F) = degirrcx, F)

Hence Fca) is separable if and only if
allows

of ink , F)
have

.

'

melt = 1
.



Def5 A field is perfect if every finite

extension is a separateFusion .

Thm5 Every field of characteristic 0 is perfect
lie: every

E finite ext'n of F has { E : -1-3 = [ E :F ] when
chart = of

Thm5I! Every finite Reid is perfect .

PWI idea : Both thmr reduce

'

4--1=14, - > He)
to shooing that Flt) is separable Flx

, . >
✗
k - il

over F for all ✗ c- F- !

by car 51.10
.

:<
Fix

,
)

f- .



Fix) is separable over F if and only if

irrcx
,
F) = fix> c- Fcx] has all zeros

having multiplicity 1 .

1. e.

fcx) = IT (× - ✗ i )
for die F-

where ✗ i =/ ✗ j for i≠j .



Exaupte-E-Zp.ly) chart =p
but IE / = & .

let t=y? Then y
is a zero

of ftp.XP-tc-Fcx] .

inly ,
F) = XP - t ( Ex 51.10) .

£
=%'s)

] ( see that y is a zero
of XP- t )

0 pit)
XP - t = xp - yP = ( x - g)

P

☒
Freshman's dream

F' =Zp
y ir a zero of multiplicity p

of \ñrCqZp↑t )) .

{ E : 1=3--1 not

[ C- : F ] =p
separable .



Gail : shoo fix € Fcx) irreducible has zeros of melt 1

for 11=1--00 or ChorCF) = 0 .

Thy 51 let fix> c- Fix] be irreducible . Then all

zeros of fix) have the same multiplicity .

Ref let X-p be owes This : Fcs) → Fcp) conj .
Iso

.



Canady /Than 51.6 F≤
E and [ C- '

- F) < • then

{ E : 1--3 divides [ C- :F ] .



temma-5.tl Let fix> = ✗
"

+ an- ixh
-1
+ . . _

+ a
,
✗ + do C-F-Cx]

If lfcx ,)mE FCXT and M - 1--10 in F then

fade Fcx] ie ai c- F. for all i.

Ref By induction on r show an -REF .

t (fix)↑= xm
"

+ Cm - 1) an - ixm
"'t

-
- -

- .



Thmshts Every field of characteristic 0 is perfect

Roof suffices to Shor k ✗ c- F- ink
,
F) has

distinct arose
.
.
let fix) be lñreducibte

.

L



thrust Evey finite field is perfect .

Eof Again suffices to shoo curios of mid poly's

love melt 1- Suppose fix) c-Fox] is aired

^



let gcx)
= Ttx - ✗ iPᵗ ) ← separable over F.

and has distinct arose
.

I




