


Minimal spaying trees

BE A weighted graph is
a graph G -

- CV
,E) together

with a weight function

w : E → IR .

Question How to find a spanning
tree of minimal weight ?

WCT ) = I w CK )
KE ECT)



7

Ey algorithm suppose

2K
, - - - ke } have been

chosen
.

1) choose Kett of minimal

weight in Elk , . -
. Kel

so that ki - - . . , Ket
contains no a'niet

.

Repeat step l n- I tines

claim F- { Ki . - - .

Knt 3 is

a minimal spanning thee .

.



To see why this algorithm
works we want to analyse
the properties of Sb forests of

graphs .

Let G -

- CV
,

E ) be a graph
W-
- E f I Eoff ira?

The pair (E,W) is a matroid

DE# (Matroid)
let s be a finite set and

Us BCS) be a family of
subsets of S

.



^

The pair Mfs, U) is

called a matroid and U
te family of independent
sets of M if

D f e U
2) A E U ,

Bc A ⇒Bell

3) A ,
Bell , 1131=1AHI ⇒

F VE BLA s .t . Austell .

(by indesign)
A maximal independent set
is called a basis .

Leonia
tf B. , Bz are bases

of ill then 1B , 1=1 Bal .



Suppose IB ,K 11321 .

We can

find AE Ba s
.

t
-

IAI - IB ,
It I moeoer A- ell

by (2) . Therefore by (3) F

V E AIB ,
sit

.

B , or
EU .

Hence B ,
Was not maximal

→ B ,
not a

basis
.

and we

have a
contradiction .

Therefore

1B ,#Bat .

D
.

"

Matroid
"

comes from matrices
.

Abstraction of the notion of

independence in mathematics
.



n

let S
= { Y , - -

, Vg 3
where v , e

Rm vectors .

then U -

-Hui
,

-
- - viral Tap.?

Then ( s, U) is a
matroid

.
Axiom l - 2. are clear

Axiom 3 Steinitz exchange
axiom from Utica algebra .

Reposition
.

let § be a

graph (YE) and equip each

edge wite an oneeituhon
.



Let S = Sr Uk Ilk is a column ofBh
(B oriented incidence matrix )
Then the elements of

U correspond to ells ofWk
. Vk

,
. . -Vice⇐ K

,
- - - ke

linearly
is a

independent
forest in G .

Corollary M -

- ( E
,
W) for a

graph G -- (YE) is a

matroid
.

To not just rely on hired
algebra t to practice graph theory



techniques we will pore this

directly .

Thm7 If ? = ( YE )

is a graph , then M
- IGN)

is a matroid

Roof
.

Axiom 1 is satisfied

by def .

-

A2 : tf F eW then

F contains no
cimit so

F' CF also contains no await

so f
'

c W.

Axiom 3 Let F, F
'

be

Forests wite Ift - IFHI



since both F and F
'
are

forests we have :

IF I = IVI -
# corporals in
F

IF't IVI - #eonzqt.sn
IF 't = IF It I ⇒ F

'

has one

less corporeal then F

tf (YF) . . . (Vt , Ft) are tee
comparator of F then

F
'
can

have at most II. /
edges on Vi otherwise we have

a arent in F! ⇒ there



exists a K in F
'

which connects tho Visby
so WE (V

,
Fuk ) is

a forest axiom 3 is

satisfied
.

D
.

theorem ( Nelson 2018 )
"

Almost all matroids are
non- representable

"

- -

Do not come
from graphs or

vector configurations
.

As n= IS I → - the proportion
of n - element matroids → o

.



Nonetheless matroids characterize
when the Greedy algorithm
works

.

Theorem 7.13 let M - IS
,
'll)

be a matroid ink weight
function w : S → R

The greedy algorithm produces
a basis of minimal weight . I
1) let Ao = YEN .

