
le-cture-2.GE §4 Fraleigh .

Recall
'

A binary structure ( S , *) is a set S with

binary operation *
:S ✗ S→ S *Ca,b) = : a*

b.

D-d-4.tt#* is a binary structure such that .

IGI : * is associative
V-aib.cc G Ca* b) * c = a * ( b *c)

IGII : Identity element

7 ec-GS.t.lt at G e*a = a* e.
= a .

☒ : Inverse elements say
"
a
'
is the inverse

'

of a in G
"

.

HAEG 7 a' c- G s.t.ee#a'--a'*a--e .

'



Examptes 116=21, IQ , 112,1C are groups
under * = +

at +
is

-

associative 6-2 e = 0 GI
AEG a) = -A
at C-a) = 1-a)+a = 0

GI • is associative NOT AGRAP

2) • IQ , R , ① with * = • are =\ is identity-
.

GBbut 0 c- QR.cl has no mieosex

•¥¥ YE.IE?.uih*--
• is a group .

( foreshadow
: I

•④
+

,
Rt with * = • is a group . thisssyopa.ro;)

{ ✗
"

c- ☒ I ✗ > 03

3) U= { 2- c- ① I 12-1=13 C- ① * = • is a

(sub) group of G-

Ques Does Mater)(n×n matrices) with * = . form a group?



Answers. (Matn HR) , • ) is a binary structure ✓

G-I • is associative ( recall from hi alg) . ✓

GI e=/ I :?) nxn identity matrix satisfies e.A -- A- e- A ✓
it A- c- Matn (R)

£3 if A- c- Matale) has delta) - O then A has

no multiplicative inverse ! Hence (Matale),
• ) ✗

is not a group .

Example The general Unéar group of size n .

with entries
in R .

Glen CRI = { A c- Matn HR) I defA -403 with * = •

is a group .



§4
Elementary Properties of Groups

(G,*)

Def4 A gwupris abelian if its binary operation
¥8 a historied

is commutative
,

note on Abel .

Ya,beG a*b=b*a

Example 1) (G ,+
.

) with 6=240,112 ,
ore is abelian -

2) ( G
,

• ) uh G- ☒
×

,
R'
'

or ①
✗

is abelian
.

3) GLNIR) is not abehais
- -

n-
O ) AB =/ BA .

I - If A- =/ f f) B =/ ! ,

I



Proofs from the axioms

Thm-4.IS Left and right cancellation laws hold
in a gap :

left

V-a.be c- G a*b = a *a ⇒ b=c can
.

b * a = c *a ⇒ b=c right
can .

If
gp
is not abelian lot - right really matter

!

Proud
. By GI F a' c-G S.t. a' *a __ e.

Suppose
a*b = a * c

then a' * (a*b) = a
'
* ( a * c)

by GI (a) *a) *b = ( a' * a) *c.

by GI e *b = e *c

by GI b = c ☐
.



thm-4.to ( solving equations in groups?

let CG
,
*) be a group and a

,
be G .

Then

a * ✗ = b and y * a = b have unique

for ✗ and
y , respectively . (

" linear
solutions equations

")
Piaf

.

Consider a*x=b , let a) c-Gbeinierseofa

Then a
'
* ( a*✗)=a

'
* b

GI ⇒ (a) * a) * ✗ = a' *b see text for

a slightlyIG → e * ✗ = a
'
*b.

different poof.
GI ⇒ ✗ = a' *BEG .

Therefore
,

✗ = a)*b is the unique solution ☐
.



Thin 4-17 let CG
,
#-) be a goop

1) The identity element of G is unique

2) Geng ae Gi has a unique inverse element
.

Root
.

1) Suppose F e
,
e
'
c-G both satisfying 62 .

Then e. * e' =e and e*e=e

e*ce*eY=e*e ¥62 e' = e.

2) Suppose 7 a) a'
'
c-G satisfy 63 for a

.

Then

✗* a
'
= e- ✗* a

"

apply cancellation from

Than 4115 ⇒ a) = a" Hence inverses are caiqie ☐ .



Corollary 4-18 ⑨ let (G , * ) be a
group .

V-qbc-G.la#b)
'

= b' * a
'

a

inverse of Caxtb)

Recall for invertible matrices : ( AB)
- I
= B-

'

A-
'

Roof
.

Exercise remember to check two sides of the

inverse .( honour this is not nessary see p . 43) .
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