
Fundamental Theorem of Galois

let K he a finite normal extension of F

with Galois group GLKIF )

1)There
is an incision - reversing bijection

1 : { intermediate }→ { subgroups
of

fields F≤ K G ( Wp ) } , I /
E) = GCK/E)

[K : E) =/GIKIE ) / and [E.F) = (GCKIF ) : GIKIED
of

2) Let F≤ C- ≤K then E is a normal extension -5

if and only if GIKIE) is

'

a normal sbgwp of GIKIF!
When GIKIE)≤ GIKIF) is normal GCEIFIÉGIKF)/G(µ

, / .



nonaligned E is normal oar F ⇔ C- is

a spitting field oar F. ( C- is separable swine E ≤ K%oM÷)
over F

Than 50.3

⇔ tf 6 c- GCK/F) and ✗ c- E 6K) c- E

E = KGCK/e) .

So Coca ) c- E ⇔ t EEG /%)

76 (d) = 6K) ⇔ 6-
'
76 (a) =L it ✗ c- E

it ZEGCKIE)
6 c- GCKIF)

⇔ 6-176 C- GCKIE ) tt ≈ c- GCKIE) and b- 6 C- 61K¥)
.

This is precisely the definition of GCKIE) being a

Thal sbgvop of 61k/F) -



Suppose E is a normal
'

extension of F. Then

the mop
4 : GCK/F) → GCE /F) .

is onto

÷÷¥6 → 6 /
£

(theorem to

normal

( sine E is normal 61£ is an automorphism ie

61g (E)
= E

, J
.

FIE
The Ker Y := { a :k→K / No)= id : C- → E } ≤ Glk/F)

= GIK /E)

By srjectiity of 4 GIEIF ) ±
↳ '"F%(WE ) .

☐
.



Fist an example : Cydotomic
' Extension's ( section 551

.

Def5 The splitting field of ×
"-1 aer F is

the nthcyutomii ex-lover of F.

• The tag of
.

×
" -1 over Q ane 1,17 ? . . . ,f

""

where { = Ethel . ( or any primitive nthoot of unity ⇒ e2*imn)
for gcdlmin) =L .

•The sp of ✗
"
-1 is K= -5191

.

•For F=Q irreducible polynomial of { okra .

Is

degtn = Yin ¥%oiOINK) = IT / × -7 :) = #

{ Kieranfi primitive nth root of unity gcdck.in/--l}



• It GCKIQ) then ≈ / E) is a primitive nth root of

unity → 719 ) = 9m where gcdcn.in/--1 . So it ¥Gky☒)

Tre
' 191--219

"

/ = Im'm= y
' (57--7419) .

✗ "

= { K / i≤ v. ≤ nGCHQ) ≈ Can =
"

In gcdcryn)=l} ¥hʰMmlkpliatwi

→ 61K/ ⊕) is abelian



Stung by radicals
can zeros of fix> c- ☒ [×] be expressed in terms

of radicals ?

◦ degfex)=2 quadratic formula Brahmagupta r = -b±[aT~ 600 AD
.

◦ deg fix) =3 Cardano's formula 1545

◦ degfix -4 Ferrari 1540

gie a
• degfixl

--5 Insolvable by radicals in general !
we wit

different

Abel - Ruffini Theorem . 1799/1824 . Roof .

→ Galois



Insolubility by radicals of the quintic

Def5 An extension K of F is an extension by

raw if 7 × , , . .,&r c- K and hi , - ,Mr >
0 Set .

K=F(4 , . ,dr ) and ✗ Y' c- F and ✗ ini c- Fix , , . ,ai-i),¥
Ei÷ii÷÷:i÷%iie";÷÷÷É÷ii_-
its spitting field is containedanÑtuÉby
F by radials ( F ≤ C- ≤ K ≤ F-

splitting field
" extte by radicals

) .

Eg- • ×
"
- a c- 0-1×3 is solvable by radicals

• ax
≥

+bxtc c- Qcx] is solvable by radicals .

• wbico and quarter over d- • are solvable by radicals .



Thin (Galois) let chart -_ 0 Then fix) c- Fox] is

solvable by radicals over
.

Filed only if the splitting

field C- over F has solvable Galois grop
.

Record
.

