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Chapter 1

Preliminaries: Proofs, Sets,
and Functions

Chapters with the word ”preliminaries” in the title are never much fun, but
they are useful — they provide the reader with the background information
necessary to enjoy the main body of the text. This chapter is no exception,
but I have tried to keep it short and to the point; everything you find
here will be needed at some stage, and most of the material will show up
throughout the book. The exception is Section 1.5 which is only needed a
few places, and which you may want to skip on the first reading.

I have put a footnote on the sections that you may want to skip at the
first reading because they will only be required at a few special places.

Mathematical analysis is a continuation of calculus, but it is more ab-
stract and therefore in need of a larger vocabulary and more precisely defined
concepts. You have undoubtedly dealt with proofs, sets, and functions in
your previous mathematics courses, but probably in a rather casual way.
Now they become the centerpiece of the theory; there is no way to under-
stand what is going on if you don’t have a good grasp of these things —
the subject matter is so abstract that you can no longer rely on drawings
and intuition; you simply have to be able to understand the concepts and to
read, make and write proofs. Fortunately, this is not as difficult as it may
sound if you have never tried to take proofs and formal definitions seriously
before.

1.1 Proofs

There is nothing mysterious about mathematical proofs; they are just chains
of logically irrefutable arguments that bring you from things you already
know to whatever you want to prove. Still there are a few tricks of the trade
that are useful to know about.

Many mathematical statements are of the form “If A, then B”. This

3



4CHAPTER 1. PRELIMINARIES: PROOFS, SETS, AND FUNCTIONS

simply means that whenever statement A holds, statement B also holds,
but not necessarily vice versa. A typical example is: 7If n € N is divisible
by 14, then n is divisible by 7”. This is a true statement since any natural
number that is divisible by 14, is also divisible by 7. The opposite statement
is not true as there are numbers that are divisible by 7, but not by 14 (e.g.
7 and 21).

Instead of “If A, then B”, we often say that “A implies B” and write
A = B. As already observed, A = B and B = A mean two different
things. If they are both true, A and B hold in exactly the same cases, and
we say that A and B are equivalent. In words, we say “A if and only if B”,
and in symbols we write A <= B. A typical example is:

“A triangle is equilateral if and only if all three angels are 60°”

When we want to prove that A <= B, it is often convenient to prove
A = B and B = A separately.

If you think a little, you will realize that “A = B” and “not-B —
not-A” mean exactly the same thing — they both say that whenever A
happens, so does B. This means that instead of proving “A = B”, we
might just a well prove “not-B = not-A”. This is called a contrapositive
proof, and is convenient when the hypothesis “not-B” gives us more to work
on than the hypothesis “A”. Here is a typical example.

Proposition 1.1.1 If n? is an even number, so is n.

Proof: We prove the contrapositive statement: ”If n is odd, so is n?”: If n
is odd, it can be written as n = 2k + 1 for a nonnegative integer k. But then

n? = (2k + 1) = 4k* + 4k +1 = 2(2k* + 2k) + 1

which is clearly odd. O

It should be clear why a contrapositive proof is best in this case: The hy-
pothesis “n is odd” is much easier to work with than the original hypothesis
“n? is even”.

A related method of proof is proof by contradiction or reductio ad ab-
surdum. In these proofs, we assume the opposite of what we want to show,
and prove that this leads to a contradiction. Hence our assumption must be
false, and the original claim is established. Here is a well-known example.

Proposition 1.1.2 /2 is an irrational number.

Proof: We assume for contradiction that V/2 is rational. This means that

Va="

n



1.1. PROOFS 5

for natural numbers m and n. By cancelling as much as possible, we may
assume that m and n have no common factors.
If we square the equality above and multiply by n? on both sides, we get

o2n? = m?

This means that m? is even, and by the previous proposition, so is m. Hence
m = 2k for some natural number k, and if we substitute this into the last
formula above and cancel a factor 2, we see that

n? = 2k?

