
Latin Squares 12.3
.
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Def
.

A latin sg - are of order n is

an nxn matrix with entries in

{ l , . . ,n3 sit . t i appears in exactly
one row and one column

.

Example A- 3

T
'

2 3 I 2 3

2 3 I 3 I 2

3 I 2 2 3 I

Instead of 31 ...13
/

>

can fill withI any "alphabet"A finite set

IAI = N .



In other words a takin square

is a mapping

L: Lt
.
- on3×91. - on}→

El
.
-

- oh }

s -t
.

Lci .j )
-

- Lci
'

,j) ⇒ i -- i '

and
.

Lciij
' ) -- Lei ,jy⇒j=j' .

)
"Latin" because
·
CA , B , C - -. 3 in

used Latin alphabet
>

of 21 . --13-



GI n - 4

I 2 3 4 1 2 34 I 23 4 12 3 4

2 I 4 3 2 I 4 3 2 34 I 24 I 35/4 3 4 21 3412 34134234 3 2 I 4 3 I 2 4 1 23

Up to reordering rows t columns there are

any 4 distinct latin squares of order 4.



For any h
.

a takin square is

givin by
I 2 3 . . - -

N

2 3 4 . . - -A l F a

3 4 S
. . . - -

in
.
-12 ⇒ Latin

- square
. of
i

any

N I 2 . .

. . . . hey ,

order



~

DI Latin squares ↳ L
'
of order n

are orthogonal if tf pair
( a , .az ) E El . . > n 3×11 , - on

} there is

exactly are position Cisj ) s.la
.

Lciijl - a , L' lisj) = a z .

Example . ↳ L
'

are orthogonal !
I 2 3 I 2 3

.

.
.

↳ ; ; ; sa, }{//7T
- -



There are no orthogonal Latin squares
of order 2

.

£3 3L ) oag two distinct

Latin squares .

2%120 Not oetitoaount ! !



Conjecture.

(Euler 1782) Two orthogonal
Latin squares do not exist for

order n=4Kt2 .

FALSE!
-

The case he 6 is famously known as the
3-6 officer Robley .

Solution does not exist !



DI A collection of latin squares

Li , - s Lk are mutually orthogonal
if Li , Lj are orthogonal for

all i * j .

Questor .

What is the maximal # of

mutually orthogonal
Latin squares of order n

?

NC 2) = to
call this N.CI Nice ,= , !¥5e¥÷



Think For his 2 we have

M¥-1 and Ncn) = n- I

for n= pm p pnnie .



.BE Upper bond .

Let 4 . . . , Lt
be mutually ahh

.

takin squares

of order n .

Reorder the columns to

that t it 91 . - ,t3 .

Lill , l? - I , Lill ,21=2 , . - - .

. . ,
Lill , n ) - n .

This preserves orthogonality !

Now consider Li ( 2, 1) Fl .



By orthogonality Li ( 2,1 ) # Lj 12,1)
tf i # j . Therefore we can have

at most. n- I mutually orthogonal
Latin squarer ..



Construction when n - pm prime power .

I Gfln) -- Sido , - -

→ an-13 a finite field .

For h=l
,

. . . .
. ,q
- I define

Lalaing ) - ahaitaj tithe .

since Lhlai , aj) - Lhlai
'
, aj )

⇒ ahaitaj = anais taj
⇒ ai -ai sine ah hasmelt . inverse

.

pm
·



Also if Lhlai , aj ) - Lhlai , Aj
' )

⇒ aya, taj
= #taj)

aj
= aj?

This shoot
.

each elf of GF ( n) appear

exactly once in each row and column of

Lh .

⇒ La is a Latin square .

Consider Lh, Lk tho such Latin

squares.
and let car

,
as ) C- Gfln)xGFcn)



Ar = An X t Y .
This

as
-

- akxty.l-s.az?iIaiII,
is afield .

I.e .
I a unique i ,j s .t .

↳ ( ai , aj) = Ar .

Hence Lh , Lk

Lk ( ai , aj ) = as .

are orthogonal .
Ncn) = n - I when n - pm .

Ty



Thin! Let n -- nine then

Ncn , ,nz ) 3 min ( Ncn ,) , Nina))

Roof het K -- min (Ntn ,
)
,
Nlne) )

.

Then I
°

.

Li . . ..LK mutually wth .
on A

,
uh IA,Hn ,

Li - - rink mutually ok on Az with Akg
.



A- = Az then IAI = n , ha
- E .

*
: A x A → A .

Ln
Lilli , i

' )
, isis

' ) Kalish , Lili 's
' 'll

check that LF is a Latin sg -are

and LF , Ltte are orthogonal for
h # l . D

.



Corollary 1225 Let n= pink
be prime decomposition then

Mn) 3
, smile ( pi

ki
- l )

.

In particular, Ntn) > 2 V n# 2
mod 4

. ( ie n 't 4kt2) .

Cases left open
for existence of orthogonal Latin

squarer are the conjecture of Glee .

Ek=

Pi



Bose
,
Shri Khanate ,

Parker shared

Ntn) > 2 for all n't 2,6 ( 1960)
.

Euler 's cogechce is false except for a-2,6 .

-

Not a single value of is

known beyond a- 2,6 , pm !

"Euler Spoilers"


