
Graph Theory continued Eb 18"
-

(Chapter G )

Representation of Graphs .

Equivalent nos - pickerel ways of
representing a graph .

Let G -

- NE) be a graph
The adjacency matrix of G
is an nxn matrix (n -- IVI )
Ag = Caij) wit

u u

ar- se : IE .



The heidke matrix B - (big) is a
G

nxqe matrix q
-

- HI cute

bij = { to
if Uiekj

Uictkj
Note that Ag is symmetry .

Also

BABI- (
d""
:

. due,) + Aa .

He graph kn -- f ! ! !
hxn matrix of Chet - off the
diagonal



For G a bipartite graph
on V -- Tus

Halston
A:{f

we obtain
I ⑦ 0

where Da-- ldij ) is given

by dij = { to uivj EE ?
Examples For a graph G .

(Ala ) ig =
# of paths in G
from Ui to Uj
of length L .

For let this is def of Ag
.



Centime by induction :
n

Alli ;D = EAT
-

Lisk ) Adk 's)
↳

k = I LN W
# paths of # wrap

length I
- l at proceed

ending at some
t j -

K

consider tu last stop of a path
of length l before coming at

j ( let it be
k ) .

Then he

abee is just the summation

role .

Direct labelling of a graph
yield different adjacency
matrices ( differ by permutations
of nous t columns ) .



DE The bandwidth of d j
G -- CV ,
t) nite vertices labelled

by f : V- 21 . - n)
.

is defied by
bf = out,Y¥e I fue) - fast .

The bandwidth of G is

BCG) : = min b
f 3 I .

f- labelling

The path Pu wite labelhj
oho---

has
l Z 3 -

- - n

bandwidth = I .



This is he only graph wit
non - isolated cooties with

BCG) = I ?

what about a circuit Cn ?

Z

3

y ,

s 5

6 9

b (kn) = bfckn) = n- I for

any labelling f .



Paths; abuts , aid sbgvaphr .

DE A graph H
-

- CHEY iraabgupl
Of a graph G = CV

,
E ) if

V' EV and E
'

E E .

.
The

subgraph H is an induced
sbwgoph if E

'
= En ( VI ) .

( ie
.

he is of H are precisely
the edges in G between rehires

in V) .

q

:*
. ie ¥

.

induced not indeed



Examples of subgraphs .

:

• GIA denotes indued subgraph
on EIA AE V

.

° GIB denotes G -- ( V, EB) .

B. CE .

DI
.

G -

- CHE ) then VEV is

reachable from uev it F

a path P in G from u to

V
.

Reachability defies
an equivalence

Foard
"

I relation on v .

I f I Equivalence classes

allowance are connected
not components ofconnected - g



G is Edd if it consists of
a single connected component .

An edge .

K is a atedge
or a bridge if its renewal

Gsk has more
connected

components than G .

"Aaai Ea
at edges k

.

The vertex set of G has

a distance function

due
,y = { min IP / P pak an

00 us path UN .



Exercise
-

:

Verify that day ) is a distance

function
.

(triangle inequality) .

The diameter of a graph
G b DCG) := nuygxeudcuir ) .

Example
.

DC On) = n .

since

day) = # coordinates of
u
,
v that are different .

duo . -o) , Cl- l) ) = n .



\

Th (As stated in book is

false ! )
.

A graph G wite n> 2 cooties is

bipartite iff all circuits are
even length .

In particular,
G is bipartite Iff there are no

circuits of odd length .

Rod
. May assume G is connected

.

If G is bipartite any path
must alternate between S andT.

I.e .

most have an even # of steps to
start at S and end at S

.

Conversely , suppose all circus
have even length .

We will



construct a partition V -- Swt .

Chose a uev and set

VE { f
d luv) is even

d. can) is
odd .

he must shoo that there are

edges between elements of S
.

(neither between T ) .

