
Finite Fells Satori 33 .

- -

⇐ Goal : Thnx

G For every pnuie p and
any n > 0

there exists a finite field
-

of order pn .

Uniqueness If E and E
'

are fields of order

pn then C- e- E
'

.



Entire E He fields
A finite field F must have charades a prime p .

If
,

p - I = It . - -+1 = 0 in F

thm3-3.it If E it a degree n extension her

a finite field F with IF / =p ,
then 1El=q^ .

Root . Recall E is a vector space of dein n

wer F
.

K
. E = { bid ,

+ . -
+bndnlbsc-F3.IE/--1Fl? ☐

.



Exaupte .

C- = 2124312×2-1×+1> is a
field of

size 27--4 C- = { a. + aid lanai €2k }

where ✗2-1×+1 = 0 ⇒ ✗2--2+1 .
.

.com#aiy33i2-If C- is a finite deild wits chore :p
then E has order pn for some n > o

.

'

PwI Every field of characteristic
p

contains

Xp = { a. I 1 osacp3.EE .

Hence E is

a finite extension of Xp .

Nor apply 33.1 ☐



thm3-3.is Let E be a field with IE / =p
~

The elements of E are precisely the zeros

in 21J of the polynomial XP
"

-× in Ipad

Root OEE is a zero of XP
"
-✗

.

let C-
*

denote the non - zero cells
.

Then C-
*
is a

group
of order pn -1 order multiplication .

Red . gW=l for all geG .

⇒ ✗c- C-
* satisfies ✗

Ñ-1=1 ⇒ ✗
PEX ⇒

✗ is a zero of xp
"

-✗ . There are at most



p^ roots and K-1 =p
? Hence the elements

of C- are precisely the ceros of xp
"

- ✗
.
☐

.

Exau-p.IE. C- = Zz (E : F) =L IE 1=4 .

{ ✗2-1×+1 )

let ✗ =
.

✗ + < ✗2-1×+17 C- = { a. + aid lanai
c-%}

ao -04--1 (1+214-1 ( I +a) = I + ✗ + I -12 = 0 .

Notice also C-
* =3 1,2,

1+23
.

hat 3 eltsr
. Hence cyclic !



thm3-B.si The gop
<FI . > of non- zero elements

of a finite field under multiplication is cyclic .

Proof (2%6) { FI . > is a finite abelian gp ,
hence

isomorphic to Id
,

✗
. . -

✗ Idk for some di 's -
with

lF*⇐ di . . .dk .

If m= 1cm Cdi ; -gdk ) then am __ 1 for all

✗ c- F*. However
,

✗
m
- l has at most m district

roots so
.

m = IF * I =D , - v. idk . Hence
✗ f-
*

,
• 7 = 24 ,=* , and it is cyclic .



Def 33£ An element ✗ of a field is an

nkvo-ot.IM#if ✗
" =/

.

It is a primitive
ntn root of unity if x^=l and am -41mF
- -

- -

Renoir two theorems state :

1) every ✗ c- F* IF /=p
" cir a Lpn - 1) te not of unity

2) the primitive (p^- 1) ten roots of unity are the generators
of < f-

*

,

• >



Excuse . E=Z , , / F-* 1=10 and it cyclic . .

Who are

the generator . ( primitive tote roots of unity ) ?

Recall the order of ells must deride 10
, (42,5/0)

Ty : 22 25 hence 2 has order 10

All other primitive tote roots of unity in C- are :

21--2
,

23=8
,

27--7 2$ = 6
.

us



coolkuy-33.to A finite extension E of a finite

field F is a snipe extension c- = -172 )
.

ROE let ✗ be a generator of E* .

Then Fix) contains all power of ✗
.
(hence

p^ -1 Its ) in
addition it is a subfield

of E
.

Hence Fed)=E
.

☐
.



Existence & Uniqueness of finite fields

Play : Use existence of algebraic closure
. Zip and show

is of XP
"

-X form a sibféld of size p^ .

hemma8 If F is a field with char (F) =p

and alg . closure F- then XP
"

- X has p
"

distinct zeros in F-
.

Pwo_f First 0 it a zero of XP
"

-X wt melt
.

1
.

Take ✗ =/ 0 a zero of XP
"

-✗
,
Then

(x -d) divides fix = XP
"

- ✗ .



¥Ñ÷ I gcx ) = ✗
P
"

-2+2×8^-3
,
. . . .

+ &p^→× + xp
"

-2

gal = XP
" -

4-
. . . . . .

.

+ XP
"
-2
= ( pn-1) £ = -12=10

line ✗ is a zero of multiplicity 1 of xp
"

-X :

all amor we distinct ! ☐
.



Tm30 A finite field GF / p^ ) of p^ Its

exists for
every prime power p?

Root let IT be alg . closure of Xp .

Let

GF / ph ) = { ✗ I xp"=d ✗ c- IT } .

davis GF / pn ) LÑ a field
.

1) x , p c- GF( p
" )

@+ p)P
"

= ✗P^tpP^= ✗ + B .

⇒ ✗+ p c- GF Ipa)



2) 4B€ GFCP" ) then ( xp)P^= xp"pP^= xp
→ xp c- GFIP

" )

3) ✗ EGF lpn ) then I - a )P^= C-1)
P"✗Ñ -

- ✗ ifopd .

sina.ec -11=1 when p=2 → (a)P^= -2 .

⇒ -✗ c- GFIPY

4) 0,1 c- Gflpn )

5) ✗ c- GF / pn ) then (G)P! (t) → d- c- GFP
" )

.

Therefor Gtcpn ) is a field
.

☐ .



corolkiy-33.lt If F is any finite freid
,
been

there exists an irreducible polynomial of

degree n in Fcx] for all n > o .

.

Rot IF / =p
"
f elements

. By Thm 33.10 I a

field K with qt and Xp E KE F- S.t.

K= { ✗ c- F- I ✗
Ñ=

✗ 3 BEF ⇒

=p
F = { p c- F- 1 pg =p }

/ pÑ= (payer
&

⇒ pek .

FEK ! Macao [K :F]=n and sine K is
'



simple oer F of degree n .

K = Fct ) for

some ✗ c- K and irr(qF) has degree n .
D.



Thm-33.in If E
,
E
'

are finite fields of the

same order then E EE
'

.

Roof Sppose ¢-1 -_ IE
' / =p
"

so that 21ps E. E
'

( up
to isomorphism) then E

,
E
'
& Ep both

consisting of zeros of XP
"

- X
.

Nokia E
,
E
'
are both snipe extensions .

The

irreducible fcx) of both extensions divides XPIX .

☐
.



Excerpts Zz and fcxl = ✗4×+2
, gcx)

= 5+1 .

Both are irreducible / 2/3
.

check !

E = 2/5×34 f.×,>
= { a. ✗ + ao lait Zoo} .

C-
'

=ZzC×%gµ, > = Sb , ptbo I biEZ3 } .

Ylaixtao) = qptbo is not an isomorphism .



C- → E
'

xp
✗ B
xp
xp
d p
xp


