
Q-ote-ntgapsi.com#ios&exanplesDef-46Let It be a normal slayings of G.
- -

The gap GIH = { H , alt , BH , - - -3
with operation

aHbH = ab H is the go-kart or factorgwp
of G by H

.

Recall It is a normal slayings of G if HE G

and gH=Hg V-gc.lt



This !4B_ lqunaht conditions to be normal) .
The following are equivalent conditions for a

snbgop It to be a normal subgroup of G.
1) ghcg

"
c- H K JEG he H .

2)
g H g-

I
= It for all ge

G
I

3) gH = Hg for it g c- G.

II ⇒ A Normal sbgwp H is sent to itself by thereturn to
map ig : ↳ →G iglhl-ghg-ligt.tl]

= H tune in
§36,37
-

Example .

The trivial sbgop H=2e3
.

EG is always normal
↳/{ es

= { a¥,? v-ac-GZ.is G ¢4•3) = aeq .

is an isomorphism .



Example modular arithmetic Ex - 1412
,

1417

Consider : H=nZ £ 21--6
.
H=nZ has assets

inz = { kn I KEZ 3
- Z is

Itnz
= { I + kn 1K c- 213

.

= (NH) + n 21 abelian so

all subgroups
:
i

are normal .

In - 1) + nz = { 4- 1) + Kal KEK 3
,

so

2%21
Corset representation : lrtknltnz

= r + NZ
, ; a

group .

Group operation . n
.

(4+521)+(3+521) = (7+521) = 2+1.5+521=2+521
.

instead of writing atnz = bin 21 use a _= bmodn .

4+3=-7 = 2 mod 5
.



The map § : I → In = 90, . . . - in -13 .

ten .tn)

(m) = t
where m=qn+r Eren

-1 .

is a surjective homomorphism .

Ker ¢ = nZ

µ : Z%z → In 1.
6

Mcat,yZ )
= ✗ (a)

b + nk ✗ (b)
{② 3

← this group
has

Kern ={nZ"=H} £ 2%21 identityErik

⇒µ is injective ⇒ mis an isomorphisms and Z%zE In
There is also a homomorphism 8:21 → 2%21 wth Ker8=nZ

81 a) = atnz



thm-4.at Let HE G be a normal srbgwnp of G.

Then X : G → GIH given by Jex)=xH 15 a

homomorphism wite kernel H .

Thmk let § : G→G
'
be a group homomorphism

Yeti kernel H
. Then µ :

'

GYH → ¢[G] gain by

Mlg H ) = ✗ (g) c- G
'

is an isomorphism .

If 8 : G→ GA

is as
.

above then 01cg) =#g)
In other words , 7 a diagram of honour_⇒G ¢16]
which commuter

. te . every homomorphism ¥µµ"

factors
"

through the goofiest group .



he'll return to conjugation , inner
-

atonophoirss §36, 37 .

Read
. Fñiky generated abelian gaps are direct pockets

ThmHiZ_ .

Ipin
✗ - - - -

×

pink
✗ I × -

- . .

✗ 21
.

pi's not recess
distinct
primes

pw_p Quotient groups of finitely generated abelian groups
are frankly generated abelian groups .

go 161--24
u

Example : 15.7 Coyote (2/4×216) ID = Zpiii. ✗FERG
/ µ
= { "Its ¥ * } . H= { (0,07

,
10,17

,
10,21
, . . . .

(0/5)} IH 1--6

164+1 = [G :HI = = 4 11,07+4 = 9 ( 1/03 41) . - -3 . GIA = 41,0) +11-7
. 12,07 + It

= S e⇒
↳4+-5 2/2×2/2 or 2/4 . 13,0)+ A = { ( s, o ) .! - . - . } UH ⇐ 2/4 .



Ex¥Q Compete 214×2/6/140,27)

:@ g
'

@ 9

O o o o

o o o o

• or • 0

• a • a

@ @ @ @



Ex.l5 214×2/6/42,3 ) >÷H 161=24. 164+1=12 .

11

26
'95)
⑥⑥ • + • ↳ 5)

H= { 10,0) , 12,3) , 14,6*3 111-1=2
.

2-2-3

o o ① ⑥ -

① • ④

① . @@ .
GIH is either 2/2×212×213 Er 2/4×2/3 .

⑨ ⑧ • • ( 1,0)+H = { (1/0), ( 3,3 ) } (1,01+41,0)+1+1={12,01-(0/3)}

)
③ ⑧ • (od ) + H = { (0/1) , ( 2,473

f-

2/2×2/3=-2/62/4 ¢2,2 )+H= { (2/2) , 10,5
) }

.

chopkr# .

