
Practice Exam Suggested Solitaire
.

Robbing .

G cyclic of order 12

then GI 2112--217 .

.
.
The sbgneps

correspond to dinars of 12
.

which

are : 1
, 2 , 3,4, 6,12 .

Therefore the sbgops are :

< 17 = G order 12

1 24 order 6

1 37 order 4

{ 47 order 3

1 67
order 2

{ 03

I



↑:L. :÷42
. H - < (1,2

,
3,4 ) ) ≤ 84 specified left or

(1,2 , 3,4 ) has order 4 in 54 .

So It has size 4
.

Therefore the # of ¥ costs 15

[ Sy : H ) =
= 24-4=6 .

IHI

H itself is a coset . It's elements are :

H = { e
, 142,314 ) , (1,3×2,4)

,
( 1/4/3121 ] .

Since ( 1,3) is not in H
,
another

left civet is

(i. 3) It = { 41,31
,
(42113/4) , 1241,11/4112,31?



3
.

let p to prime aid N a normal

p
- abgop of a finite gap

G.

First by Sylar's 1st theorem

N is contained in a Sylar

p
- subgroup Po

-

Nao consider an arbitrary p
-Sylow

subgroup P
. By glads 2nd

theorem 7 geG St
.

D= g-
'

Bg .= { g-
'

hg / he P. }
.

No sppose
MEN

,
then since N is

normal 3- geG and n' c- N ≤ Pos.tn
= g-

' n'
g.

Therefore in c- Phone

N≤ P fer every p- Sylow subgroup PD .



Potsherd
.

fcx) = x2 -1=(4+111×-1) c- Qcx] .

Have < fix> is not a prime
ideal and R=QM×2 -1> is

not an integral domain
.

Alternatively : not've 1×+111×-11=0

In R honour ✗+1
,
✗-1--10 in

R .

Every field is also an integral
domain hence R is not a Reid .



2. R
,
S commutative rings with unity .

§ : R→ s a suigedie ring
honor

.

let M ≤ S be a maximal idol

consider ELM) = { a c- Rat . ☒a)EM}

Aside:

Note OITM) is an ideal .is R

sins the peviage of an addition

abgop hinder a homomorphism is an

additive subyop .

and for any
RER

.

if a c- OIYM) then ④ Ira)=s - a)

= s.me M so ra c- OITA)
.



Nou suppose $-1M) is
not maximal

Then there is a
'

proper ideal

"

Ñ
'of R such that §-4M) § Ñ ;
Then M ≤ OIIÑ)

.

since M

is maximal in S
,
there are two

possibility
-

: either M=§lÑ ) Cease 1)

or ☒ ( Ñ ) = 5 . ( case 2g

If M= OILÑ )
,

then

Ñ¥ÉÉlÑ ) = $-4M)
.

where the inclusion ⊕ holds binie

the period of §(Ñ ) inst at least

contain Ñ . But by assumption OITM/ ≤Ñ
.

Have Ñ = OITMI .



If OICÑ / = S then for every
RER

there exists an meÑ s.li
.

Elr)= Elm) .

⇒ § (r -m) = O

r -me E- I'm)≤Ñsince OEM
,

Give me'Ñ and Ñ is an ideal,

we have
rEÑ for every RGR

.

⇒ Ñ .=R

Combining the to .ws implies

that Ñ=R or Ñ = OIIM) .

Hence §-1cm ) is maximal in R.



Exact. Consider the homomorphism
f : ≥ → 21.3

.

and the

maximal ideal E- 22> ≤ Z .

then C- ( La>) = { 0,1/23--2/3
.

So FLI) is not a maximal

ideal of 213 .

\



3. let 3 , ,
I be ideals of R

.

Define Ji +I
= {aitaze.fr/aic-3,azc-JB.FistbJ,+Jzis an additive sbyp

of R .

If a
,
b c- J,+72

then

%Eaᵈ
, taz ai c- Ji

b. = b, + be bi c- Ji
so a tb = a

, taztbitbz
= ( a ,tb , )t laztba)
- ai - ai c- JitJ2

→ T.it} is closed under addition

identity 0 = 0+0 c- Ji +52

lnvet-sesa-q-azc-J.it Jz -9=-91-92
where - ai c-Ji hence -a c-31+32 .



Now given a = a , +Az C- 3,1-32

ra = Maita) = ra , + robe

rai c- Ji since Ji is an ideal

→
ra C- I +Jz .

I +32 is an ideal .

Kor § = { a ER : ☒a)⇒ c- Rtg
,

✗Rts?

{ ask fats ,-7 and }
a+32 = Jz

'

atJi = Ji ⇔ a c- Ji . Therefree

karat = { a c- R 1 a c-Ji act}
= 7h32 .



Robbins .

F- 2s

1) Shoo fix) = ×
>
+ ✗+ I c- Fcx) is

irreducible or F.

degfex) = 3 so if it is reducible

at F it must have a briar

factor .

Check : fco) = I ≠ 0 Have the

fu) = 3--10 polynomial
f- (a) = I ≠0 is inedible
113) = I €0 over F.

feat = 4--10



2- Explain why fix) divides

✗
53
-× wer F.

