
Homomorphisms § 13
.

G
,
G
'

gaps

Def13 A map § : G → G
'
is a

homorphiom if ✗ lab)= of a) ¢1b)V-qbc-G.FI
Isomorphisms are homomorphisms where 0/13 a

'

bijective

EI
. § : G→ G

'
13 the trivial homomorphism

f g
↳ e

'

e' =¢Ñ=¢¥=e
'

a

identity
in G

'



PWI f § : ↳→ G
'

is a surjective homomorphism
and G abelian

,
then G

' is abelian

Root let
'

a' ,b
'

c-G
'
then 7 u,beG St . Haka

'

¢1b) = b
'

a homan .

aybdian hansom .

Then a' b' = cfcakflb)¥¢lab)= ¢1b a) ¥011b)¢/at-bat .

So G
' is abelian

. ☐



Example .

n>2 it .

µ , g) = {
0 if 6 even

131
. § : Sh → 2/2

1 if 6 odd .

Check I 0/16,62) = ¢16 ,
) t ¢1.62)

c

131 Gfi F- { f :R→R} with addition ktcelk

§, :(1-7+14.112,1-1 . §, (f) = f- (c) c- 112 .

§, If + g) = ( f-+g) (c) = fcc) + gcc)
= f) today )



G- 13.1 10 : GLNIIR) → 112 ?

A ↳ det 1A) .

011AB) = def ( AB) = def (A) deftB)= 011A/ ¢1B) .

E×B Projection homomorphism
G= IT Gi it ; : G → Gi
i= '
Ii kg, , - ,gnD

= gi
IT; 11g . -941gi. → grill = gigi

'
= itilg , . . .gl/lTilgi.-..gi ) .



13.11
"

Reduction modulo n .

" 14+1 En, tn ) .

Y : 21 → In
m → r

where r is remainder uhadiudiybyn .

E# : check homomorphism property .

Cor see text)
.

Exercise : come up
with more examples ?



Dies of Homomorphisms
Def-13.tl Let § : ✗→ Y be a map of sets .

For A ⇐ ✗ BEY
.

'

IOCA ] := 94cal / aeA3eY image of Acrobat
0/4] is range

of § .

☒ [B) : = { ✗ex / on c- B } inverse image
of B.



thm-B.dz let ¢ : G→G
'
be a gap homomorphism

1
.

If e. c- G identity then ¢1e) = e' c-G
'

identity

2. if a c- G
,

then okay = ¢1 a)
-1

3
. If H & G

,
then §CHI E G

'

4
. If K

'
is a subgroup in G's DCG] then

4- ' [K '

] is a sibgop of G.



Proof

t.T.ee G identity then 0/1e) = e' c-G
'

identity
01cal = ¢1 ae) = 0/1 a) oh e) ⇒ 0/1 e) = e' c-G

'

by uniqueness of identity .

2. if a c-G. then okay = ¢1 a)
-1

Oka-1) ✗ (a) = Kaa
-1) - oke ) = e

'
e G ?

⇒ 10cal /
"
= flat) by uniqueness of inverses .



3
.

If HE G
,
then 0/111-1<-61

closed : a! ,b' c- ✗ EH ] ⇒ a
'
= Yea) b' = ¢1b)

-

a,beG .

⇒ a
' b' = fiasco !b) = ¢ca¥µ c- $[ H] .

identity : eek and by I feel = e' c- §[A] .

inverses
: a' c- of CH ] → a> = 01cal ac- It & a-

'
c- H

( at ) -1--0/1 a- 1) c- ¢ CH] .

4. see text book
.




