
Separable extensions contrived section 51

Def5 A field is perfect if every fruit
extension it a seporakHens.io .

[E- F) < &

E separable over F if { E :F3 = CE : F ]

IGCE/F) / ≤ { E : F ? ≤ [C- :F ]
Recall. For all finite extns

Thm5 Every field of characteristic 0 is perfect
( ie: every

E finite ext'n of F has { E : -1-3 = [ E : F ] when
chart = of

Thm5! Every finite Reid is perfect .



Recalls we reduced both proofs to the case of swipe ext 'ns

C- = Fox) for ✗c- F-
.

Mower FK) is separable ⇔

tf zeros of ink,F) have Mdfipliiety one .

- OF has zeros of melt 1Gail : shoo fix c- Far] . irreducible -

for (FILM or ChorCF) = 0 .

Thy 511 let fix> c- Fix] be irreducible . Then all

zeros of fix) have the same multiplicity .

Ref let X-p be owes of fix, %, is
: Fcx) - Fcp) conj .

Iso
.

This fixes F and also extends to re : F-→ F- ;

and 7.x :FTx]- Ex] T×( Eraixi ) = It@ i)X



"

so 7✗(fix)) = E≈cai)x
"
= Iaix

"
= fix)

.

since AIEF Ex) c- Fcx]

yet 7×1*-21%1 = (x-p)k .

so fex) = (x - a)
"

( x-p)¥1T( × -a.)
" i " B

✗idcihnt

71k¥) = ( × - pH (× - q(pYYlT( × - ta . ))
" '

Elp) , Iki)≠B since he is injective and xx) =p

so the multiplicity of the zero B is V✗=Vp .

Therefore xp have the same multiplicity as taros offrx)D .

Corralled /Than 51.6 F≤
E and [ C- '

- F) < • then

{ E : 1--3 divides [ C- :F ] .



Proof idea .

Show it for swipe exths Fcx)=E .

CE : F) = deg siren, F) .
iron

, F) = fcx)
d¥ " *

{ E : f- 3.= # conjugates of ④ ( x - × ;D
✗ over F i=i

✗ ie F- ✓ c- 25
,•

= deguire,F)
→ mdtipk-city of all roots

of fex) .

{ E : F 3 - v
= [ E :F]

.

For E- Fca , _ , ✗K) apply above avg recursively and

use pod - of formulas for [ C- i. F) µ { E :F] .



temma-5.tl Let fix> = ✗
"

+ an- ixh
-1
+ . . _

+ a
,
✗ + do C-Fix]

If lfcx ,)mE FCXT and m - t -40 in F then

fade Fcx] ie ai c- F. for all i.

Ref By induction on r show an -REF .

.

)m= xm
"

+ Cm - 1) an - ixm
"'t

-
- -

- . c- Fcx]
.

I

⇒ (m . 1) an _ , c- F m - 1--10 divide by it and
_

stay in F.

→ an- , c-
F



Inductive stp (assume an-1, - - -

, an-re F)
•
F

-

coeff of ✗
Mh- r#

in Cfcx,)m
= 1m . / Ian - cr+y+9r+ÑÉ-É F

where gr+,
13 a polynomial

with coefficients in F.

again we obtain an- or + e) C-
F by dividing by @ • 1)

≠o

⇒ fcx) c- Fcx]



Thmshts Every field of characteristic 0 is perfect

Roof suffices to show b- ✗ c- F- ink
,
F) has

distinct arose
.
.
let fix) be tiredvibe ever F

let fix) = ( IT ex - a ;) )
"

where ✗ i c- F- and

V is the common met .
'

of

all zeros of fix]
.

In fact,

gcx)
= ITH - ✗ i ) c- Fix] by previous lemma since

9*7
"

= fix) C- Fcx] and V - I -1-0 since dorF=0
.

So fix) is irreducible ⇒ v must be 1 . Hence

all zeros of fix) are melt 1 tall distinct ) ☐ .



thrust Evey finite field is perfect .

