
Group actions § 16

Def# let ✗ be a set and G be a group .

An acted G=X in
'

a map * : Gx ✗→ ✗ at

t.ee#x--xV-xeX2.(gigz)*x--g,*lgz*x)V-xc-Xaudgyyc-G
say ✗ is a GIT .

Exan-pk.co If ✗ is any set then Sx ids on ✗

✗ = { 1- in}
.

* : Snx ✗ → ✗

16
,
i ) ↳ 6 ( ie ) .



• Same if HE Sx
- X is still an H - set .

• ✗ =G is a G set * : G ✗ G → G lgigz) → giga

•

Dy auto on
the square

"

⇒

T.FI
, >

also on
{ 12,343
,

see example 16.8 for another Dq set ✗ -

Geir Ellingswd 's note on
'

Dy aching on Ke Squee
-

• The Rubio's ube group
actor on the Rubio 's uke

• Any group
Gado trivially on any

set ×
.

* : G ✗ ✗ → ✗ gx-TXV-g.GG ✗ c-X .



thm-6.rs Let ✗ be a 6-set
.

For all geG , the

function 6g :X
→✗ defied by 6g Cx) -

-

gx
for

✗ c- ✗ is a permutation of ✗ lie 6g c- Sx )

Also ¢ : G. → Sx 18 a hiuomophvoni satisfying
g ↳ 6g

✓

4cg) - ✗ = gx
it gets ✗ c- ✗

I

P=f See text
.

1) must shoo 6g
is a bijection (see Cayley 's Thur)

2) show ¢ satisfies homomorphism property .



Question what is the kernel of § .

?

Kerf = {gc-Gs.t.ge/--xV-xc-X3.Def-
• G acts faithfully on ✗ if Karol - e whee .

¢ : G → Sx
.

• A gap
G acts transitively on a G-set

if V-x.xzc-XF-gc-GS.tgxi-xz.at
Corollas If G acts on ✗ then Glkeroftt .

faithfully on ✗ via (alt )×=ax Kattegat .



Task during the break

Find one example of a group
action

he haven't see .



Isotopy Sbguapr

DI
.

Let X be a G- set . Define
.

Xg= { xeXlgx=×} . and G ={geGlgx=x3 .

*

" elements fixed by geG
" "

elenutr of G fixing ✗
"

'

Thm_ 16.1-2 Gx is a subgwp of G

PWI 1) closed ! gigz c- Gx then (gigz)×=gilge✗)=gX=X
.

- ⇒ gigz c-Gx -

2) ex -_ ✗ → e c- Gx 3) If g←G× then ✗ =ex=g_§=g¥ .

g-
'c-Gx

. ☐ .



Orbits .

Recall • c- Sn we considered its cycles .

equivalence
123 456 4711 5dL. classes

[ 6(23416-5) t
,
I✓

"orbits
"

can think of 6=467 acting on ✗={ 1- > 63 .

we can generalize tnvir to any gap .

thmlb.lt Let ✗ be a G-set
.
Too ×

,# c- ✗

define × ,~xz ⇐ I gc-Gs.t.gl ,
-_ X2 .

This is an equivalence relation on X .



DE let ✗ be a G-set .

A cell in the

partition of the eguwalve relation 13 an

orbit in X under G.

?⃝ =

.

{ ✗
'

c- ✗ I gx=x
'

gex} .←Gx .

Example. If G adr transitively then Xrx, V-xix.cl.

Transitive ⇐ Gx=X for any X in G.

• Let G ← G
'

define an action of G on
G) . by

6×6
'
→ G ? What are tee orbits .

?

(g , g
' ) ↳ gg

'
. left costs of Bs



Thmlbtb Let ✗ be a G-set . Then

10×1 = (G : Gx ) ← # of contr of G× in G.

In patiala .

if 161 < • then 1.0×1 diodes 161 .

Pie .

Y :{ G×,gG× , gzG× . - , }→ Of
set of coset

gG×i→ gx
Proceed wite cation :

suppose g'G×=gGx then g
'

egg of -cG× .

✗ Ig
'

Gx ) = gjx-gx-Ylg.by/uelldrfuedonasek.



✗ is one to one :

g×q) = 71g'G×)=g'×
then g-

'

g' ✗ = × → g-
'

g' c- G×⇒ g) c- gG×
⇒ g'G×=gGx.

If ir onto :

f0× 7 gc-Gs.t.gr/--X ,
therefore

✗ 1--746×1 .

D.



G-sitsand-ont.iq § 17 .

Thm (Burnside's fromdad
.

let G be a fink yp

and X a
finite G- set .

Then

#{orbits of } . 161 = 2 Ngl✗ under G
ye G .

recall : Xg = { ✗ ex 1 g×= ✗ felts
fried by
g.



Piaf By
"

double counting
" ( that 2250

.

)

N={ 1g , x ) I gx
= × } a- G×X .

partition N by taking horizontal rows
.

itg. •:.×g .

INF I 1kg1 .

g
c- G

partition N by taking vertical columns :

IN / =3 16×1--8
✗ c- ✗
1%7--1418 ,¥ ,

✗ c- ✗ ✗c-✗



If ✗
'
c- Ox then 0×-0×1 ⇒ 10×1--10×11 .

Denoting an obit
✗
§f¥= 1%-1--1 .

by 0
:

gfglxgl.TN/-- 161/80%11--161
.

"III.¥}
✗c-✗
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