Suppose YWET and 4,afEE

Since UWEE ldiu.us - dice,wHl .

by the triangle inequality bt then
dcu,v) , due,w)=o since they bae
the same parity .

let P be a UN path of length
DCUN )



and P
'
a Clio path of length

dcu ,w) aid x the last common

vertex of P and P
'

.

Then dcxnj-dcx.co) and
we can build a circuit

Plus
, yw ,P

'

cw,x )
of odd

length which is a contradiction

Example On is bipartite for

all n
.

S =3 u I # I 's is
'

em?
F- 2 v I # I 's is odd }



Directed (oriented) graphs .

In a directed graph edges
hate an orientation

Therefore edges are denoted

Cair ) instead of 2uN3 .

Pictor ally draw amour on edges

YET IF'm:*
of a calm set V

•
° and an edge

set C- C V XVI Ecu,ukVxV?

For K -- Cun )eE call u start vertex



and V Ebd cortex .

Every directed edge appears
at most once in a directed
graph also do not allow

Logar .

For a directed graph we can

define
+ ← In degree
duel =/ Sike El k¥31

d-cut - 19 KEE Ik--- UH ← at degree
Notice

[ dtcu) = Ed
- '

cu ) = let
uEV UE V



The incidence matrix B - ( bij )
is tee nxq matrix

big. - { fo
if u

,
> = kjt

if Ui = Kj
-

if Ui cfkj

Notice the colours sum to zero

and the ith now sun

is dated - d
-

lui ) .

BBT -- ( d "" '

:
.

dung) - A
where Air tee adjacency matrix



of the underlying undirected
multi- graph
A- die in G- in a

sequence of vertices U
,
. -

- - Un

in V st
. Ui → Uim are

edges .

A directed circuit in G- is
-
-

a sequence
U

,
→ Uz→ . .

-

→ In- U ,

A graph I is acyclic
if there are ne directed
circuits

.



Every graph G can be equipped
with orientations to be an

acyclic directed graph GT
.

Propositi suppose G- in

acyclic then there exists

a source and a sink

{ us.

't din --ol fast . dats -0?
vertex

Pwd let P be a maximal

directed path in G- from

u to v
.

If Cw
,
u) then

W would have to be on



the path P.

otherwise 'm cold

add it and D wld not be

maximal .

But then

a

directed cycle
so I ir not acyclic .

Therefore u ir a
"
source

"

.

Similar proof shows existence

of
" sinks !

Def A directed graph G- is

strongly connected if
there

exists a directed path



from
every

vertex u to every

other vertex V
.

Examples
4

7
° 8
u v

3 a.
#s

- I 0
.

. . . .
.

O

6 l l - I - I 0000

et fs B - 88%8649
ME. .

8998 86

¥ t .
Is the graph

£
, acyclic ?
• Sources aid sinks ?
Sources 1,4
sinks 3



Maze tour algorithm

Good starting from a vertex Uo

want to traverse all edges
of G in each direction

exactly once and return to

Uo
.

1) No edge can be traversed in tee

same direction more than once

2) War we reach v FU. for

the first time we mark the

edge (UN ) that led is to v
.

On leaning v , we are allowed
to traces a marked edge
luv ) only after all edges



(v
,
x) x #u have been

Proof that the algorithm gives
a

"

maze tour
"

let up . . .

- up
-

- W be a tour

through the edges given by the
algorithm .

We have up
- U
.

and

dwtlu ) -- dw
-

cu) lead true ve
arrive at u we

also lead
.

We want to pore
that

t ue G dtwcul-d-wlut-do.lu
Far do this holder

.



Suppose V is the 1st telex

not satisfying * in W
.

Then by rule (2) the naked

edge can) has not yet
been used in direction CYU )
for some (u, u ) .

where U proceeds
u at some point in w .

but then the predecessor
U in W also has

dtw cut -- d-while due) contradicts
that v War hist . Therefore

euy vertex has

dtwius -- d-why - dwla)
.


