
Generating functions contrived
.

Example Find the generating
function and a closed formula

for # of partitions of n with

parts in 21,23 .

From last tire :

Fez) = ( It 2-+2-7 . .
)( ItEtz't -I

= 1- .
1-

I - Z l - z
2

Alternatively find a recurrence .

Let An denote the # of

such partitions of h
.

Then



Fn = fn -z t / - partition
nite

✓ only ones .

I.e
.

Fez) = ZZ Fez ) t ( HZTZZ . . .)
.

⇒ ( l - E) Fez ) = ¥z
Fez) = ¥z)

= 1- .
1-

( I - E)
2
It 2-

Now find partial fraction
decomposition .

Notice di=2
,

SO

Fare'⇒¥=¥i;9'



where giczs is of degrees 2
and g. Cz)

is of degree K l .

Solve :

a.IT#--fEzTztEz
⇒ I =aztazztbtzbtc-2.cz/-cEbtc--

I - C -- a

Atb -2=0
⇒ b = 3C

Atc = O
C = 14

.

a =
- 114

b. = 314
.

F-* f. fez.IE
.

("n'Hittite



Fee) -- 4 ( & @htt ) -htt-DEJ
= 4 ( EI 2n -13 t HT] .

fn= { I
' ( 2h t 't ) n way

¥ . Cant 2) n odd

f-
n Iz tf u even
" { htt n

odd .
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Extra topic Catalan #
'
s

.

one of-tue-mdubiqut.us
sequences in combinatorics .

-
-
-

consider # of ways
of arranging

n pairs of brackets
.

Co := I ¢
C ,

= I C )

G = 2 KD CX )

C,
= C. KNOCK ) (CDC ) KD)

(CK ) )

: Coca GC , Cdo
: u

cut , = E Ci Cn - i
i=o



Notice that

I G- Cn - i is the nth

i - o

coefficient of CCE)? where

Ccz) = & Cn Zn

n 30 .

Therefore ,

Ccz) = 2-Az)
-

t l
-

in

shift by
constant term

Z -
Co

.

We can solve this as if it

is a quadratic equation
in Az) !



Zcczj
'

- Ccz ) t I = O

⇒
(Cz ) = I ± THE
-

ZZ

which function do we choose
"

±
"

?

Recall that :

Fiz = ( I -4z)k=n&( '

n'2)I-41¥

= I - 4/42)z t -
- - - -

Cee) has no terms with negative
exponents in Z

.

So we

not take CCZ ) = I - F4z
-

ZZ



A closed formula for Cn

Cn --
- t¥ (I

. )
=

c- IT 22h" (n¥
,
)

= htt"'CEKEKzt.t'Z
( atl ) !

= 22h41 2-htt).

¥1
" ' 3 '

- - - Ku - t )

= 2
"

. (2n) !¥:
¥134



The Catalan numbers enumerate

many other objects

Exercise Shar the
# of

ways
of Inundating a labelled

ht 2 - gon is Cn

I 2 I 2
I 2

' II , # EX .

Cz = 2 .

is



r

Generating functions of exponential
type ( 3.3 )

.

Another practical bookkeeping
device in the exponential
generating function of a sequence

can )

Ace) = I 9÷z
"

h70

we can add
, multiply and convolute

these series

[⇒ = A' iz ) Bite) then
C÷n=Eakbn# Cn -- E (E) akbh -k

k ! In- K ) ! F- o



Examples
.

eat E a!÷zn
ebt = [ by? zn

eatebte & (4) akbn
-K

1=0

It

qcatblt = q zh .

we obtain the binomial theorem

( atb)
n
= E ( L) akb

"-K

immediately from the exponential gf .



Consider again the number Dn of

derangement on 21
, >

n}

Recall we fond
n

n ! = S ( Ya ) Dk
K-0

So
,
Diz) = E Dnf za
et = E LT

.

Z
"

gie :

Dez) eZ= E Ii
!
Z
"

= Iz
Dez ) = ,f ← the nth coefficient

is the sun of
tee first h terms of EZ



ie
.

D÷ = E ID?
Kao k !

This is a generating function formulate

of "binomial inversion
"

Vez ) - Un let⇒ e-Feet- UH

Itcz ', = E Yin z
"

Jez, -

- E I. E