This means that n? is even, and by the previous proposition n is even. Thus
we have proved that both m and n are even, which is impossible as we as-
sumed that they have no common factors. This means that the assumption
that /2 is rational leads to a contradiction, and hence V2 must be irra-
tional. O

Let me end this section by reminding you of a technique you have cer-
tainly seen before, proof by induction. We use this technique when we
want to prove that a certain statement P(n) holds for all natural num-
bersn =1,2,3,.... A typical statement one may want to prove in this way,

is
1
Pmy1+2+3+~-+n:”m;)
The basic observation behind the technique is:

1.1.3 (Induction Principle) Assume that P(n) is a statement about nat-
ural numbers n = 1,2,3,.... Assume that the following two conditions are
satisfied:

(i) P(1) is true
(ii) If P(k) is true for some natural number k, then so is P(k + 1)
Then P(n) holds for all natural numbers n.

Let us see how we can use the principle to prove that

_ n(n+1)

P(n):1+42+3+---+n 5

holds for all natural numbers n.

First we check that the statement holds for n = 1: In this case the
formula says
1-(1+1)

2
which is obviously true. Assume so that P(k) holds for some natural number
k,i.e.

1=

k(k+1)

L4243+t k=g
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We then have

k(k + 1)
2

)= (I<:+1)2(k+2)

14+2+3++k+(k+1)=
which means that P(k + 1) is true. By the Induction Principle, P(n) holds
for all natural numbers n.

Exercises for Section 1.1

1. Assume that the product of two integers & and y is even. Show that at least
one the numbers is even.

2. Assume that the sum of two integers z and y is even. Show that x and y are
either both even or both odd.

3. Show that if n is a natural number such that n? is divisible by 3, then n is
divisible by 3. Use this to show that V/3 is irrational.

1.2 Sets and boolean operations

In the systematic development of mathematics, set is usually taken as the
fundamental notion from which all other concepts are developed. We shall
not be so ambitious, we shall just think naively of a set as a collection of
mathematical objects. A set may be finite, such as the set

{1,2,3,4,5,6,7,8,9}

of all natural numbers less than 10, or infinite as the set (0,1) of all real
numbers between 0 and 1.

We shall write z € A to say that x is an element of the set A, and = ¢ A
to say that x is not an element of A. T'wo sets are equal if they have exactly
the same elements, and we say that A is subset of B (and write A C B) if
all elements of A are elements of B, but not necessarily vice versa. Note
that there is no requirement that A is strictly included in B, and hence it
is correct to write A C B when A = B (in fact, a standard technique for
showing that A = B is first to show that A C B and then that B C A)! . By
() we shall mean the empty set, i.e. the set with no elements (you may feel
that a set with no elements is a contradiction in terms, but mathematical
life would be much less convenient without the empty set).

Many common sets have a standard name and notation such as

N={1,2,3,...}, the set of natural numbers

!Some books use an alternative notation where A C B means that A is strictly included
in B, and where A C B is used to denote that A is a subset of B in our sense.
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Z={...—3,-2,-1,0,1,2,3,...}, the set of all integers
Q, the set of all rational numbers

R, the set of all real numbers

C, the set of all complex numbers

R™,  the set of all real n-tuples

To specify other sets, we shall often use expressions of the kind
A={a|P(a)}

which means the set of all objects satisfying condition P. Often it is more
convenient to write

A={a€ B|P(a)}

which means the set of all elements in B satisfying the condition P. Exam-
ples of this notation are

~1,1]={zeR| -1<a<1}

and
A={2n—-1|neN}

where A is the set of all odd numbers. To increase readability I shall oc-
casionally replace the vertical bar | by a colon : and write A = {a : P(a)}
and A= {a € B : P(a)} instead of A = {a|P(a)} and A = {a € B|P(a)},
e.g. in expressions like {|ax| : |a| < 1} where there are lots of vertical bars
already.

If Ay, Ag, ..., A, are sets, their union and intersection are given by

A1UAsU. . .UA, = {a | a belongs to at least one of the sets Ay, As, ..., A}
and
AiNAyNn...NA, ={a| abelongs to all the sets Ay, Ag, ..., An},

respectively. Two sets are called disjoint if they do not have elements in
common, i.e. if AN B = (.