Let ×
,
be a zero

of fix)

in E.

Since fix) is irreducible and of

degree 3 , Fap is a field of

size 53
.

In fact

Fca) = { ✗ c- F- I 253×3 .

Sine F is finite fix) splits or
the field FCL

,
) as .

fix ) = (X -4)(x - ✗a)(x
- 437 .

for 4,42 , 23 C- Fun
,
)

.

Therefore

✗ is? ✗ = 0 and the



Thos of fix) are zeros

of ✗
53
- ✗
,
and we have

d- fix] divides ✗
53

_ ×
.

Applying the division algorithm we

fid our guile Fcx] sit .

✗
53
_

× = fix)gcx) .



3 . Let ✗ c- F- be a zero of fix ]

A basis for C- = Fix) wer F

is 91,2 , ✗ 23 since dgf =3 .

The Frobenius automorphism in

this case
is :

6 : F( d) → Fcx )

a ↳ as .

The Galois group
is :

GCEIF) = 267 so powers
af

6 sad ✗
to other zeros

of fcxl

The roots are &
,
6-(a)
,

6%)

£5 15
-



6K) = 25--22×3 = ✗7- ✗- 1)
=

- ✗
3
- x2

=
_ (-2-1)-22
= 4×2 + ✗ + 1

.

64×1=(6%-1424×+1){Freshman 's
.

dreamt .

= (4×2)
5
+ ✗5-11
↳ calculated above .

=

4 ✗
' °
+ 4×2-1 ✗+ 2 .

I see next page

= 4 (-1%3) + 4×2+2+2
= 222 + 2 ✗ + 2 + 4×2+21-2

= ✗
'2
+ 32 +4



✗
'◦
= (D)2=(4×2+2+1)

≥

=

'

=

✗4+22+1 + 8×3+842-12

= ✗ ( ✗3) + 3×3 + 422+2+1

= ✗ (-2-1)+3 C -x- 1) +4×2+2+1

= 422+42 + 2×+2+422 -1kt I

= 322 t 32 1- 3
.

Alternative to solving 672) -

Ealdnodii.

we knew 642 ) = ax2-cbatca.beC-F.

0 . ✗
2

fix = ✗34×+1=1×-271×-6611×-674)
mdtipyiy

= ✗3- (2+612)+67×1)X2t . _ _ .
. .

-9€
.
-

MFO .

So ✗ + 4×2+2+1 + a✗2tbxtc=0 ⇒

a- 1 , b =3 , c
= 4 . D



Robbery . p >
2 prime A- fix)eQad

lined
.
of degree P . K is splitting

field of f.

1) ✗ c- § a zero of f then

[ Qcx) :D] - deg ink,Q)
= deg fix
=p .

2) let 4.→xp be the distinct cats

of fix) .

(they are distinct sniefex)

is irreducible and Q is perfect) .

Te G CK/a) penates ✗ i 's

hence we new GCHQ) ≤ Sp .



[ K : Q] = 16 ( KIA) / moreover

CK :*] = CK : ☒ [ Qui ) : Q]
.

= [ K : Quit] • p .

so
p

divides IGLKIQ) / hence

by shows theorem there 15 a

Slapp of order p
A ≤ GCHQ)

Moreau H must be cyclic so

H = < • > with a a permutation
of order p . The only pemihtois
d- order p

in Sp are cycles

of length p .

Hence GCHQ)
contains a cycle

of length P '



Suppose f has p-2
aint

whit are 0 - conjugate .

Let ≈ : a → 0
denote the

field automorphism of E-conj.

we can restrict ≈ to K

to obtain an isomorphism !

7 : K → K' ≤.

I
,

Macao

K = K
' since K - QQ .

-Hp)

and tell , ) = & if 4,22 are

the complex conjugate roots . and

Ichi ) = di i ≠ 1,2 .

So 7 c- GCK/a) and ≈
IS the transposition ( 1,2) if

4 / d- one the E- conjugated wok



3. Conclude GCHQ) ≈ Sp .

Tor which
p

is GCKIQ) soluble?

he claims Sn is generated

by an n - cycle and a side

transposition ./ say 4,2)] for any
n .

Recall : every
Romtnkér in Sn

-

can be written as a product
of transpositions . Therefore if

we can
write any transposition

in terms of the n-guard 4,4

we are done .

What loss of generality we can
assume that the n-cycle is

(1) 2,3, - - , N) .



Then computing we get

6K I 6-
"

= ( Ktl
,
K +2)

.

for K = 0, -
- -

,
n-2-

Therese we can obtain the transpositions
of the form

( 421
, 12,31 . -

>
( n
,
n-1)

.

For i<j we have

Ii
, jt-lj-tjl.tityityi.it/HiH,it4....lj-bj) .
Theatre every permutation B Sp
can be expressed as a product
of the cycle of length p and

the transposition arising from

E- conjugation - ⇒ GCK/a) ⇐ Sp .

Sm is not solvable
for a≥5 →

f- is solvable for p = 2,3 .

☐
.


