
Direct Products and Finitely Generated Abelian Groups §I .

DIII The Cartesian product of sets A
, ,→

An

is the set of Ñredn- tuples la , , - > an) where

ai c- Ai for i-l.sn .

It is denoted either

A
,
✗
- - -

✗ An or it Ai
.

i⇒

If tail = ri for all i , then 1A , e.✗ An/ =r, . . . .
. rn



Think let G.→ Gn be groups
with operation * i

on Gi .
Then G' = IT Gi nite operator *

F- 1

Cgi .
-

, gn )
* Igi , - >girl :=( g.* , gi , - - . . . . ,gn*ngn

'
)

"

G
,

€6m
is a group .

Roof * is a binary operation
✓ see text

I. associativity : la , , > an / [ lb , -button ..cn/J--Gai...anKbi--.bnJflq.-G1G2-identity :
-

ten . - sent c-Gir the identity for * where ei 's

identity in Gi

6-3 inverse : Ian .
> an) c- G has inverse (ai) . - , ant ) c- G

since Cai . - →
an#Cai! - yaoi

' ) - Ca
,ai

'
,
- → Anant )= le , . . ,en) ☐



Ext 212×213 has order 6=125×2131 .

( 1,11 has order 61h4 -1213
.

411,177=2/2×2/3
is cyclic

- e-

⇒ 2/2×2/3=-2/6 .

Ex 213×21, has order 9 but V- a,btZ3

( a
,
b) + la

,
b) + la , b) = (34361--10,0) ⇒ no elf

of order 9 in 2/3×2/3
.

So this group
is

¥ cyclic



Thin The gap 21m ✗In is isomorphic to

21mn if and only if men are relatively prime .

Ref⇐ If men are relatively prime then

1411,1) > I = mn since Klbl)= 10,0) ⇒ mandn

both divide K
.

Smallest such kc-ztism.in if

rel . prime . ⇒ 21min is cyclic I 21mn .

⇒ If gcdlmin)=d
,

then Mdt ( a. b) = 10,0)
for ae 21m and b. c- In

. Hence
,
21m -21N is not

cyclic .

☐
.



corollaiy-l.to The gop 1T¥
,
21mi is cyclic

and isomorphic to 21m
,
. . .mn

if and only if

gcdlmiimj) =L it

i-tj.DE#Let r
, , - , rn c- It

.

Their least common multiple
lcmlr , . -, rn) is the unique positive generator of
the cyclic sbgrap { kezlriduidskfov-i-t-inkk.tt
* compare this with

lcmlr
, , - > rn)=r smallest rez's

.t
. ri divides rv-i-y.sn .



thmll.at let Cai , >an) c- 1T¥ ,Gi÷G If dis of

finite order ri in Gi then ordka , - → an)) in G

is 1cm ( r
, .
-

, rn) .

RI
.

If la
, , . , an)E fair , . . . , anr)=(e , , - , en)=e

then ord (ai ) -_ ri divides r for all i.

ordeal , - , an) is least such r c- It ⇒ .

ord la
, - → an )= 1cm ( ri, - → rn) .

* think back to zoom experiments with orders of poms .



Died
.

An abelian group (G , + ) is finely generated if
7 gi , -

, gk c- G S.t. G = { qg , + azgzt -
-

+ akgk / ait?}

ThmFundamental thin of Finitely Generated Abelian Groups
Every finitely generated abelian group

is isomorphic to

Kp , )r ,
✗ -

- -
- - ✗ Zlcpnjrn ✗ I ✗ -

. - .

✗21 .

where pi's are not recess
.

distinct pinnies and the ri's

are positive integers .