When we calculate with numbers, the distributive law tells us how to
move common factors in and out of parentheses:

b(ay + ag + -+ + an) = bay + bag + - - - bay,

Unions and intersections are distributive both ways, i.e. we have:
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Proposition 1.2.1 For all sets B, Ay, Ao, ..., A,
BN(AjUAU...UA,)=(BNA)U(BNA)U...U(BNA,) (1.2.1)
and
BU(AiNAsn...NA,)=(BUA)N(BUAy)N...Nn(BUA,) (1.2.2)

Proof: We prove the first formula and leave the second as an exercise. The
proof is in two steps: first we prove that the set on the left is a subset of the
one on the right, and then we prove that the set on the right is a subset of
the one on the left.

Assume first that x is an element of the set on the left, i.e. x € BN
(AU A U...UA,). Then x must be in B and at least one of the sets A;.
But then x € BN A;, and hence x € (BN A1) U(BNAy)U...U(BNA,).
This proves that

BN(AjUAyU...UA,) C(BNA)U(BNA)U...U(BNA,)

To prove the opposite inclusion, assume that x € (BN Ay) U (BN Ay) U
...U(BNA,). Then 2 € BN A; for at least one 7, an hence x € B and
x € A;. But if x € A; for some 4, then x € A1 UAs U ... U A,, and hence
x € BN(A1UAyU...UA,). This proves that

BN(AjUAyU...UA,) D (BNA)U(BNAy)U...U(BNA),)

As we now have inclusion in both directions, (1.2.1) follows. O

Remark: It is possible to prove formula (1.2.1) in one sweep by noticing
that all steps in the argument are equivalences and not only implications,
but most people are more prone to making mistakes when they work with
chains of equivalences than with chains of implications.

There are also other algebraic rules for unions and intersections, but
most of them are so obvious that we do not need to state them here (an
exception is De Morgan’s laws which we shall return to in a moment).

The set theoretic difference A\ B (also written A — B) is defined by

A\ B={a|la€ A a¢ B}

In many situations we are only interested in subsets of a given set U (often
referred to as the universe). The complement A€ of a set A with respect to
U is defined by

A=U\A={acUla¢ A}

We can now formulate De Morgan’s laws:
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Proposition 1.2.2 (De Morgan’s laws) Assume that Ay, As, ..., A, are
subsets of a universe U. Then

(AJUAsU.. UA,) = ASNASN...NAS (1.2.3)

and
(AiNAsn...NA,) =ATUASU...UA; (1.2.4)

(These rules are easy to remember if you observe that you can distribute
the ¢ outside the parentheses on the individual sets provided you turn all
U’s into N’s and all N’s into U’s).

Proof of De Morgan’s laws: We prove the first part and leave the second
as an exercise. The strategy is as indicated above; we first show that any
element of the set on the left must also be an elment of the set on the right,
and then vice versa.

Assume that x € (43 UA2U...UA,)° Then z ¢ Ay UAyU...UA,,
and hence for all ¢, x ¢ A;. This means that for all i, x € A, and hence
re AiNASN...NAS.

Assume next that x € Af N A5N...N Af. This means that x € Af for
all 4, in other words: for all i, x ¢ A; . Thus z ¢ A; U Ay U...U A, which
means that z € (4 UA2 U...UA,)" O

We end this section with a brief look at cartesian products. If we have
two sets, A and B, the cartesian product A x B consists of all pairs (a,b)
where a € A and b € B. If we have more sets Ay, As, ..., A,, the cartesian
product A; X Ay X --- x A, consists of all n-tuples (ai,aq,...,a,) where
a1y € Aj,ag € Ag, ... a, € Ay, If all the sets are the same (i.e. A; = A for
all 7), we usually write A™ instead of A x A x --- x A. Hence R" is the set
of all n-tuples of real numbers, just as you are used to, and C™ is the set of
all n-tuples of complex numbers.

Exercises for Section 1.2
1. Show that [0,2] U [1, 3] = [0, 3] and that [0,2] N [1,3] = [1, 2]
2. Let U = R be the universe. Explain that (—oo,0)¢ = [0, 00)
3. Show that A\ B = AnN B°.
4

. The symmetric difference A /A B of two sets A, B consists of the elements
that belong to exactly one of the sets A, B. Show that

ANB=(A\B)U(B\ A)
Prove formula (1.2.2).
Prove formula (1.2.4).
Prove that A; UAs U...UA, =U if and only if A{NA5N...NAS = 0.
Prove that (AUB)xC = (AxC)U(BxC) and (ANB)xC = (AxC)N(BxC(C).

