


Galois Theory $53

Def 531 A finite extension K of F is a finite

thorough of F if K is a separate
splitting

field carer

IG ( WF) / { K :-P } (K :F ]
.

Def55



Than 53.6 .

K = ☒ (RB ) F- Q
.

K is spitting field of { ¥É¥}
[K : Q1] -- [K : QIENQIEY.IQ?--4.
"

{ K : Q} = 1*1+1+1=4

•

id : K→K

◦ 6 : K→K 6 (B) = -52

6 fries Q
.

6 (V5) = V5

•

≈ : K → K Thts) = -TF fries a-GCK/ F) = { id , 6,28 } .
Tcrz )

= V2
.

all Its bare order 2- 1 '

• y : k -k g (F) = -55
.

fixesQ.

GIKIF ) ≤ 2/2×2/2 ✗ ( rz ) =-52



if HE GCKIQ) then

✗ c- Klein -_ ✗ V-e e- GIKIEI? IH / = 1,2 , 4 .

⇒ swseihuts .

161k¥ ¥-1
K = ( 52,55)

.

ACK ) = G(KIK ) = Sid }
.

K GIK/☒cost) *
TIQ)

.

GCHQ)
/ I \

airsÑÉi¥%,\ I##Éaro)

Q { id 3--2 / K)
.

Intermediate field dhgaiam sbgwnp diagram .



Exannpte .
F-- ☒ Let K be splitting field of ✗

3
-z

Thos of ✗ 3- 2 are 352
,

ti↳ 352
,

e$ti↳ 352
,

✗
\ Xz

✗3

k = ④ 1352 ,
"
V2) [K : ☒7.= [K : Q1 >E)7101521 :D]

.

= 2
•

• 3 - 6

⑨ ( £1
.

: =3

{ = e.
21*13 is a zero of ✗

3- I = (x- 1)(xÉx
aside poly } over

☒ or ☒152 )
.④lgl-siao-aidztaiilaic-Q.LY#--Ksnu-aaa-Qs--.Im--F2 .

✓



The Galois GCK/☒) has size 6 = [ K : Q]
.

gp

An automorphism of K=① / 352 , %Vz) fxiy Q
is determined by where it sends { 4,4 / ×} }

moreover it oust such ✗ i → Xj since field

isomorphisms send ✗ c- K to their conjugates .

⇒ any permutation of the set { 4,4 ,ds }

gives an elf of GCHQ) .
Hence GCHQ) IS}

4 ↳ 6
°

permutation
of indices
of 2,1221×3
gvén by Y .



What are the sbgops of GIKIQ) ≈ Ss?

It ≤ 83 has order 1,2 , 3,6 . by Lagrange's thin

111-1--1 → A- { id}

111-1=2 → It = < ( 1,2) > , < ( 2,3)> , 41,3)>

4%-11,2) means 46 : K → K 4612,1--42 4. (b) =✗ ,
4lb)=(b)

/ H / =3 → H = 4 (1) 2,3)>
= { Id , (42/3) , 61>3,2) }

2=(1/2,3) means 42 : K→K Yz(4)=D, Eek )=G Pretty)=h ,

eatin = 3%÷ = 41¥
,
)=¥=3%É?¥É}

111-1--6 → It - GCHQ)
.



K = ④ ( V2
,

Eib) Glk ,pF )
I↳ ☒¥i¥Q(i%É) { 1 , 11,337,143,213

•"
""

"*

(K : Qld ,)] = deg Cx2+ ✗+ 1) = 2 .#
I 1 (Qld) / = I G ( K/☒Ca

,
) ) / = I 412,3771--2

[ ☒(a) :O] =3 = ( GCKIF) : GCKlan,D) =



Iain Roden 2011

a) Let K be the splitting field of ✗3-2 or

Q
.

Find CK : Q] and the Galois gap Gtka)
→

b) Let K be the splitting field over Q of

fix) c-Qcx] where deg fix) =3 .

let A- $ denote

the alternating srbgvop of Ss
.

Show

GCK.io) = As if and only if K=Ql✗) for

✗ a root of fix) .



c) Conclude all costs of fix] from port b)

must be in R
.


