
EIN Geos 82-9

Red : Let R be a commutative ring nite unity .

NER an ideal :

Def • N is maximal : if ☒ N' g- R ideal s.t. N 9- N
'

• N isp-n.me#qbeRifabc-N--7ac-NorbeN..Cor.ThNm-
is maximal ←→ RIN is a field Imax/ ⇒• N is

prime fog RIN is an

integral domain Npnme



82-7
.

Ideals iñtx]
.

Fa field

DI-27.IR commit
. ring.

with unity and a c- R
. The

prince ideal gambol by a- is

< a> = { rat re 123
-

some

N an ideal of R is principal if N={a> for AER

G- 1712--21 all ideals are v21 = <n> =L - n> principal .
D=

2) R=Z[×] N = { axi-bzloybc-ZLXT.3-sgcx-adxk.to,xt%/%n}
if N = { fix,> ,

since 2 c-N deg fix) - 0 and fix) 12 .

fun =/ 1 if f-×) =2 ⇒ all coeff ai of gcx)
-cN are etch

⇒ N is ☒ principal .



This 27-24 Every ideal in Fox] is principal for Fafeld .

Rod N c- Fox] an ideal .

If N={0 } then N = 507 .

otherwise take o * gcx) c-
N with mini degree . .

• If
.

deg (g) = 0 , then gcx) = c c-F and is a mit in -17×1

so N contains a unit hence N = Fox] = < 17 .

• If degig) 21 ,
for fade N apply division alg :

fix) = qix)
-gcxltrcx ) where degcr) < deegcg) .

bit

rcx) c-N since rcxl = fix) 1- qexlrgcx) ⇒ rcx)
= 0

I and N - < gaff.



Thanatos Max ideals of Fcx]

An ideal { pix)> = { 03 of Fox] is maximal ⇒

pcx) is irreducible / F.

Recall Irreducible /f ⇒ pc.it/--fex)gcxjOsdegfsdgp.

F-on ¥cx]

Rad suppose <pad> is maximal ⇒ < pad> is prime .

so if { pcx)>=L fix)gcx)> ⇒ fix) or gcx) c- tpcx)>

but this is impossible if otdegf , degg < degp .

So

p is irreducible
.



⇐ sppose pad is irreducible and consider

fpcx) ) § NE Fox ] .
some some ideal N

.
Then

N=< gcx)>
since all ideals are principal .

But pcx) c- N
se pcx)

= fexlogcx) .

Since p is vrned
. deg (g) = 0 or degpcxl .

• if degg =o N= sgcx)> =
Fcx]

• If clegg = degp fax)= c. c- F so N - { pcxl> .

Hence spend> is maximal ☐
.



Recoil . : N is Max ⇐ Fcxyµ is a field .

⇐ : 1) ✗ 3+3×+2 is irreducible / 215 ⇒

2/5%4×3 +3×+2>
= E 13 a field .

N-da-i.MN has 53 coats
.

{ foxy + N 1.degfexts-2fc-2.sk] } .

E is a field wite 125 Its .

QCX]{×z-2> field .

2) ✗2-2 is irreducible /a→ C- =

claim E contains a zero of ✗2-2 .

✗ +5×2-2> c- E ( ✗ +42-2712--2=544×2-27-2
= ⇐ 2-2) + <✗2-27 = 4×2-2> =O

.



Itm (Kronecker) For every non
- constant fix> c- Fox] there

is a field E Z F and xc-ES.t.fm) = 0 in E.

RMI : Not 've above QCXI /<✗2-ay
= E contains a subfield

É={ at < ✗2-27 I aeQ3 E Q .

'

that b) = 41 a) +4lb)

4 : ☒ → F' c- E 4cal :=a+<x2-27 .

41 ab )
= 4Ca) 418)

Y injective : at 42-2> = a' +<✗2-2> *nie coset add 'n + mvlth

are defied via representative⇒ a-a
'
c- <+2.27

a- at __ 0 if its in ideal .

F -
Fix
,y>\

DI A field E is an extension
µ

field of F if FSE p

-
Fly)



Root By Thm 23.20 we can assume fix) is tried IF

( if not factor and find a zero of any med .

factor )
.

since fix) is ironed < fun > is a maximal ideal
and

hence E = Fox]/ < fu,> is a
field .

Claim .

F can be identified wite a subfield of E. i. e.

4 : F → E. 4cal : = at < fix,>
is an injective

homomorphism ( see textbook for verification and ex about

⇒ view E as an extension of F.

Claim ✗ = ✗ + < fix,> c- C- is a ceo of fex) .

Suppose
: fcx) = do + A.Xi azX2t . .

-

+ anx
"

fcx) = aotafx + < fun> ) + .
. . .
+ an (✗ + <fexi)

" '



Compete w/ fix)
= Aoi a , ✗ + .

- . .
.

+ anxn + < fexi
.

coset

representative = fex) + < feed> fix c-Had>
⇐

* = < fix)> = 0 ME ☐

⇐ ✗2+1 is irreducible over R not
"

over ① .

(Rea)

is a aw✗ = ✗ +4×41> c-

Y¥¥ sending Reidar and ✗ to i.

is a zero .

Also i e ①
<



Algebraic & Transcendental Extensions .

Def 29=6 ✗ c- E z F is algebraic / F if fix)=o

for some fex) c- Fcx] .F-tistransvendentall-T.FI
V2 ER is algebraic / ☒ , i c- ① is algebraic 1k

IT
,
e c- R are transcendental over Q CHARD).

When E- 0
,
F- Q call ✗ aalgebaicftransuenda-talnrmberreca-lleeraloah.eshomomorphisms : % : Fix] → F a c-F

fcx) ↳ f- (a)

For FEE

upgrade this to
:
% " F"] → E ie .

'

Lla. + a.✗ + . . + anx
"

)
a → a

= a. +a , ✗ t
- -
+And?

✗ to ✗ .



Thm29il2_ Let C- ZF then ✗c- E 15 transcendental

/ F if and only if % is injective .

Piaf ✗ is transcendental ⇒ fed) -1-0
it A- Fox]

.

⇐ %( fad) -40 it fetch

←→ % is injection ☒
.

Thm29iB_ .

Let C- =F and oppose ✗c- E is algebraic
over F. Then F an wired polynomial pcx> c-

Fox]

s.t.pk)=0 .
Moreover

,
PCX)

•

is uniquely
'

determined

up to constant factor and has min degree

among poly 's in Fcx] nite ✗ as a zero
.



Proof idea : consider % : Fix] → E by alone

Thm Ker % =/ 203 moreover it must be a

principal ideal kerf,
= < pcx?> = { fix) / fix)=o} .

Any generator of Karla can be taken a's pad ☐ .

convenient to take Moni one : pcx)= ✗
"
+ am,x

"-1*+90
.

DI 29¥ Let FEE
and ✗ c- E algebraic / F.

the unique manic polynomial pad from above is

the ineducable polynomial of a over F.

denote it by into
,
F) c- Fees and its degree

by death , -1-1 .


