
Alternating group
§ 9 Fraleigh

Recall A cycle is a permutation with at most

L orbit of size > L .

The length of a

cycle is the slice of its largest orbit .

DI 91 A cycle of length 2 is a transposition .
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Coollaiybn For n> 2
, every

element of Sn can

be expressed as a product of transpositions

Proof Combine Thin 8.8 and can > %) =/ a , ,ak) .
. - la
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every pom .
is a product of cycles" e

E. 91 (1,6112/5,3)--11,6112
,
3) (2,5/12,5*5)

( 44,6/(2,5/3)=146111,4/(2,3×2,5) .

E☒9H_ For Sn . nzz the identity permutation
is Ii ,j)li,j) - e t i*j .



Think No permutation in Sn can be written

as both a product of an even # of transpositions

and an odd # of transpositions .

RI . 1) using linear algebra & determinants
.

Then
# of pairs )
rows
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Piaf? counting oribnts
. see text .

Def A permutation is even if it can be written

as an even # of transposons .

It is odd otherwise

claim . Sn consists of equal numbers of even & odd permutations
Rae Ty is a bijection

An:= { even poms} c- Sn
• If I

z
(µ) = Ty(6)

Bn :-. { odd perms} C- Sn ⇒ yµ=Y6 →µ=6

by : An→ Bn
2 any injectiontransposition

• for • c-Bn And ?ÉÉ)=6
6 ↳ 76 . sweetie ⇐An .

⇒ /An / =/Bat and Sn - An ↳ Bn .



Thmotdo If n> 2
,
then An = { even permutations} is

a sibgrap of Sn ar order 13¥ = ÷ .

( called the alternating on n letters )

Boot
.

. An is closed . if 61,62 are even then

6,62 is even
.

• identity e. = Ci ,jki,j) c- An

⑨ Inverses . 6--2
,
. . . . 22k then 6-1--2221 . . -
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moreover ( i ,j)2= e ⇒ Ii ,j )-1--1 i.j) 72k "-2 ,
c-An -



Coats and Lagrange's Theorem § 10
.

Thm (Lagrange's Thml Let H be a abgropofafite

gap
G. Then 11-11 divide 161

.

⇒←← G-- Hug.HU - - -UGKH
É← assets of for somegic-G.fg.H-fg.in/-h-H#-HinGand-t--hEH

}g← 111-1=1%11-1
⇒ Hk -161 .



let It be a subgroup of G. a,beG .

Define : FEI by aryb ⇐ a-
'belt . ⇒ beak

riff by bnra ←→ batch . ⇐ be Ha .

thml Both N
,
and we are equivalence relations on G.

(see Section 1)
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ROI FI IL REE : For ac-Ga-ta-e-c.lt →
aka -

symmetric : and ⇒ a-
' belt ⇒ (a-

'b)1- b-
'
a c- It ⇒ bye

.
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Transitive : arb , bread ⇒ a-
'b
,
b-kc-H.cat#bYc)c-H ⇒

a-- 'a c- tf ⇒ a NLC .
☐ .



Def let HEG the subset aH={ ah / heh } .

is the left coset of H containing a .

Ha= {hate} is the n÷÷t#H←z .

⇐ 3¥21 ⇐ wits t . Ty wits 216,1-6 and

321 - { - -3,0, 3,6 , - - }
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¥33 . or Hikari?

1+321 = { :-, -2 , 1,417,
-
-
. } .

3+321 = {
. .

.
. . 0,3, 6,9 , -

.
.
} =H .

%ÉK of 321 in 21 are
Hrutgwps

3241+3242+321 . that aloof right •sets ? one abelian .



¥10,7 H= <µ ,
> E Sz . µ ,

= 12,3) see Exa 817

11+1=2 .

"
not abelian

left
coats

ngiht
assets

.

Idf assets in

Melfi plication table .



Leanne For He G /HI =/ alt / =/ Hat for

any AEG .

Root The map Ia : It → alt is a bisection
heirs ah (recall he:) .

An → Bn

Inverse map is givin by 1"a= Tat .

check
.

☐
.



thml-0.IO (Lagrange's Thml Let H be a abgrop of a finite

gap
G . Then 11-11 divide 161

.

Pioof Since N ,
defies an equivalence relation the

equivalence classes partition G. :

G = Hua,Hu . - .
.

U dk - , H .

6- coats of It

in G -

ai Hn 'ajH=i¥ .

161=1 HI + Itai HI bypreuois lemma
111-1=1AH / .

= KIHI
⇒ 1.HI dvids 161 ☐ .



cootlay-0.tl Every gap of prime order is cyclic

PWI If 161 =p > 1 and AEG then by Lagrange

Ka>1 divides p → Ka>1=1 or p .

However Ka>1--1

⇐ a = e .
Since 1Gt > I 7 a c- G st .

Ka> I = ord (a) =p → G is cyclic of order p☐

⇒ 161 =p ⇒ G E. ftp.tp)

Thm1# The order of an element of a finite gwp
G divides 1Gt

Road ordeal = Ka> 1 which diuds 161 by Lagrange ☐ .



Dd Let H be a sbgwpof G- The

index of It is the # of left assets of Hing

( G : H ) := index of H in G.

Thm Suppose KE HE G and IH :KbfG:H)< •

Then IG : K ) = ( G :H)( Hik ) too .

Roo38 .


