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fields Review & Exam problems .

F a field has two operations & .

.

both commutation

~
both have inverses

Q
,
R , ¢ ,

finite fields GF /g) Fine-pw .

(section 19)

constructions of fields : '

1) R integral domain ⇒ FR field of factions Gedio
(commutative ring anti unity WH
no zero divisors

2) R commutative ring
mtn unity and I

maximal ideal

then the quotient ring RII is
a field ( section 271



Y b

Read. An ideal I
≤ R i. a additive svbgap of (Bt)

such that a c-R AI
,
Ia ≤I

A Ris commutative enough to ask at ≤ I Kae R .

I is a mai-fl.FR if * Jidéel of R ˢÉ≤J≤R

2.* F a field then F[×] = R then
" principal ideal

< f(×)> = { gcx)
- fex, I 9M£ Fcx] } generated by Rx )

"

is maximal ideal ⇔ Ex) is irreducible oar F

Be a field ⇔ fix) is irnedwiba
od F



The field E = 1-7×3/4 fix,> contains a zero
-

✗ of fix) and a

'

subfield isomorphic to F.
"

✗ + { fix)>
←
distinct coset representatives .

C- =F = { gun + < fix >> / gcx) c- Fcx]}
.

well
defied since< &">

with operations (R,+)
is aloha

Have I
< (Rt)

(
gex) + ? fix>)

+ ( has + < fix,>) : = gcx)
+ hex) + < fun>Hormel

( glx) +
< fix>7) • (hex) + < fix,>) : = gixhcx) + <fix>

a
wee defied anic
I B- an idol (aI≤¥



Exam 2020 Problem 4 ( NOTE THIS WAS A ONE WEEK EXAM !)
F = 23 and fix) = ✗3+2×+1 C- Fcx]

¥ Explain why
K = Fairfax, > is a field

.

K is a field iff < fix)> is a maximal idol in Ex)

Iff fex) is irreducible wer F .

Since fix) is of degree 3 if it is reducible over F

it must have a zero in F = { 0,423 .

However
,

Flo) = I fell = 1+2+1=1 fly = 8+4+1=1

so there is no zero of Ex) in F Hence fix) is

irreducible wer F and K is a field
.



NOT PART OF EXAM Its of K are { gcx) + < fcx,> 3

✗
3
+ 2. ✗3+2×+1 > ✗3+1 -✗3-2×-1) -14×3+2×+17

Since recall
= -2×-1 + 2×3+2×+1> .

gcx) + <
fix,> = gkx) + < fix> ⇔ gix)

- g'ex) c- tfex,>

Notice by adapting ⊕ we can always find a coset

representative gcx)
nite dgcgcx)) < dgcfex))

Mower we showed that the representativesatisfy
B unique .

a coset restrict to

compare this to Z/nz= { a + nz}
← to maids represent
o≤a≤ n-1 .



C-=F 1- Fca)={ a.+ a.✗ + i. + an .ph/aic-F/degf--n
< fun? ↑

→ and where

set of cooᵈ?⃝ "

simple Ln= - Éb ; ai where
wife + and • extension / I

i=o
◦f F

fax) = xntbn.int . _ _ + b.✗ + bo .isomorphism is given by :

gcxlttfex)> → gcx) .

dygox) < a- dyf

Notice E centauri a subfield isomorphic to F namely
{ ao + Lfex)> } notice their is sat to F ≤ Foy

all ai=o i > o .



A field extension E of F just means afield

E containing F.

BONI : If C- is an extension of F then C-

is a vector space ever F.

din of E or F is called the degrees of E

over F and dented it by [ E :F ] .

§ C- = Fun) with ✗ algebraic oar F.
( 3- fax)%Fc✗] wife ✗ aww )

Then din of E over F as a
vector space

is degiñrla, F)



fix) does not necessarily SPIT over FCA .

Exanpte fix ) = ✗4- 2 fix) is irreducible /Q .

by Eisenstein p=z

Zeros in 1C : V2
,
-452
,

i V2
,

- its

E=xˢ ± ④ it) for any zero
✗

.

equalities< fix>
are as

☒Fa)=☒ - EE) ≈ ☒ its)=☒ - i.EE/.abRetds
of ☒ Card

in ≠ in ☒
R R . /

.

\

044527 ☒ ( ITE)

[☒ ( x) :Q]=4 \
☒
/



The splitting field K of fix) must contain all favor .
④ (8)

☒ 1452
, ,i)=K .

= ④ ( EE) / it .

irrci
,

(EE)) = ✗2+1
.

( QUI ) (K :Q] = [ K : ☒ (452)710-1452) :Q]
.

☒ £ .

= 2.4--8 .

{ K :*} ←
ihdex of tie

.

field ext 'n
.

GCKIQ) = { So , - - ifs>Milk ,811£} .

" # of exths of

cortex
id : ☒→☒ to Isis

yid forsooth ≈ : K → neck]

When K is a splitting field then
{K :Q} =/ GIKIQ) .

/
11 separable

✗ = 452 .
[K : oh] extln .



f)
irrltEQCrz.it)
= ✗2- V2

.



Exg2016-Roblem2-kis.tn spitting field of

fix> = ( ✗3- 8)(×
≥
-2) c- ① [×] .

1) Find the degree CK :Q] and the gnep GCHQ)

fix = (x -2) ( ✗2+2×+4) ( x2 -2) / Q .

✗
2- 2 has and V2

,

- V2

✗2+2×+4 has zeros r = -2+-24-7-16=-2+-22013
= - I ± ifs

The loos of fex) are

2,52 , -52 , - I ± ifs .



Therefore K=Qlr2,
- Itirs)=Q( Brits )

ifs c- ☒ (D) ( - It if) so Qcrz,ir)≤ 0452
,

-Hir
- I +its c- Q(V2

,
ifs) → Qcrz

,

-Hirst ≤

QCR.ir/)K--QCr2,irs)
/ [Qcrz, its) : Qlrz)] = 2= deg 1×2+3)

"

circuits ,air))
0452)

to ] [☒ (E )
:

= 2

= deg 1×2-2 )
so GCKIQ) is

[K : 0-1--4 Hence talk /a)1--4 . 24 or 24×22



GEGCKIQ) must send ✗ to a conjugating Hence

V2 ↳ ±rz

irz ↳ ± ifs

so 6≥=id V-GC-G.lk/ay

there is no element of

order 4 So GCK/a) EZz✗Zz



2b)_ Fiel an elf ac-ks.tk = Qca) .

let B. =D p' =-D ✗ = its ✗
'
= - irs

By the primitive elf theorem proof find

/

CEQ St -
c-≠ ¥¥B

a- V2 + CIB ie take c. =L :

dad ④ ( rztifs) = Qlrz , ifs) .

④(
"

rztifs )

£
.



Clavin [Q(rz+iB) : Q] =4. It can only be

42,4 . However
.

if 2 then I
/
a

a2= - I tire
.

← cannot be written as

r + sa for a,r c- Q
.

Hence Qcrztifs) = Qcrzirs) . .

I






