
Permutations § 8 Fraleigh .

DI 81 A _Én of a set A. is a function

6 : A → A that is bijective .

•

*see historical
note pg 77

⇐ A={ 1,213,43
G-

'

e.

,

6

IT •

1 I → I 111
2 2 → 2 2
3 3- 3 f§fÉj#;3

4 4 → 4

Goe = Coco = 6
to :A→A GI GI

.

6%6 =e= 606-1

,

602

"

;€¥÷¥" ⇐⇐www.sina is associative
3 3

go / 6 one ) = (go 6) 02 -

see section 2 Fraleigh .



thm-8.si Let A =/ ☒ and SA:={ 6 :A→A / birdie}

the set of permutations on A .
Then SA 13

a group
under function composition (

"permutation
mulhpkatin")

E×
"

Two lire notation
"

A -
- { 1

,
- . . -53 .

write as sons
-

1-

°
-

I

g = (
I 2 3 45) instead of columns

3 4 2 5 31 ramie arrows¥§É¥ add parentheses .

I

SA is not abelian
.

( S{ 1,2133) . GT 1=602 ⇒ 62 (a) = Gotta)= 612cal) .



Def 8=6 Let A = { 1
,
-

>
n3 The group of permutations

SA is the sy¥ guy
on n letters

and is denoted by Sn .

Pops t.sn/=n!:--hln-D(n-2)-....ko1
I

nln-1) ( n -2) . . - . . . . .

. 1. = n !

%±¥↳÷n÷
E. 11 The shuffling of a standard deck of cards is

the group 552 .



2) 83 group
of symmetries of

• 3 2

Air 1

1 reflection 2 321
,

2 a\ , 6=1 ! z

1 rotation e- ( ; :?)
.22 ,

3) Dihedral Dy f 54 group
of symmetries of 4.1T¥

group 3 i

see Exa 8.10 and PDF
"

Kvadratets
symmetries

" Ellingswd ,



thm-8.lt
.

Cayley's Im Every gap is

isomorphic to a permutation group .

( more precisely , G a group isomorphic to

subgroup of SG )

Def-8.ly Let f : A → B be a fukin and HEA

The miage_Éf is

f[ H ] := { f- ( h) 1 he H 3. EB
.



temmas Let G and G
'

be groups
and

§ : G→ G
'
a one to one function such that

( injective )
homomorphism

¢ ,×*y) = fix)¥cy) it ✗ iy c- G. ⑧property
without *,#

'

✗ [ 6] f G
'

Csbgap) and §:G→¢[ G]Then

is an isomorphism .

Piof Must show 1) 0/16] is closed , 2) e' c- ORG]
uolr *

'

3) Y ✗
'
c- 0/16] 1×4-1 c- ¢[G] .

See details in text
.

☐

01 : G → 01cg] it a bijection and to holds ⇒ ¢ is an isomorphism.



Proof of Cayley's Thm

Will show G is isomorphic to a subgroup of SG . by
applying lemma 8.15 .

.

For ✗ c- G DEE Ix : G → G by 1µg) :=xg .

'

Ein Ix is bijective
• it ceG c. = ✗ (

"c) = 1×1×1) ⇒ Ix is surjective

• 1×14--1×1 b) ←→Xa=☒b←→a=b ⇒ taxis ingedie

set ¢ : G → Sg to be 0/1×1--1 ✗ c- Sg
.

Claim of is injection : suppose Ty = Ty : G → G.



In particular 1×1 e) = Lyle)←→ ✗ e = ye
⇐ ✗ =y

Hence 01 is injective.

clae-in.V-x.ge G , 0/1×91 = 0/1×1 fly)←→1×y= 1×01 y

v-gc-GK.yig-xlygl-klygl-hfdyigD-hibylgl.us#c
.

Apply Lemma 8. is and obtain G I 0/16] £ Sq . ☐
.

Try replacing Ix nite 9×1 g) :=g×
"

right melt . by ×
"

run into problems to be forced to change ¢ : G→ Sq . .

Def The map of
" tithe left regular represented of G .

The map µ :
↳→ SG byÑ:=**• is the right

rear repre-nt.no# .



Orbits
, cycles , and the alternating gap § 9 .

Ex 6--1 ; Z ? ¥ & 9 I :) c- 58
.

I v3 v6
I

477142 .

⑥[
2
]3 ↳ (sdb ✓ 6

For a.be A let and <⇒ b = 6
"

/ a) for some nez .

DI 91 let 6 E SA the equivalence classes in

A determined by ~ are the of A .

twill partition A into orbits B
,, . . >
Bk

.
]

.



Ex The orbits are { 43,63 , { 2,83 , {4,5/7}

f 17
2

y
4 →
zcycles

of 3 [ 8 [
g
✓

6 ←G.
g ,

62 63

Each cycle is a permutation
{ 03 i -4543,63

61 = (
I 2 3 45 6

,
¥ g)

orbits { 43,63 ,

3 2 6 45 6
,
is of

. length 3 .

Def A permutation 6 c- Sn is a cycle if it

has at most 1 orbit of sizeTanger than
I

. The length of a agate is the size of the

largest orbit .



Def Two cycles 6
, , 62 are disjoint if their

largest orbits are disjoint.-

Excont .

⇐ 1 's :} :{ 1¥ :) E- (13395-87-1)
I→3

i. a %

6-3--112 } If :} ;) 6=1 : : : : : :
: :)

427 = 6,6263 =6i6j6k
95k

61,62

Prof disjoint cycles commute . 6,62=6261 . disjoint
cycles

Prioof . let Bi be the%MI of 6 ; Then B,DBj_=o
If x¢B,uBz then GiGjl×)=X .

If ✗ c-Bi then Gjcx) - ✗
also Gicx> c-Bi Gjlbicx)) = Gicx ) = Gilbjcx)) ☐ .



thm9.SI . Let A be finite . Every permutation 67-5
A

is a product of
-

disjoint cycles .

Pwof_ Let B
, , - →

Br be the orbits of 6
.

Then

BinBj =P i=j . Donie Mi c- SA by

Mich = { 6TH ✗ c- Bi
✗ ✗ EBI 6c×)=:µicx) c- Bi

check 61×1 = µ ,
-Ai . .µr(× ) .

it ✗ c- A -

ordering here is not ☐ .

unique .



GIE notation A cycle µ can be written as a list :

list : µ = Lio , I , , -6£> in ) u has length K .

µ . / j ) = { is¥µ
if j= is for some oessk-1

j if j= is
/

Exa_ Tho hire notation cycle notation

1) 6=11,8 ? ¥447s :) 6=11,3, 6)(2,8×4,715)

2) 2=(4324+5829) 2--11,4/7,6, 8112,3K¥
= ( 1,4 , 7, 6,8112, 3)

'


