
Splitting Félds 550 .

Recall isomorphism extensions . .

Def-49.IE finite extension of F

The index of C- over F is :
← identity map

{ E : -53 = # of extensions of it:F→F to TIE → HE]

isomorphism where ICE] £ F-
.

thm / GIE / F) I 5 { E : -53£ [ E : -1-1
.

*
exercise

"
49,13Root all automorphism

are isomorphisms .



Exanpte .

⑤

④ ( 2113, E) → ?

I 0-(21/3)
{☒ 12113) : =3

{aota,2"3+az2%}= ☒ (21/3)=70-(8%2113)unction
,a, .az c-Q.

I
→

☒ ( e4
" " >
2
"3) [☒ (21/3) :&]

.

id : Q →
"

Q
.

Exercise .

¥21B,i ) : 0-(2/13) } 9Q(2"3i ) : Q2 .



K = ☒ ( 2113, eidtits 2
"
3
,

e4tiba"3) - ?

I

ed : Q - Q



thm-49-7-heff.be a finite ext of F and G :F→F
'

an

isomorphism .

The # of extensions of 6 to

=

for some E's FT is finite andE → E
'

independent of F) FT , and 6
.

Roof
.

start wite F
,

'

,F
,

>
and 6

,

'
- f- → F

'

,
Gz :F→É

want to make a bijection :

{ ~↳ :-[→ ICE]/→ { ii. c-→ ICE] }
ext 'm of 0

, ext 'n of 62



To see that the # of extensions is finite

see text or exercise 49,13 which proves
{ F- : -1-3 E [ E : F] = n .

Corollas 49111 If FEEEK where K is a finite

extension field of F then {K :F } = {K :E}{E:F} .

We will soon establish that { E :F}=[E:F] for

finite fields or fields of char = 0
.



Def 50.1 let 8- = { ficx) / ie I] be a collection of

polytheism Fox]
. the splits field ¥ F-

over F is the smallest field E E F- sit .

FIE
-

and c- contains all zeros of polynomials
in F.

"

spitting
"

⇒ 7 fief
, find

"

spits
"

into linear factors over E.

Say K is a__¥HtIF if 7

a collection of polynomials F- cfcx]



Example 50.8

ONE
,
B) is the spitting field of

9×2-2
,
✗
2- 3 } and { ✗4- 5×2+63

.

{ Qfrz ,Fs ) : ☒ 3 = 4 all extensions of it .Q→a

are automorphisms
GCE /F) =

Irs) - Qlrz
,
B)

.

} id , 6 , -62,63 }
I 1

☒ (G)
É Qcrz) Klein 4-group !

-



How to think about the splitting field :

Suppose E is a splitting field -

of 8- a Fox]

let Z={ g- I ✗ jaw of } c F-
some f- c- 3-

• If / 2- f- Kbo then C- = Flank, , - -

y Lk ) .

• If 12-1 -_ ao then E consists of all finite

sums and finite products of elements in

2- and F. ( see beginning of poof 50.3) .

An isomorphism of E fixing F is determined by
where it sends 2- .



thmSOI.tt Acid E where FEEE F- is a

splitting field over F if and only if every

isomorphism of F- leaving F fried restricts

to an automorphisms of E.

RI Let E be a splitting Reid and 6 : F- → F- an

automorphism hits 6cal = a Hae F.

For x.ie
2- 6cg;) must be a conjugate of ✗j

hence lrirlxj , F) = in ( Gaj) , F) and Gaj ) is

a zero of some f- c-I → adj ) c- E .

So 6 (E) C E and B in fact an autonopheoin .



Suppose every
6 : F- → F- fixing F restricts to

an automorphism .

of E.

Let G- = { game fam 1 5¥48 a
zero in E } .

claim E is splitting field of F. (see text) .

idea: if ✗ c- E ✗EF it is the zero of some GÉF . If

p is conjugate consider Typ : Fea ) → Flp) and

its extension to F- → F-
.
This must restrict to

an automorphism of E hence PEE .



Corollary 50 If EEE is a splitting field over F

then every
irreducible polynomial in Fox] cute a

zero in c- splits over E.

Cook# 7 If E- F- iñ a splitting field over F

of finite degree then

{E : 1--3 = IGCE /F) 1 .



EI 50.1-0 let ✗ be a zero of ✗3+5+1

our Zz .

Show that it splits in zzcx) .

what are the other zeros ?

/

✗
,
✗
2

,
24 = ✗ ( ✗3) = ✗ (22+1)--43+2 .

(✗+2 )( ✗ +22 )( ✗ + ✗3+4 = ✗3++2+1 .


