
Chapters Asymptote Analysis
This technique can be used to

understand the grade of sequences

even when exact formulas cannot

be found
.

Def let feng
, gcn) be seqenccs

We say gcn) grows
faster than

fin) few L gcn ) if HE>o

there exists no CE ) s
-

t
.

Henle El gins / t n >now



° If fun) L gcn) and gcn)
= O

Hen fan) = O for nxn.cc )

for some NE) .

. If gcn)
has only finitely many

Thos then

ten - gens⇐ him
. tfghf.to .

•
The relation L is transitive

i.e . fend gin) , gcn) L fun) fun

fun) L heh) .

so na L nb for a
,
be IR afb



•

we have tee hierarchy :

C L log n L n EL che n
"

notice from calculus

log login 4 login and so on
,

where is n ! in this hierarchy ?

n ! L n
"

sine K ! s k
k

k > I

yet c
"

Eh ! for large

enough n (depending on c )
so c

"

L n !



Definition Big O notation

OlginD= { fin, /
t a constant cost .

If engl e Clgcnil
for sale n >- no th

?

Not 've Ocgcns) is a seat .

Nonetheless it is convention to

wite feng = Ogoni) when

we really mean fun) C- Olgin!

Example
.p.cn/=2n3-n2t6ntIO0pcn)--OCn3) since

inn " in:#innit :i:::.ii



Notice we could love also

written pen) =
On4)

,
01h51

.

these are not tee bed

possible estimates
.

DI For estimates from below

consider

Ngoni) -- fan, 17
a constant C> o sa

Ken,) > Clgch)) for Mao

again write fcnl = regent) if

ten) C- Regent) .
-

Notice fenj-ocg.cn))⇐
gcn )
=#fend



Both O and I are transit

To incorporate both :

⑦ lgcnltffen, :/
7 constants 9.G>o

Eight gonif
for nx no

.

We can also write

fin, Y gen ) ⇐ fer) - Cgcn ))
⇒ gen) = Offend



Even stronger version of this

is
.

fan) n gens ⇒ nhjm.gg/-- I

DI tf fin, n gon) we say
fun) and gun) are asymptotically
equal .

Example
.
Polynomials provide

examples of all three notions

1) pen) L gen ) ⇐ deg pen) s deg agent
z) pent T qln) ⇐ deg pen) = deg agent

3) pcnlnqcn, ⇐
pink gin)

and leading
coefficients are equal in absolute

value .



Example for fixed K> 0 what
is he asymptote of (2) ?

(4) = kch-H.int
Kl

.

=
NK - ( lez't . . -

t CK-D) n'←
'
t

. .

.

.

- + ( TX-2) . . - C - KH) n

KT
Therefore it is polynomial in n
of degree K

For fixed k
k .

Adrian



what about n ! = Nh-D . .
. . (2)Cl ) .

This is not polynomial in
'

n of

fixed degree of .

Stirling's formula :

Htm nI-a
- rt

.

so that

in ! N EET ( Z)
"

This can
be expressed and

proved logarithmically
login! = nlogn - n than logFit

+ Rcn)

where Rcn) → o as n→ a .



Some other know asymptotes

Stirling # ' s of second
knid

For k fixed as

Sh
,
re
N KI

K !

Sn
, re
=
# of set partitions of El . . ,n3
into K - subsets .

stray # is of tee first laid

6h
,
k

= # of porous on { I , - -
n ?

wite k cycle

For n fixed as KSN .

2h

~K6htK
,K 2N h!



Catalan #
'
s recall

Cn -- ¥14) .

Ch ~¥"%z( I tO( "n ) .

Partisans try
Pan antre
logpn ~ TFF
pain ,zI÷, etfs



⇒ login ! N nlogn - n t login
2

Last bit of notation
"

little onotaki
"

OlginD= { fun , : toxins
"

n!YE)
St .

tank
.

Yet?

By amentia we write :

fun) = ocglh)) to mean

fun) E O Cgc n)) .

1. e .

feat OCD ⇒ fca) → O

white fan) = OCD means

fun, is boarded above by acoooheatc.



Notice that little o is a

stronger statement than big O .

fun) E ocgcn)) ⇒ fun) c-Olgin)) .

converse is not true .

x¥xz ) x
- EON )

.

x2e6Cx3)
.

Order of magnitude for recurrence
relations

.

Recall Fibonacci sequence : we
fool

First ( of
"
- of)



Also total L I therefore

Fnntfgcf
"

of = Itr2

less precisely Fn K ¢
"

'

changing vital
condition

wouldn't change anything
The generating function would

be Fez, = ctdz
I - Z -2-2

and we would obtain

Eu = af
" tbf

"
.



For recurrences with fixed

length and constant coefficients

( Thou 3. 1) we can use explicit
formulas to find asymptotes .

What about other recurrences ?

-

Exan-pk.TTornament . Suppose 2¥n

players are in a tournament

with losers eliminated
. How

may rounds
must be played . ?

Tcn) = Ink) t l
,
Tito

.



TC 2K) = TCE
') t I

= T( 2K
-

2) t 2 -

- - -

= T ( IL tk = K .

In)= logs ( n ) .

= K
.

for a- 2K .

what about when n# 2k .

Then LE ) matches are played
in first round and players are
eliminated so

.

Ten) = T ( ft) ) t l Tito.



Tcn) = Hogan)

In general
,
we can consider

asymptotical
Tcn ) = atcnlb) tfcn)
Tcl) - C

whee ng means either fab )
or LTI

.

Thins a> 1,671 Tent F)thy

a) If fcn ) = O ( n tog b
a- E ) I Go

then Tony = ② (nlogba )

b) If fun) = ④ (nlosba) thenTcu)
(nlogba)



c) If fun) =D(ntsb
ate ) for

some e - o and at CI )
E c fen) for some CL l

and n> no the Ten)=

②Gens)
.

See text for the proof .