2) If Ai = Sia , . . > ai 3 E S then

let Xi = { x e Si Ai : A ; 043

CU 3
tf Xi -- f tun Ai is the destined
basis

.
Otherwise choose an aiti in

Xi of minimal weight and set



A- it ,
= Aiu saith . Repeat 2) .

Roofs let A -

- 3A
,
-

→ ar 3 be the

obtained set
.

It follows from
axiom ③ teat A is abases .

More oer wcailewlaa) E .
-
Ewlar)

wca.IE wcai) since Wca
, ) has

minimal weight among independent
elements . For 2 Ei Er - I

Shine Ea , - - ,ar3EU we
have

{ ai - - . ai- i3 EU by axiom②
Therefore ai , ait ,

C- Xi - I

and since we chase ai at Aitc

Wca it s wcaiti)
.



Suppose F B basis St

W(B) d WCA )
.

Assure

web ,) E .
. .

E w Cbr)
. Then

there exists a smallest index

i set . wcbi
.

) < wlai)
and I 32 .

.

Both Ai -F- Fai - - - air ? e U .

Bi : - lb , . . .
bi 3

By axiom ③ there would exist

a bj c- BitAi - i with

Ai -NEbj3E U ie
. bje Xi- I

'

and wcbj) I wcbi) sweat)
and the greedy algorithms
would hae picked bjaer ai



we have a contradiction D
.

The greedy algorithm applied
to graphs is called

Krus al 's algorithm
÷
#

"

Exercise 730 asks for the

converse

The
.

let CSU) be a collection
of sets satisfying axioms l and

2 .

Show ( s ,U) in a matroid

if and only if the greedy
algorithm yields the optimum
maximal (by induna) set of U
for every weight function

w : S → R .



The computational complexity of the
greedy algorithm requires an

analysis of sorting algorithms .

Postpone until Chapter 9 .

-

Dijkstra's algorithm /shrteA path
in a graph 7.4 .

Let G -- (V, E) be connected

and ink weight factor

w .

. E → Rt -- { x EIR : x> 03

Let UNEP and let P be a

path from u to v

ICP) = I w CK ) the
ke ECP)



weighted length of P .

datum pmiun, . LCP )
we want the path which
minimizes the distance .

Fix u . Dijkstroisalgon.tn#
returns a spanning treeT
whose unique path u to V

is the shortest pith from

u to v .

D Let uo=u Vo - su.36=01
Icao ) = .

2) Suppose Vi = fugue . . -Ui}



(

Ei = Sek , . . .
Ki } If i -- n- I we

are done . Otherwise consider for

edges K -- Vw s - t . Ve Vi and

w ⇐ Vivi the expression

FCK ) = Lcr ) t w CK )

where Lev, is distance in

there ④i. Ei ) from u to v:

chase in -I sit
.

fir) -- min fck)

Then set uit ,
=D Kim --I

and add these to Vi and fi to

obtain Vim and Gm respectively .

Repeat Stp 2.)



÷÷÷÷÷
there was a

tie
.

Theoem7# Dijkstra
's alg .

gies a spanning the Tuite
the

property that the unique path
from u to v is always a
minimal UN path in G with

due,v ) =Lcut for all u .



Proof The alg .

conducts a

spanning tree .

Roof of minimality by induction .

Let Ti = (vi. Ei) .

Then

IT in the minimal bath
tethers

Uo and Ui . Suppose that the

unique path in Ti from Uo

to any Uj e Vi Ir
minimal

in G
. Suppose Titi is

obtained by adding E- tw
we must show that

last -- last WCE ) is the

weighted distance dw.cu.io) .



Let P be a shortest UT

path in G
.

and let v

be the last vertex of P in

Tu Then

dlu.it/--lCPuois)

ti
'

Ii:*.si .
=

@cvItwlkDtllPugwI-fck7tlCPlwioD3.n
in fek) -- foe )

.

30
.

> fat) - LIP. )
Therefore

,
Po is a shortest path .

D