®© N o o



10CHAPTER 1. PRELIMINARIES: PROOFS, SETS, AND FUNCTIONS

1.3 Families of sets
A collection of sets is usually called a family. An example is the family
A={la,b] | a,b € R}

of all closed and bounded intervals on the real line. Families may seem
abstract, but you have to get used to them as they appear in all parts of
higher mathematics. We can extend the notions of union and intersection
to families in the following way: If A is a family of sets, we define

U A = {a | a belongs to at least one set A € A}
AcA

and

ﬂ A ={a | a belongs to all sets A € A}
AeA

The distributive laws extend to this case in the obvious way. i.e.,
Bn(lJA=JBnA) and BU([]A)=[)(BUA
AcA AcA AcA AcA
and so do the laws of De Morgan:

(YU A =()4 and ([JA° =] 4

AcA AeA AeA AcA

Families are often given as indexed sets. This means we we have a basic
set I, and that the family consists of one set A; for each element in 1. We
then write the family as

A= {Az | 1€ I},
and use notation such as
U A; and ﬂ A;
iel iel

or alternatively

J{4i s ie T} and ({4 :ieT}

for unions and intersections

A rather typical example of an indexed set is A = {B,|r € [0,00)}
where B, = {(z,y) € R?|2% + y? = r?}. This is the family of all circles in
the plane with centre at the origin.
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Exercises for Section 1.3

Show that (J,, cy[—n,n] =R
Show that (), cn(—2, 1) = {0}.
Show that (J,,cy[2,1] = (0,1]

=

Show that (1, c(0, ] =0

A e S

Prove the distributive laws for families. i.e.,

Bn(lJ A= {JBnA) and BU([) A)= () (BUA)

AcA AcA AcA AcA

6. Prove De Morgan’s laws for families:

(U A=()4° and ([) A<= (] A4

AcA AcA AcA AcA

1.4 Functions

Functions can be defined in terms of sets, but for our purposes it suffices
to think of a function f : X — Y from X to Y as a rule which to each
element x € X assigns an element y = f(x) in Y. If f(x) # f(y) whenever
x # y, we call the function injective (or one-to-one). If there for each y € Y
is an € X such that f(x) =y, the function is called surjective (or onto).
A function which is both injective and surjective, is called bijective — it
establishes a one-to-one correspondence between the elements of X and Y.
If A is subset of X, the set f(A) C Y defined by

f(A) ={f(a) | ac A}

is called the image of A under f. If B is subset of Y, the set f~1(B) C X
defined by

fH(B) ={z € X|f(z) € B}
is called the inverse image of B under f. In analysis, images and inverse
images of sets play important parts, and it is useful to know how these

operations relate to the boolean operations of union and intersection. Let
us begin with the good news.

Proposition 1.4.1 Let B be a family of subset of Y. Then for all functions
f: X =Y we have

FAAdB=U B ad OB =()F1B)
BeB BeB BeB BeB

We say that inverse images commute with arbitrary unions and intersec-
tions.
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Proof: 1 prove the first part; the second part is proved similarly. Assume first
that z € f~'(Upeg B). This means that f(z) € |Jpcz B, and consequently
there must be at least one B € B such that f(x) € B. But then z €
f71(B), and hence = € (Jgep f~1(B). This proves that f~!'(UgepB) C
UBeB f_l (B)

To prove the opposite inclusion, assume that © € (Jgcp f ~1(B). There
must be at least one B € B such that x € f~!(B), and hence f(z) € B.
This implies that f(z) € Jpeg B, and hence z € f~H({Ugep B). O

For forward images the situation is more complicated:

Proposition 1.4.2 Let A be a family of subset of X. Then for all functions
f: X =Y we have

(A= rA) ad f([)Ac) A

AcA AcA AcA AcA

In general, we do not have equality in the last case. Hence forward images
commute with unions, but not always with intersections.

