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a) Let K be the splitting field of 3-2 or

Q
.

Ed CK ;] and the Galois gop 6¥10)
53

b) Let K be the splitting field over Q of

fix irreducible
fix) c-Qcx] where deg fix) =3 .

let A- $ denote

the alternating srbgvop of Ss
.

Show

GCK.io) = As if and only if K=Ql✗) for

✗ any
root of fix) .

(Recall that As≤ 53

consisting of even permutations in particular Iss
: As ] __2

A > ≤ Ss normal )



If K= Qld) then [K : Q] =3 =/G(k/☒) / smie K is a

finite normal extasie

✗ has 3 conjugates 21--922,23 and any

6 C- GCHQ) gives a permutation of them
.

GCK/*) ≤ 53 The only sibgp of order
3 of S3

15 Az
.

- { id
,
(1,2/3)

,

( 1,312)}
.

If GCHQ) = As 3--161*7 / = [K :D]

☒ ≤ (2) ≤ K [Qu) : Q] =3

→ [K : 0-67] = I → K=Qk)
.



c) Conclude all costs of fix] from port b)

must be in R
.

We mst have at least one zero ✗ c- R .

If K = ②G) = { Aot a, ✗ + Azt
≥ I aiEQ}

If K is splitting field É
, ,
his c- K but

K ± ①(a) ≤ IR so all hoots are real
.



Finite Fields let /ftp.raedlki-FI-n.pprmie
then 1K / = port?

Recall F is perfect so K is separable .

Moreover

K = { ✗ I ✗ zero of XP? × } ≤ F

So K is a splitting field
.

"

K is a finite normal
extension of F.

Recall Gpr : K → K Gpr (a)
= ✗Pr fixes F

so Gpr C- GCKIF) .



Threat let K be a finite extrusion of degree

n of a finite field F IF / = pr .

Then

p prime .

GLK /F) = { Gpr>

Roof
.

161K/F) I =
.

[K : -1-7 = n .

what is the order of Gpr
?

Suppose Gpr
"
=

Gpr
◦

.
. -
-0 Gpr

= id → tf ✗ c- K

6pÉ (x) =L ⇔ ✗
Pri

__ a ⇔
✗ is a zero of XP

This poly. has at
most priditrnit zeros but 1K / =p

"

so



n ≤ lord / Gpr ) / = / < Gpr > / ¥161K/F) / in

→ < Gpr >
= GCKIF )

.

Hence the Galois

gap
is cyclic ☐

.



Grand
.

F=Zp K=GF( p'2) 1K : 1--1=12 . n

61K /F) = < cop>
≈ < 2/12

,

't>

drift srbgpo are < Id>
,
< 657,26ps > , < 6p4≥

< Gpb > ,
< Gp >

-



Galois Theorem ( restated)

let K he a finite normal extension of F

with Galois group GLKIF )
(text points

1)There
is an incision - reversing bijection

"33.5)

1 : { intermediate }→ { subgroups
of

fields F≤ K G ( Wp ) } , I (E)
= 61K¢ )

satisfying [K : E] = 161K /E) 1 and [E-F) = / GCKIFI : GCKIE)) -

2) let F≤ C- ≤K then E is a normal extension¥

if and only if GIKIE) is

'

a normal sbgwp of GIKIF)
(text

when 61k/E) ≤ GCKIF ) then GIE/F) ± Glk/F)lack/E)
.

P'- 4)
is normal



Prof daei : 1-1 :{ short }→ {
intermediate
fields F≤ k} 1-

'

(A) = KHGCKIFI

Retell KH = { ✗ c- K I 61×7--2 t a c- H ≤ GCK# I }
"

fixed Retd
• of H

"

T-i-s-E-idie.net to shoo 1-
'

HE)=K.am/e)--E
We have C- ≤ KGCK/E) .

Non suppose ✗ c- K ✗HE then

%
,
' conjugation is extends to ≈ :K→K fixing E So

✗ =/ 2 '

≈ c- GCKIE) Tld / =L
'
-4L ✗ ¢ KGCKIE ) → K↳Ck⇔≤ E

Anne C- = Kanye ) so 1-
'
b - id and 1 is insectile



LETH ié
.

11-11-11 -_ Glklk ,+)=H
We have H ≤ Glk /ka) . Sppose It < GLKIK ,+)

By primitive elf theorem 7 ✗ c- K
'

s-t.K-ku.la)

so 161k/ka ) / = [K :K*]
= degirrlt, Kit ) .

Define f( ×) = ( x - G- (d) A- { Gi . -→ Gini }
i=l

6; : K
- K

• f-(2) = 0 Since some Gi __ id

111-1 041+1=1 111-1

• f( ×) E KH [ × ] fad =3 AJXJ 91+1-1=-86 :(d)
F- I

j=o 911+1-2=26,12)6jH )
Ak =L -1 12) . . . -6inch) i≠j



claim : 6 c- H then 6 (AK ) __ AK → AKE Kit
;µ,

of . 6 (awh )
= 6 ( - É"6i (4) = - ( ¥66 :(d) = -86in)

i=s it ④ it
,

AHH-1 .

H={ 6
, , - →

61*1 } 6 c-H

'

A- = { 66 , , 662 , . . . , 6611+1} .

≤ { 61 , -→ 61*1 } .=H '

suppose 66in = 66J then 6-
'
c- It and so

G-
'

66in = G-
'

66J → Gi -_ Gj

so the set A is in fact all of It .



with these two claims we see

t.br/k/k*jl--(K:Ki+T=Cki+kl:KJ--degiirCgk*ILdegf--lH/
⇒ H=G(KIK

,+
) .

this proves 1 is surjective .

This proves
1 is a bijection .

sphttiy field

Index - odd Sine K is separable our F
K is

splitting field
also separable over E.

moreover
,
[K : E ] = { K :E3= 161K /E)I

[ C- : F) =
=\?ᵈK \ = :( GCKIF) : GCKIE))

.

IGCKIE ) /



1 inclusion reversing
-
-
-

E
,
≤ Ez 11 Ei)=G( KIE ;)

6 C- GCK/Ez) 6 fixes Ez hence tries E , so

6 c- GCK /Ei)

Exercise shoo analogies statement for 1-!

This completes proof of statement 1)
,

normal⇔#mal E is normal over F iff C- is

a spitting field oar F.

Next time !



Aside to recall een permutations .

6 = Sn then 6- Ii ,j , Tizjz - - -Tink
' tfoanspominton

but expression is not unique bit the parity
of # of transpositions multiplying to 6 is

constant
.

Say 6 is even if the K above is even

is odd otherwise
.

eg.
(1/2,3) = (1,2×2,3) so (1/2,3) is even

Aw= {
even permutations } ≤ Su
in Su

sb5P


