
Hs § SFgh .

Read "notation + terminology
"

pg 49 .

Snitch from a*b to ab
.

multiplicative notation

For G quntah.ve we sometimes use atb additive notation

a*b ⇒
ab multiplicate
atb additive

a
'

⇒
a
"

multiplicate
- a additive

1 multiplicate
e.⇒ o additive



DI 5 A subset H of a group (G ,* ) is a

subgroup if it is itself a group
under * .

.

Redl Group axioms : To check a subgroup :

6-0 CH, *) is a binary structure
.

Cd * is associative

Gd e c- H identity
GI it a c- H 7 inverse

a-lc-H.Th-MI.ltA subset H of CG ,*) is a subgroup if and only if

11 It is closed under * 3) tacit , a-
'
c- H .

2) the identity e of G is inH

3) for all at H ,
a-
'
c- H



Example. 1) (NZ , + ) < ( 21 , +) t ( Q1 , +1£ (
R
,
+) E ( Q , +1 .

2) Ill
,

• ) £ ( ① × , • 1 .

3) * = -1 HE {f.R.HR?tH--Sf:R-sR3.-G--ff:R-sR3
differentiable

'
continuous

4) * = • Glnl IR) 3 Slnllr) = { A c- Gluck) I detail } .

C-× 5.16
.

Def • The lmipo#p is G £ G.

•
The trivial subgroup is { e3 £ G

• All otheÑ are
called non-trivial



1

Subgroup diagrams



Cydiasbgwps-Def-5.LILet G be a group .
then

H= { an In c- 2/3 15 the cyclic srbywp

generated .
Write H=<aT

The element a is

a-generatorofHThm-s.tt/t--{ an Inez} is a group .

Root . . It is closed anam = antm c- 21

•
ee H since a°=e .

• if b= an c- it then b-
'
= a-
"

c- H ☐
.



⇒ Eps §6Frayh
Def_ A group

G is cy# if G= { an / n c- 213

for some at G .

The element a is a generator of G
-

⇐ • ( 21
,
+ ) is cychi melt → additive an :=a+a

n times

generators a
-_ 1 or -1 .

• ( In
,
tn ) modular arithmetic

Zn= { 0,1 .
-

→
n-13 a+nb={

atb if < n

aib - n if >,n .



Thin 61 Every cyclic group
is abelian

Ptoof Let 6--4 a> ={ an Inez } .

and giigz C-
G.

Then g ,
= ar and gz= at

fo some rise 21
.

g. ga
= aras = arts -_ asar = gzg , ☐

.

Division algorithm 216.3 If me# and n any integer

Jamie g-
-

and r wits Osram

and n = qmtr .

Piaf see text .



thm6.to A sbgwp of a cyclic group is cyclic .

Pioof Let G-- { a> and HE G.
.

If H=Se3

it is cyclic .

otherwise let me# be smallest

such that am c- It . Claim : H=< am>
"

a

"

c

let be H will show b= Cr for some re -6

Since be G b = an for me 21
.

By division alg .

n= mqtr for qeZ Osram

then an = amqtr-amjf.at ⇒ an -_ ayam)
-8

c- HYa YI



However 05rem and m
was supposed to be

.

smallest integer .

⇒ r=O .

b = an = ( am)&= cat → b is a power
of?

so It is cyclic .
☐

.

\

Corollary 6.1 The subgroups of 21 under addition

are precisely the groups nZ for me Z
.

EI
.

Let H= { nrtmsln.me 213 . Exercise Show His

asubgp of (I,
't)

H -

- Ld > where D= gcdcr,s) .

.

See Def 6.8



structure of cyclic gaps
-

thm-6.IO
.

Let
"

G =<a> be a cyclic group

If 161--00 then GI ( 21 , + )

if 161 = n then GE ( Zn
,
tn)

PWI
.
Cased fppose ante for Mto .

If h*K
,
then ah =/ at

.
otherwise ceklahf"=aK-h=e .

⇒⇐

Hence 4 : G → z Yai )=i is a bijection
Also cfcaiai ) = itj = cfcai ) + cfcaj)



Cased am __ e for some Mto .

Let me# be ismalkst

such that an -_e . Then

G= { a°
,
a
'

,
- .

,
an-13

.

smieas-a.ME Can)fa^=ar
I

0£ r< n.division alg .

4 : G → In is a bisection and

ai to i



thm-6.tl Let G-- ha> with 161 __a. and b=aseG .

Then H=< b> is a cyclic abgwp with /Hk Id
where D= gcdln, s) .

Also

{ as > =< at> ←→gcdls.in/--gcdCt,n).P#.lH1--muhoemc-Z+is shallots .tbm=e.

Now
,

bm = e ⇐ Ias )m=e⇐> n / 8m .

The smallest ns.t.n/sm is precisely
m ' gn,s) .

See peg 64
.

☐
.



Generators of cyclic groups .

CooHany6 If 6--2 a> and 161 - n , then

the other generators of G are the elements

of the form ar where gcdlr.nl =L .

Pioof Let H= Lar> I G- < a> . By thm 6.14

1H / = g÷n,r) = 7- = n so 11+1--161

Hence It = G. ☐ .

EI . The only generators of ( 21
,

+) are +1 and -1
.