A gap
G is solvable if a composition

series 0--110411-1<1
. . .

d Hn
,
-4 Hn - G is

such that Him /Hi is abelian
.

b- ◦ ≤ i≤ a-1
.

A conptonsured is a sequence of sbgrops
as above witr Hi normal in Hit , and

Hitt /H ;
is simple for t ◦ ≤ i ≤ n -1

.



Examples • If G is abelian G is solvable
.

N-TE There's no

subgp As < H< Ss
since

• S5 is not solvable : 0 < As_ < 55 -

Css :Asl=2
"

As is simple not abelian ! Css :HKH:As)
so either

(Ss :H) or (H : As/ =/

• Sh
,
An not solvable for N≥ 5 .

⇒ ss-=HorH=As .

• If 0 = No ☒ N
, Nz . .

.

* Nn = G is a sibnornal

¥ with Niti 1N ; solvable
then G is solvable

'↓Ni+YNi Exercise 56.6 .

not necessary that Niti /Ni is simple
.

.

• Quotients of solvable groper are
solvable

.

Exercise

35.29



hemma56.is Let char -5=0 ,
def

,
and K be the

splitting fetid of ×
"
- a oo F. Then

GCK/F) is solvable
.

utr

Ref
. Cases

.
Sppose F contains a primitive root of unity {

Then zeros of Xh_ a are B , 9ps , . . _ . {
"'

p and

← mdtipliahie and IS
K= Flp) . GIK / F) ≈ Gn gwpmodn . abelian

hence soluble .

Cased 9¢ F. Then let F' =F / E) ← gclotomicexth
F-
= # IN

so GCFYF) is abelian .

Also K/Fi
is the

= #5) extension from case 1 → GCK/Fit is abelian .



F
' is splitting field of ×

" -1 over I.⇒ F ' is
'

a

normal extln of F → GCKIFI ) is a normal

sbywp of Glk /F) .
Consider 0461k¥ ) ☐ GCKIF ) .

Then GIKIF ) /G( kypi )
⇐ GIF/ Fl ) → abelian

→ GIKIF )/G(Kip , )
solvable

.

G(Kept / to abelian • solvable .

→ G(KEI is solvable by Exercise
56.6 ☐

.

Exanpte .

K is splitting field of ✗3-2 oar ☒ .

53

/ koi.IE#sira) <""£ /✗
F' = ④ (9) \ 4421141.3174431 >

" i"



thmsb Let F be a field of char 0
-
and suppose

f- ≤ C- ≤ K ≤ F- where C- is a normal extension

and K is an extension by radials .

Then

GCEIF) is a solvable g-p .

Ref let K -_ Fun
, ,
-Hr) and form Lit , as the splitting field of

✗
" i "
- ✗ it , over Li

.

let L =L
,

.

. By tanna 56.3

GIL , /F) is solvable
. Suppose Li is solvable then

◦ ☐ GILI /F) ☐ GIL in # 1 nite
G ( < it /⇐Kaki

#F-
G

"i¥,
⇒ Gl List (F) is solvable →



Hence 61L /F) is solvable
.

Now
,

GIL /F) 1614£ ,
≈ ↳ (FIE ) .

and quotients of solvable groups are solvable

Exercise 35.29 .

☐
.



Corollary A quintile polynomial of degree 5 over a

field F with chart =D is not solvable

by radials
if GIK/F) ≈ Sg uke K is

the splitting field
.

Such polynomials exist !

/ R see textbook using symmetric polynomials
and transcendental # 's Oer Q

.

Yu -> Ys
C- R
transcendental .

fcx) = IT [✗ - yi ) C- ④ Is , , . . >
g) [×] .

Then claim GCK/F) I 55 .



Aeros
.

Suppose fix) e QCXI is a irreducible degree 5

polynomial with 3 real ones and 2 complex

conjugated Wes . .

ie: fix) = 2×5-5×4 -15 .

(
shoo this wing calculus

.

and
)

Eisenstein 's criterion p=
5

.

*Claim Glk/F) ≈ Ss where K is

the spitting field . group
of

GfK /F) ≤ Sg
⇐
permutations
of 5Exercise 56.8

.

woo
of

fun .

To show = enough to show GCKIF) contains a transpositionand a 5-cycle .



A transposition is ( 42) .

An example of a 5-cycle is (42,3/4,5)

5112
1 2

4 d
23