Proof: To prove the statement about unions, we first observe that since
A CUypeqAforall Aec A, we have f(A) C f(Uyea)A for all such A. Since
this inclusion holds for all A, we must also have (J,c 4 f(A) C f(Uaca) To
prove the opposite inclusion, assume that y € f(lJsc 4 A). This means that
there exists an € |J ¢ 4 A such that f(x) = y. This  has to belong to at
least one A € A, and hence y € f(A) C Uyeca f(A).

To prove the inclusion for intersections, just observe that since (4.4 A C
A for all A € A, we must have f((4c4A) C f(A) for all such A. Since
this inclusion holds for all A, it follows that f((4c4A) C Naca f(A). The
example below shows that the opposite inclusion does not always hold. O

Example 1: Let X = {zj,22} and Y = {y}. Define f : X — Y by
f(z1) = f(z2) =y, and let A} = {1}, Ay = {x2}. Then A3 N A = ) and
consequently f(A;NAy) = (. On the other hand f(A;) = f(A2) = {y}, and
hence f(A1)N f(A2) = {y}. This means that f(A1NAs) # f(A1)Nf(A2)..

The problem in this example stems from the fact that y belongs to both
f(A1) and f(Az), but only as the image of two different elements x; € A;
og T2 € As; there is no common element x € A; N As which is mapped to
y. This problem disappears if f is injective:

Corollary 1.4.3 Let A be a family of subset of X. Then for all injective
functions f : X — Y we have

(=) r

AcA AcA
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Proof: The easiest way to show this is probably to apply Proposition 2 to
the inverse function of f, but I choose instead to prove the missing inclusion
J(NacaA) D Naca f(A) directly.

Assume y € (44 f(A). For each A € A there must be an element
x4 € A such that f(za) = y. Since f is injective, all these x4 € A must
be the same element x, and hence x € A for all A € A. This means that
r € (\gecq A, and since y = f(z), we have proved that y € f((yecq4). O

Taking complements is another operation that commutes with inverse
images, but not (in general) with forward images.

Proposition 1.4.4 Assume that f : X — Y is a function and that B C
Y. Then f~1(B¢)) = (f~Y(B))°. (Here, of course, B = Y \ B is the
complement with respect to the universe Y, while (f~%(B))¢ = X \ f~Y(B)
is the complemet with respect to the universe X ).

Proof: An element z € X belongs to f~(B¢) if and only if f(x) € B
On the other hand, it belongs to (f~!(B))¢ if and only if f(z) ¢ B, i.e. iff
f(x) € B 0

Finally, let us just observe that being disjoint is also a property that
is conserved under inverse images; if AN B = ), then f~'(A)N f~Y(B) =
(). Again the corresponding property for forward images does not hold in
general.

Exercises for Section 1.4
1. Let f: R — R be the function f(z) = 22. Find f([-1,2]) and f~1([-1,2]).

2. Let g : R? — R be the function g(x,y) = 2 + y2. Find f([-1,1] x [-1,1])
and ([0, 4]).

3. Show that a strictly increasing function f : R — R is injective. Does it have
to be surjective?

4. Prove the second part of Proposition 1.4.1.

5. Find a function f : X — Y and a set A C X such that we have neither
f(A°) C f(A)° nor f(A)° C f(A°).

6. Show that if f: X — Y and g : Y — Z are injective, then go f : X — Z is
injective.

7. Show that if f: X — Y and g: Y — Z are surjective, then go f : X — Z is
surjective.
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1.5 Relations and partitions

In mathematics there are lots of relations between objects; numbers may be
equal, lines parallell, vectors orthogonal and so on. Sometimes it convenient
to have an abstract definition of what we mean by a relation.

Definition 1.5.1 By a relation on a set A, we mean a subset R of the
cartesian product A x A. We usually write xRy instead of (z,y) € R to
denote that © and y are related. The symbols ~ and = are often used to
denote relations, and we then write x ~ y and x = y.

At first glance this definition may seem strange as very few people think
of relations at subsets of A x A, but a little thought will convince you that
it gives us a convenient starting point, especially if I add that in practice,
relations are rarely arbitrary subsets of A x A, but have much more structure
than the definition indicates. We shall take a look at one such class of rela-
tions, the equivalence relations. Equivalence relations are used to partition
sets into subsets, and from a pedagogical point of view, it is probably better
to start with the related notion of a partition.