RI Again adf.is to shoo curios of mid poly's

love melt 1- Suppose fix) c-Fox] is irred

Suppose IF / Loo and char F =p -

↳ = / IT / × - g. g)
✓

✗iᵗF ai distinct.

we can
factor

✓ = pte ᵈFte
= ✗ Tix - g)↑)%F ⇒ e- 1-+0 in F.

By Lemma 5.1.11 ⇒ * (✗- a ;) )Pᵗ€Fc×] and divides

fun ⇒ e= I



Zp (
y)

e- field ( field of fractions )
of Zlply]

V1

Zp [ y ] polynomial ring a { aiy
"

¥
infinite

Zlply) Reid extension
.

1

Zp



We reduced to considering far) = # ( x- ×;) ]Pᵗ
=

IT ( ✗
pᵗ_ ✗ iPᵗ )

let gcx)= Ttx
- ✗ iPᵗ ) ← separable over F.

and has distinct arose
.

'

(Notice gcxPᵗ ) = fix) ) { a ,Pᵗ , _ . _ ,
✗ dPᵗ } .

£pᵗ

This means that F(xPᵗ ) is a separable field

extension of finite degree over F .

Hence

lFcxPᵗ ) / < 00 and char (F@Pᵗ ) =p



Flt )

] fruit
✗ pt )

exth
"ri" & is a zero of ✗pᵗ_ ✗pt

c- F(xPJ[x]

Fl ] Goal : is to show Fcx)=F(✗Pᵗ )
hence pᵗ= 1

.

Consider Frobenius aihmophsir . Gp : FlxPᵗ ) → Fkpᵗ )

Gp( a)
= at Gptca ) = aPᵗ 6pᵗ also aitonophesin

So 3- p c- FC✗Pᵗ ) s.t.Gpt-C.is) = ✗Pᵗ

So B is a zero of ✗
F-

✗pᵗ= ( x - ×)Pᵗ
The only zero of ✗Pᵗ_✗Pᵗ is ✗ So ✗ =P

Hence Fcx) = F( ✗Pt ) ⇒ pᵗ= / ⇒ v=pᵗ.e=l
hence

Fox separable
,



Thin 51.15 The primitive elt thin .

A finite separable extin of F is simple .

( l - e .
F- finite separable extension of F then

C- = Fcx) for some ✗ c- E.)
-

primitive element .

Ex=pk
.

Q( 52,55 ) is separable since Q is perfect , so
7 ✗ C-☒ sit . Qcrz

,
55 ) = ☒(x)

Pwd If F is a finite field
,

and LE : F) <• then

F- = FK ) where ✗ it any generator of < C-Fx)
(Thm
33,51cyclic group



If F is infinite
,
sulkies to consider F- = Fcp , 8)

and Flp tax ) ≤ ftp.8 ) for some aeF

Suppose Fcptasr ) is a propel
subfield of Ftp,8 )

/ < [ ftp.r) : Fp + AH] = { ftp.t/:Flp+a8 ) }

⇒ 7 an isom 7 : Fcp ,8)→ z[F(pit] ≤ F-

fixing Fcptas) and not equal to the identity on-17ps,8)
.

⇒ 7 ( p + as) - Elp) + atlr)
= potato .

→ a
= 12,71B¥ when ftp.i-ar) is a proper

eco ) =/ 8 .

subfield



However there are atmost [Fcp) : F] conjugates
of B / F and at most [f- (8) IF] conjugates
of

' 8 /F.

⇒ there are at most [Fcp) : -5/(1-78) :F]

possible AEF for which ftp.taj) is
a proper

subfield
.

Yet we have infinite chairs for a !

F a c- F for which Fcpta ) - Fcp ,8) .

☐
.



Galois Theory § 53

Def 531 A finite extension K of F is a finite

normal ex of F if K is a separate
SPF field carer F.

Def5 If K is a finite normal ext 'm of F

then G#F) is the Galois gap
of Kao F.



Than 53.6 .

K= ☒ (BTS)

6 :

T :

8 :

GIKIQ)
, / ↑ -

/ I
④Crs) Qcoz) Otro) .

< 67 < 7 > < 87
\ I /

-
{ , 'd } / ☒ .

Subgroup diagram Intermediate field diagram


