


trees Chapter 7 .

Di A graph in called

a true if it is
connected

and certain no circuits .

A graph all of
whose corporal

are trees are called a forest

The study of trees began with

chemistry with Cayley and tee

enumeration of isomer. of a corporal .

te Cy Hao carbon atoms have
bonding valency 4
hydrogen here bonding
valery I



• = carbon or = hydrogen

Recall 2IEI=§u deal
= 4.4 t 10 = 26 ⇒ IET = 13 .

NI - IEI = 4+10-13=1
⇒ a tree ( theorem to core)
The subgraph of carbons must be

connected ⇒ .

•-o→→

of
^

as to types of fnlakelled ) trees
on 4 vertices

. .

The isomers of

Catto are butane aid '

isolator .



I

÷÷÷÷¥¥÷
butane isobutaae

.

Definition let G -- CV ,
E) be a

connected graph .

A subgraph
T that is a tree of

order n -- IVI is called a spanning
tree

.

£¥g#ted graph G possesses

a spanning thee .

Proof Either G in a tree or it

contains a circuit C , .
Remove

an edge e ,
E C ,

from G
.



Noo Gl e , in either a tree

or possesses a cycle Cs
.

Confine rounding edges from
remains cycles until we

have a tree t Gl C .

C = See , - - - , eh }
'

k =# cycles of

G . D
.

The#2 The following
are equivalent :

a) G = CV , E ) is a
tree

b) Every pair of
vertices in G

are joined by exactly one path
c) G is connected and EKNH .



Proof a⇒I If u,v were joined
by two paths we could form

a
circuit in G

b ⇒ a tf C is a circuit there

Tetro paths connecting
of artier wi c .

any pair

a let D= UM ,
- -

, Un,V

be a longest path in G .

Then all neighbors of u
and u are

in P
.

Otherwise extend by a neighbor
and obtain a logo path , since
G has no circuits

.
Therefore

deaf devs = I
.
Remove the

vertex u and edge UU
,
from

G to get G
,
- (Y , E , ) .

"

Trimming the leaves of the tree
"



notice IVI - IET = 141- tell .
Repeat the process until we are

left with Gns which is a tree

on
two relives

Gh
- z

•→ and Nl -Ifl = Nn!-Ha!=/

c⇒a_ If T
is a spanning

tree of G . Then VCG) = KT)

and using the assumption on G and

the abare proof for T.

I -- NIGH - IEIGHENCTH
- IECTH - I

⇒ IECG) ) = IECTII → G -T.

Corollary If a graph consists

of t corporals a spanning
forest possesses IVI - t edges .



Corollary let G be a graph
then

yindepaditIVI - IE 1=1 Components ) aunts /
Bad Assume Gir connected

ie ( corporate I = I .

Then

a spanning tree T satisfies

ITI -- LEI - lihadmhidntl .

M - LEI - M - ITI - I 'amY
= I - I ihdpadetl bythm.

amit

tf G is not connected apply
the above result corporate by
component

.
D

.



I

Corollary If T is a tree of

order Nl=h>2 and Idi . . ,dn)
is
n'

tee degree sequence , then

[ di = 2n -Z
i -- I

Roof 2n -2--2/(4-1)=2 IEI .

-

Given a graph G we can find
a spanning tree .

How many
are there ?

This in a icy default gettin
in general .



theorem 7.4 The harbor of

spanning trees in the

complete graph kn is

grin by ten)= n
"?

⇒
'

y
' '

Ii of
.

]
3

3

Boot
.

Construct a bijection
between spanning trees
and { Cai . - , an-2) with
Isais n }

gear
,
an -d?SpanningThees →

Let u be minimum label of

-
habit cortices Then a ,=v
Vir unique label of a .



③ t q

T 3%40-17%8 9=1 .

•
5

To obtain az ,
remove UV and

repeat .

7-
a

3

Tl 2123 = fed]g
6

'
4 105

Az = 8

Tl { 583 =

'g-i-f.TL
①

Az =3

Tl 5363 = 30.LI?-fg9 .

94=1
Tl 9133

-
- ③f§f!

G-=L



Til 1,43 = ¥0409
ace = 4

q

Tl 9743 = of
4 8

a 8

For tee txabt her we obtain
( L l Z l Z

m
.
s: "

I 3 3

( 2,1 ( t) ( s) .

The ariose mapping
Kai . - , an -z) } → Spanning

beer



Notice firstly teat

fi = # tires i appears = di
- I

.

M (A , .
- . Ah -2)

le
.

if i does not appear it is

a leaf vertex Ici) = I .

Let b
,
be the minimal i not

appearing in La , -
-

, an-z ) .

There is an edge in T between

Abi
.

let babe minimal i # b ,
Caz . -san -a ) . There is an edgeit

bzaz .

acid so on
.

This

produces the incise mapping .



Exarple7.to
.

(ai - - ,and = ( 2,475, 3,9 , 1,1 ) .

( b
,
.
- . bn

-

a) = (4,6,2,7 , 5,3 ,
8
, 9,10 .)

9-3-47•

7.Lg
.

FT

GI algorithms How to determine

if a graph is
connected (from

say adjacency matrix or neighbor
list ) .

?

A graph in
connected ⇒

I n spanning tree
.



Algorithm 7.8 Breadth- first search
-

Conducts a spanning tree if G

is connected

1) start at an arbitrary cortex
labelled 1

.

2) Suppose current vertex is i .

and labels I
, - >
r have been

assigned .

If r --n'stop ! Label all

unlabeled vertices adjacent fo
i with rtl , -

-

,
rt k

,
and

add edger icrtl ) . . .

icrtk) to
the tree

.

If it I has not

been assigned stop .
(G is not

connected )
.



otherwise make it current

vertex and repeat .

I b c

a l O l l l4%0694 't'd l O l O O
e l l O O

b

iE#a
d '

c

start nth ÷¥•I,a
-_ I

45

start wite za,o
d -_ ( l £→c⇒ i



what tree does the algorithm
produce fer kn ?

I
.-

no matter where are

starts
.

n
- l .

See text for correctness of

toe algorithm .

Breadth - fist because breadth
width of vetiver .

Dual to this is depth
first search .



Atgm 71 Depth fist search

1) choose starting cortex and

label it l . (this is "predecessor
")

2) Suppose ya are at vertex i

and number b - → r have been

assigned .

If r=n stop .

Otherwise chase an unnumbered

neighbor af i and number it

rtl and add icrte) to the

tree
. The current vertex is

rtl and predecessor is i .

If there is no unnumbered

neighbor of rtl return to



predecessor vertex 0
. Repeat

step (2)
.

If it and feed

it no unnumbered neighbor
teen G is not connected .

Example
-

⇒÷ : :*.÷.
at a

.

-3-6--5

*EM! " ¥ . .

d- I



What does DFS return for kn?

1¥ u :*
.

Both algorithms have running time
⑦ HEH

.

Minimal spanning trees a Greedy
algorithms






