
Group actions and Burnside's Thin § 16 & 17

Recall : .

Def# Let ✗ be a set and G be a group

An acted G=X Ii a map * : Gx ✗→ ✗ s.-
I. e * ✗ = ✗ it ✗ c- ✗

2 lgigz ) * ,
✗ = g ,

* lgz * x) t ✗c-✗ and g,gzEG



Isotopy Sbguapr

DI
.

Let X be a G- set . Define
.

Xg= { xeXlgx=×} . and G ={geGlgx=x3 .

*

" elements fixed by geG
" "

elenutr of G fixing ✗
"

'

Thm_ 16.1-2 Gx is a subgwp of G

PWI 1) closed ! gigz c- Gx then (gigz)×=gilge✗)=gX=X
.

- ⇒ gigz c-Gx -

2) ex -_ ✗ → e c- Gx 3) If g←G× then ✗ =ex=g_§=g¥ .

g-
'c-Gx

. ☐ .



Orbits .

Recall • c- Sn we considered its cycles .

equivalence
123 456 4711 5dL. classes

[ 6(23416-5) t
,
I✓

"orbits
"

can think of 6=467 acting on ✗={ 1- > 63 .

we can generalize tnvir to any gap .

thmlb.lt Let ✗ be a G-set
.
Too ×

,# c- ✗

define × ,~xz ⇐ I gc-Gs.t.gl ,
-_ X2 .

This is an equivalence relation on X .



DE let ✗ be a G-set .

A cell in the

partition of the eguwalve relation 13 an

orbit in X under G.

' =

.

{ ✗
'

c- ✗ I gx=x
'

gex} .←Gx .

Example. If G adr transitively then Xrx, V-xix.cl.

Transitive ⇐ Gx=X for any X in G.

• Let G ← G
'

define an action of G on
G) . by

6×6
'
→ G ? What are tee orbits .

?

(g , g
' ) ↳ gg

'
. left costs of Bs



Thmlbtb Let ✗ be a G-set . Then

10×1 = (G : Gx ) ← # of contr of G× in G.

In patiala .

if 161 < • then 1.0×1 diodes 161 .

Pie .

Y :{ G×,gG× , gzG× . - , }→ Of
set of coset

gG×i→ gx
Proceed wite cation :

suppose g'G×=gGx then g
'

egg of -cG× .

✗ Ig
'

Gx ) = gjx-gx-Ylg.by/uelldrfuedonasek.



✗ is one to one :

g×q) = 71g'G×)=g'×
then g-

'

g' ✗ = × → g-
'

g' c- G×⇒ g) c- gG×
⇒ g'G×=gGx.

If ir onto :

f0× 7 gc-Gs.t.gr/--X ,
therefore

✗ 1--746×1 .

D.



G-setsand-ontu-gw-hsymmd-nds17-x17.ttHow many ways
are there to seat n

people
around a circular table ?

" 1) it table has a distinguished
1 Seat then n !

2) if not there are ¥
I

→

\
a ways

of choosing
-

. distinguished seat .
We can formulate this with group

actions:

Zn ads on { sealing arrangements }
That we went in

w/ distinguished chair . in 2) is # of orbits



Piaf By
"

double counting
" ( that 2250

.

)

N={ 1g , x ) I gx
= × } a- G×X .

partition N by taking horizontal rows
.

itg. •:.×g .

INF I 1kg1 .

g
c- G

partition N by taking vertical columns :

IN / =3 16×1--8
✗ c- ✗
1%7--1418 ,¥ ,

✗ c- ✗ ✗c-✗



If ✗
'
c- Ox then 0×-0×1 ⇒ 10×1--10×11 .

Denoting an obit
✗
§f¥= 1%-1--1 .

by 0
:

gfglxgl.TN/-- 161/80%11--161
.

"III.¥}
✗c-✗



Challenge that 2280 .

→ ways of connecting dots .

How many indistinguishable ⇒ are there on 4

vertices ?

eg .

-• •
•

i. = :*
O o

✗ ¥

G. =
?



Tm (Burnside's fromdad
.

let G be a fink gp

and X a
finite G- set .

Then

#{orbits of } . 161 = 2 Ngl✗ under G
ye G .

recall : Xg = { ✗ ex 1 g×= ✗ felts
fried by
g.



What if we don't distinguish between clockwise or

counter-clockwise arrangements ? Ie
.

Beaded

necklaces ? G - Dn actor on same set
.

and has different # of orbits .

# necklaces =
# orbits = @

!



Exanpkl7.to # of ways of coloring the retries

equilateral triangle nite 4- colors wite repetitious
allowed

.

①

43--64 ways
if vertices are labelled .

• These are all

•

Bit :•••=•=• me same atm

ueaicsae unlabeled!
53 is the group acting on colorings of

②③

Orbits are more complicated to oomf s
-
-

.



Exanpkl # of ways of coloring the retries

equilateral triangle nite 4- colours wite repetitious
allowed ?

Apply Bernstein Thm :

#{orbits of } . 161 = I lxgl✗ under G
g. c- G.

§
. I E Xg

any coloring . #orbits = ⇒ yes,1%1--64
= ,¥, (64+164646+4+4)I ✗ ( i.j ) /

= 4.4
•

1- sane
color

.

/ ✗ ii. j.nl/--4#Tgmonodome.-- ¥
= 20

.