( 1,07 + H has order 4 in GIH . so

✗ 1,01+41+[4,07+4]=(2/0)+4 =/ H 212×212×2/3
(14011-1-1*1,0) + A)+ [401+4]=13,0 ) + It

=/ H .

(1401++1)+[14011-4]# 1,01+41+[11,01+4]=10,0)+H=H
.

has elf of

order 4 .

⇒ Gat A- 214×213 .



n

Quit Questions .

In each case , compile HH : Gates
161--6 111-1=2

{ H ,
"

(0,11+4,192)+11-3

1) 6--212×213 H=< 11,017
161--6 111-1=3 194+1--2 GH=_ 212 .

2) 6=212×2/3 It -_ < 10,117 .
161=9

3) 6--23×2131-1=44,47--9*0
" ' " "

(2,273
G/H=~%
={H

,
11,0)+H

4) 6=21
,

✗ Zz H = { ( \ ,
"""+3

.

161=9 111-1--3 164+1--3 64+-52/3



Exercises. Compute : (216×218)/414,477 .

161=48 H= { (0,0314541
, 12,0) , 10,47, 14,0), (2/4)}

111-1=6 .

164+1=8 Gat is either 212×212×2/2=9/212×215%218
(see chapter 11 again) .

The elf (0/1) + It has order 4 .

410,1 ) + It = (0/4)+4 = It

No elt la
,b) + H

has order 8 .

since 41A
,
b) + It = It for any (a)b.)

c- 216×28 .

Hence we are not 218 or 212×212×212
⇒ Gat I 212×2/4 .



Thinks .

Let G = Hxk direct product of qopr
G t k . Then II = { Chie) 1 he H ? is a

normal sbgop and GIIIE K .

Rod Tz : Hxk → K Kritz = H
→ It is normal

ltz cir surjective by Thm 14.11 we have GHI ⇐K -

thm59 The quotient of a cyclic gap
is cyclic

Ref if G-- ha> prove
that GIN = <AN > .

.



Siinpleconps

Def_15¥ A gap is ix. if
it is non-trivial

and has no proper nontrivial
normal sbgopr

Thm5 The alternating gop An is anipk

for n>5 .

Rod outlined m

' exerciser

classification of finite simple groper was a HUGE
tube completed or many years by over

100 authors !



thml5.16-le.to/ : G → G
'

be a homomorphism

If NSG is normal then ✗ [ N] is normal

in ✗ CG] .

Also if N's ¢16
'

] is normal

then f-
' CN] E G is normal .

Rod Exercises 35,36 .

( these are on the list?

.Deft A maximal normal sbyiop of Gir a
normal snbgnap M =/ G sit

.
there is no

N normal sbgngp of G s.t.MX N =/ G



Tml8 M is a maximal normal subgroup
if ord only if GIM is simple .

Root Let M be a man normal slagop

Sppose Gfy is not simple ie
.
N's Gal is normal

Then M § 8-
'
CN

'

] § G is normal in G.

where j;G → Gty canonical homomorphisms .

contradiction .

Conversely , If NSG is normal then HN) 9- Gfy
is normal by Thm 15116

.

contradicting Gay simple
☐

.



Extratopis@Thebraidgnep.Bn on n

"

strands
"

n=4 no- a- •* É¥É¥¥÷¥÷÷÷
,

b IF-Y://%ba-tab.fi#--FÉ
a*- isass.im .I 2 3 9

i it ' #n.IT#le=ii..ii..ii
"

i 1111¥11
-

l L n- l n 6 ; 6 it

•"¥5Bn is infinite Bnisagop .

* associative
* e = 1111€

=
* a-

' is a
" flipped

"



A braid Ben is a concatenation of
'itmsts "

Gi , Gi
"

for i=1 , -- n- l .
There are braid

relations

Gj 6i6j=6j6i

oii.FI#---HFH-1i-jszzGjiiHit2
Gi µ 6in

s

"

i ÷
,

•i•i*6i=6i+ioi6i+i

6in H 1=1 , - - h-2



There is a subgroup Pn £ Bn of

"

pure
braids

" Pn= { bl
b St . strand c

'

lands

in position i
3

¥11 . .

1 2 34
I 2

Question what are the contr of Pn?
-

Is Pn normal ?

If so what is Bnlpn ?


