
Hangin cont. § 13
'

Reeattkf 131 A map ¢ : G - G
' between

grope 6,6
' is a homomorphism if

¢1 ab) = Yea)§cb) tf a,beG .

Thm

Properties of homomorphisms If § :G→G
'

is a homomorphism
1) oke) = e' e

,
e
' identities of G and G

'

oesp .

2) 01cal-1--0/1 a-1) Kat G .
3) If H<☒G then ¢[HIS G '

4) if K' folks]tG
>

then ¢-4K ']={ aebilocalek
'

}fG



Defter Let § : ↳→ G
'

be a homomorphism of gwps

Then the Sbgorp ofG tnvcil shop

f of G
'

Kato ) : = §
- '
[ { e' 3 ]={a€Gl¢ca) - e

'
}

.

- ← G.
is the kernel of § 1) closed

exercise : Prove directly that kerf is a subgroup .

-4 contains delis
3) contains cheeses.

Alternatively apply pt 4) from honour
. prop . unrig K' = {e' 3

Ex 11 Let 01:21 '+→ZnÉEo , - >n-13.co/cm1=ruhecm--qn1-r.Kero/--{ Kh 1K€ -43 = nZ .

d) Let § : Sn→ Zz 0/161 = { 0 seven Ker ¢ =3 even perms}
{¥13 I 6 odd

= Ans Sn



left and Right coats of kerf .

ThmB let of . ↳→ G
'

be a group homomorphism

and set H= Ker § .

Then

aH= Ha = ¢
- '
[ 01cal ]={ ✗ c-Glcfcx) -4cal?

Remote : This was the cñ the precious to examples

(we knew that for other reasons ) .



Proof
,

To show sets A -B we can show A- c-Bio BEA .

Kerf see book ! !

§"[$ca)]=a ✗ c- f-
'
[ fear] ←→§c⇒=§ca)

homo.

←→ §ca5'¢cx) = el EI cfcatx )=é⇐> a-
'
✗ c- H .

.

⇐ ✗ c- alt
]

¢-'Cdca)]=Ha- ✗ c- ¢ -44cal ] ←→§cx)=¢ca)
homo

0/1×74 (a)
+
= e

'
←→ cfcxoi ' ) - e' ←→ ✗a-

'
c- It

.

prop -

.

€7 ✗ c- Ha .

We pored aH=¢
- '

Cycas]= Ha

☐ .



Example
.
1) § : ①*→ 112×-1 cfcz) = 12-1 is ahonotinorpheo.vn

Ker (f) = - Eze I 0/12-1=13 .

&12-1=1
= U

2) ¢ : Glen 11121 → R* A ↳ detA is a homomorphisms

kerf = { A 1 det A -13
.

= scenery
.

= A ← A c- It linear

trans
. preserving

coats Att = { B I detB=detA } .

area ← orientations .

e) is fnchoifex)=o

3) ¢ :D → F D= { f :R→R differentiable} F- { f :R→R3¥-R .

0/0) - f
' D

,
F are gwpo

with addition
.

f. If + g) =[f +g)
'
= f-

'
+g
'
= §(f) +4cg) . Kerf = constantfunctions .



4) GERM
,
+ ) G' = ( R " ,+ ) .

A nxm matrix
.

¢a:Em→Ñ of
^

Y ;) :-( In
.

.tt/'En)--AlI;n)Kero/a--NdlA
.



DIII
.

A srbgop H of a group G is nomad
if its lost and right costs are equal .

ie
.

It ae G a H = Ha

€
.

1) If G is abelian
, eiey HE G

'

isnormals
) If [ G : HI = #

%És
=L then HE G normal

.

of It

CooÑayl3i2O_ If ¢ : ↳ → Gl is a homomorphisms ,

then kerf EG is a normal skycap .



Corollary BY A
gap homomorphism § : ↳→ G

' is

one to one ( injective) if and only if Kerccf ) = }e3
/

Pw± If Kerry) = e ,

let It - kerf then

AH = { ✗ c- G I fix) = okay } = a{ e3 = a

so ¢ is one to one .

If ¢ is one to one by definition kerf -_ See ? .

E. 1) of :R*→¢* is a homomorphisms t
✗ ↳ ✗ is injective .



Quit 3) HSG Xia c- G

Then ✗ c- alt ←→ ✗ It __aH={ah the H ?

