


Matchings and Networks

Matchings concern bipartite graphs.

Definition For a bipartite

graph G - ( Stt, E) a

matching MEE
is a set of

mutually non
- incident pair of

edges
.

The matching non-bcs MCG) of

G is the # of edges in

a maximally large matching
A matching is maximal if

M = MCG)
.



⇐ DG = Km ,n .

MCG) - mints,m) .
° ° The number of Max.

•
. matchings is

a
e

NEM
°

a

•
Mcm- 1) Cm-2) . . .cm-n)

n m falling factorial .

A maximal matching corresponds
to an injective mapping .
f : A → B (Al -- n IBI.=m .

2) # IMI -_ 4 In fact

g÷¥#T! mm# cannot match
⇒

3 only connect to 2 vertices .

all E !



Thin Let G -- ( Stt, E )
be bipartite .

Then 1st -- ml G)
iff IA l E INC All for all
A ES .

where

NCA) = { VET : WE E fo some UEAJ

*Notice this is violated in the

last example for A = 963144141

Piaf If IAI > INCA) / we cannot
match all vertices in A

,
so

MCG) L 1st .

For the converse
, assure

IAH INAH
for all AE S

. We will show



If

-

M in a matching with

IMI s 1st then M is not

maximal .
Let Uo E S be a vertex not

matched by M then since

INI Uo) / 319%31=1 there exists a

Y E T s -
t

.
Uov ,
EE

.

If y is

not matched by M
, then M is

not maximal since Mu 9%43 is
.

a matching .

So suppose V
,
is

matched to U
,
→U
.
in M

.

Sine IN Cuore ,)132 there is a

vertex vs# v , that is a neighbor
of Uo or U , .

If vz is unmatched



Proceed to the next step .

.

Otherwise vz is matched to

Uz wite Uz Ets Uo , U ,
} and there

is a Vz E N ( Uo , u , ,
'Uz) with

Vs Elk 4N23

Proceed in this was cult finding
unmatched Vr E N Huo . . >

Ur-13)
.

Then we can find a path
D= Vr UaVaUbVb - - - - . -

Vh Uo

By assumption the edges
Hava , Ubvb - - -

- - Uhh are in M
-

K - edged
and the edges
Vrlla , Valls , . . , Vallo

are not in M
.

-
KH edges .



swapping
out the K edges for the

KH edges produces a matching
µ
' intr (M't = IMIH . D

.

This can be strengthened
Thm-8.tt Let G -- ( Stt, E )
be bipartite .

Then

MCG) - 1st - Amyx ( IAI
- INLAID
-

Bad
.

let se
!! We know

murk 1st - S and it suffices to

pore equality . Consider

G' = ( St (Tu D) , E-
* ) a new

graph obtained from G by



adding to G all edges between

S and D .

For Aa s we

have N
*

(A) = NCA ) UD therefore

IN* Call > IAI . That is

G* has a matching M
*
of order

IS ! by Them 8.3 . Removing
edges of Mtt from S to D

gives a matching f G of

size 1st - S
.

So MCG)- Is
,}?

Things for a bipartite graph
↳ = (Stl, E)
Max { IMI : Mmatdiy} --mm{ IDI :Daca?


