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Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1

Let X be the space of bounded continuous functions from R to R with the
supremum metric

doo(f,9) = Sup |f(z) — g(z)].

la

Show that d,, defines a metric on X.

Possible answer: This is easy.

1b

Set fr(x) = f(x +r) for r € R. Show that if f € X and f is uniformly
continuous, then lim, o doo(fr, f) = 0.

Possible answer: Given £ > 0, we have to find a ¢ such that |r| < ¢ implies
that doo(f, fr) < €. Since f is uniformly continuous, we can find a § such
that |f(z) — f(z + )| < e for all |r| < d and for all x € R. Then

Ir| <0 = |f(x+7)— f(z)| < e for all z.

Then this inequality holds also for the supremum.

1c

For # € R, let g(x) = cos(x?m). Show that g is not uniformly continuous.
(Hint: As = grows, g will oscillate more and more rapidly.)

(Continued on page 2.)
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Possible answer: For n € N we have that

\g<¢ﬁ+ )—gwm]:z.

1
vn+1+/n

Hence, for any § > 0, we can find n such that

1
.
P vVn+1++yn —

and then

a1 l9(x) — g(z +7)| > [g(vn+p) — g(vVn)| = 2.

Thus g is not uniformly continuous.

1d

Is it true that lim, o deo(fr, f) =0 for all f € X7

Possible answer: No, not for the function in the previous question.

Problem 2

Let f:R? — R be a measurable function, and set

1 u > 0,
sign(u) =<0 u=0,
-1 u<0.

Show that the composite function s(z) = sign(f(x)) is measurable.

Possible answer: The function s is measurable if s=!{[—o0,7)} is
measurable for all r. Now

R r>1,
s [~} =4 o | fl@) <0} —1<r<1,
0 r < —1.

The upper and lower sets are measurable, and the middle set is measurable
since f is measurable.

Problem 3

Let X be a vector space with norm ||-||, and let V' C X be a linear subspace
(i.e., V is also a vector space with norm ||-||), such that int(V') # 0. Show
that V' = X. (int(V) is the set of interior points in V')

(Continued on page 3.)
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Possible answer: Let u € int(V'), then there is an » > 0 such that
B,(u) C V. Let z € B(u), since V is a vector space, z — u € V, but
z —u € B.(0). Hence B,(0) C V. Let x € X, then for p < r, y € B;(0),

where

y — L:L"
]l

Since V is a vector space © = ”%Hy € V. Hence V = X.

Problem 4

Let C[0, 1] denote the space of continuous functions from the interval [0, 1]
with values in R. Let Lu be defined by

1
(L) (1) = /0 L fu(s))ds,

1+t+s

where f : R — R is a bounded continuous function.

4a
Show that L maps C]0, 1] into C|0, 1].

Possible answer: We have that

1
[(Lu)(r) = (Lu)(2)] S/o ‘1—1—71'4-3 - 1+1+3)Md3

1
1
<Mi|r—t ‘————Wd

1
:§M|7—_t’7

where M is a bound on |f|. Thus Lu is continuous.

4b

Assume now that

—— |u—wv| for all uw and v.

Show that the equation Lu = u has a unique solution in C10, 1].

(Continued on page 4.)



Examination in MAT2400, Thursday, June 2, 2015 Page 4

Possible answer: We show that L is a contraction in the supremum norm.

1 1
1+t+sln(2)

1
|(Lu)(t) = (Lo)(®)] < /0 [u(s) = v(s)| ds

1 L |
< sup ut—vt/ds
ln(Q)te[O,1]| (#) = v (o) o 1+t+s
1

2+t
= sup |u(t) — v(t ln<>
) te[m]l @S e

since t > 0. Therefore L is a contraction, and Lu = u has a unique solution.

Problem 5

Let the function f : [—7, 7] — R be defined by

sin(z) x40
o= {7

and for = outside [—7, 7] f is the periodic extension.

S5a
Show that -
fle)y=>" cae™,
where L sinz)
Cn = 27T/(n1)7r - dz.
(Hint: write sin(z) = (e®® — e~®)/(2i) and use the change of variables

z=(n+1)zand z = (n—1)z.).

Possible answer: The periodic extension is continuous, hence the Fourier
series converges pointwise. Therefore we have the equality.

To compute the coefficients,

1 ™ sin(:c) 1 T giw(l-n) _ ,—iz(l+n)

- 7inxd - d
2t J_. = ¢ * 2 J_, 2ix v

Cn

— i T Le—ix(n—l) dr — i " Le—iz(n—&—l) dx
27 J_. 2ix 27 J_. 2ix i

Change variables z = xz(n — 1) in the first integral, and z = z(n + 1) in the

(Continued on page 5.)
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second to get

1 (n—1)m 1 ) (n+1)m 1 )
Cp = — (/ —e ¥dz — / —e ? dz)
2 (n=1)7 21z (n+1)m 21z

1 —(n=Dm 4 ) (n+)m )
(/ —e “dz — / —e ¥ dz) (z — —z in first integral)
(

T o —(ntl)r 212 n—l)r 212
1 (n+1)7r 1 ) (n+1)7r 1 )

= — (/ —e®dz — / —e ® dz)
20 \J(n—1)r 212 (n—1)r 212
1 (n+1)m o3

_ L sin(z) &

27 (n—1)m <

5b

Use this to compute the integral

/ sin(z) .
o T

Possible answer: We know that the series converges for = 0, hence

o (n+1)7w o
] 1 Z/ sin(z) &

2 ey 2
1 > €

_ 1, / sl o
2 ) o =

Therefore the integral equals 7.

THE END