✗ • e c- ✗H=aH ⇐ ✗ H
- alt

_aH
✗ c- AH we know ✗ c- ✗

H so

✗ c- AHN ✗ H =/ 01 bit distinct coats are disjoint
→ AH =×H .

When we can wile a coat

as att we say a is arak
of the coset

.



Homomorphisms a Isomorphisms .

Pw_p A map § : G- G
' is an isomorphism

of gwpr if :

1) ¢ is a homomorphism
2) Kercol) = e

3) § is onto
.



Factor Gaps
" Quotient gaps

" § 14.

Recall . A group G is a set with binary operation

* satisfying axioms G
, ,
Gz & Gz .

God
.

Define a group on the
set of coats of Hind .

GIH : = { It
,
a,H,azH

,
.
. .

- - .

}

The tricky thing will be figuring whey &Hanne
can clinic our operation on the contr

.

U I



let GIH := { H , aft , a- H , . . . . }

Defied? ) AH *bit : = ab H

Does this make sense? Recall a
'H=aH ⇐ a-

' a' c- H .

. ⇐ a
'
c- qH

For * dbae to be well-defined we need

(alt) *(BH ) = ab H
may not be equal

!
"

(a' H / * (b'
"

HI = a
' b' H



Eixample
.

6--83 161=6 and H =L (1,217.11+1-8%-11,213) .

¥-14211T &H=7iH gzH=TzH

GYH = { @ , (1,213,442,3%11,3)} , Eli , 3127,121373 .}
.

Pi T , 92 72
.

using the suggded once aH*bH= ab H

felt) * (g. HI
= ef , H =p ,

H

#"

¢11211T ) *§ , A) = (42111,2/3)
H = 1¢12

,
3) H

Therefore * is not well - defied
It is not a normal abgp & this why d*oesmtwork

.



tnm14 Let It be a abgvop of a group G

Then left coset multiplications is well defined

by (alt ) ( BH ) = abH if and only if

It is a normal subgroup .

Bad .it aHbH=abH is well defied ⇒ It normal .

'

weed
.

: abH= a' b' H whenever aH=a'H a bH=b'H .

N-wmali.at/--HaV-ac-G(ie.aHa-Haata#&-



④a¥¥a:aa←→ ✗ H = AH

'

⇒ a-
'
✗ H = It

coset

⇒ H = face
- ' 1H ¥

"
AH a-

'
H ¥ ✗Hat HÉ¥ ✗a-

'
H

well
well

dried

H = ✗ a-
'
it
dined
⇒ ✗ a-

'
c- H ⇐

✗ c- Ha .

HaEaH_ :
✗ c- Ha ←→ ✗a-

'
c- H ⇐ ✗ a

"
H = It ⇐ a-

' H¥iµ

H = ✗
- '

✗ H = ✗
" H ✗ It = a-

'
H ✗ It = a-

'
✗ It

⇒ a-
'
✗ H=H ⇒ ✗H = AH ⇒ ✗ c- AH -

AH = Ha when coset met . is well defied



2) : H-nornalet-a-bt-EEed.at/-bH--abH
now take a:b

'

s.to#*.a1H=aHavdb'H--bHa'Hb'H--aib'H
we

need to shoo that

abt-abl.lt .

Since **0 we know a' c- AH ⇒ a' = ah , hi ,hzeH .

⇒ b' = bhz
a' b' H= lath , b)hz)H now tybc-Hb-b.lt since

His normal ⇒ hyb =bhz hzeH .

a' b' H= ablhzhztt)=abH The pwdud-isaelldef.TL



Corolbiytis Let It be a normal abgop

Then the set of
assets of H form a

group
GIH under the oberahoi

alt bit = ab H -

PI GI aH[bHcH] -a.be/t--CaHbHlcHG2-idatitgisH--eHsinieaH--eH--aeH--aH
G3_ inverse of alt is a-

'
H since :

alta-1H-aa-IH-e.lt = H
.



Defktb The gap GIH is the factor

⇒ or -9¥ g=p
of GTYH .

Example - Thm 1411

Let ¢ : ↳ → G
'
be a group homomorphism kerf __ H .

The coats of H form a quotient group GIH

Also the map in :
G/
µ → ✗ (G)

Mcat)=§ca) is an isomorphisms .