As the material in
section is only use
few places in the b
you may want to sk
at the first reading
shall tell you when
needed.

Informally, a partition is what we get if we divide a set into non-overlapping

pieces. Mote precisely, If A is a set, a partition P of A is a family of subset
of A such that

() Upep P =4
(ii) any two subsets of P are disjoint,

Given a partition of A, we may introduce a relation ~ on A by
x ~y <= x and y belong to the same set P € P,
it is easy to check that ~ has the following three properties:
(i) x ~x for all z € X,
(ii) If x ~y, then y ~ z,
(iii) If x ~y and y ~ z, then z ~ z.

We say that ~ is the relation induced by the partition P.

Let us now turn the tables around and start with a relation on X satis-
fying conditions (i)-(iii). Any such relation is called an equivalence relation.
For each = € X, define the equivalence class [x] of = by:

[z] ={y € X |z ~y}

The following result tells us that there is a one-to-one correspondence be-
tween partitions and equivalence relations — all partitions induce an equiv-
alence relation, and all equivalence relations define a partition
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Proposition 1.5.2 If ~ is an equivalence relation on A, the collection of
equivalence classes

P={z] : z€ X}

1$ a partition of X.

Proof: We have to prove that each = in A belongs to exactly one equivalence
class. We first observe that since x ~ x by (i), = € [z] and hence belongs to
at least one equivalence class. To finish the proof, we have to show that if
x € [y] for some other element y € A, then [z] = [y].

We first prove that [y] C [z]. To this end assume that z € [y]. By
definition, this means that y ~ z. On the other hand, the assumption that
x € [y] means that y ~ z, which by (ii) implies that  ~ y. We thus have
x ~y and y ~ z, which by (iii) means that x ~ z. Thus z € [z], and hence
we have proved that [y] C [].

The opposite inclusion [z] C [y] is proved similarly: Assume that z € [z].
By definition, this means that « ~ z. On the other hand, the assumption
that = € [y] means that y ~ x. We thus have y ~ x and = ~ z, which by
(iii) implies that y ~ z. Thus z € [y], and we have proved that [z] C [y]. O

Let us take a look at example of how equivalence classes are used to
define partitions. It assumes that you remember a little linear algebra:

Example 1.5.3: Let V be a vector space and U a subspace. Define a
relation on V' by

r~y<=z—yeclU

Let us show that ~ is an equivalence relation by checking the three conditions
(i)-(iii) in the definition:

(i) Since z —x =0 € U, we see that z ~ x for all z € V.

(ii) Assume that x ~ y. This means that x —y € U, and hence y — x =
—(x — y) € U since subspaces are closed under multiplication by scalars.
This means that y ~ z.

(iii) If z ~y and y ~ z, then x —y € U and y — z € U. Since subspaces
are closed under addition, this means that z — 2 = (v —y) + (y — 2) € U,
and hence = ~ z.

As we have now proved that ~ is an equivalence relation, the equivalence
classes of ~ form a partition of V. &

If ~ is an equivalence relation on X, we let X/~ denote the set of all
equivalence classes of ~. Such quotient constructions are common in all
parts of mathematics, and you will see a few examples in this book.
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Exercises to Section 1.5
1. Let P be a partition of a set A, and define a relation ~ on A by
T ~ y <= z and y belong to the same set P € P

Show that ~ is an equivalence relation.

2. Let L be the collection of all lines in the plane. Define a relation on £ by
saying that two lines are equivalent if and only if they are parallel. Show
that this an quivalence relation on L.

3. Define a relation on C by
2y = 2] = |wl

Show that ~ is an equivalence relation. What does the equivalence classes
look like?

4. Let m be a natural number. Define a relation = on Z by
T =y <= x —y is divisible by m

Show that = is an equivalence relation on Z. How many partition classes are
there, and what do they look like?

5. Let M be the set of all n x n matrices. Define a relation on ~ on M by
A ~ B <= if there exists an invertible matrix P such that A = P"'BP

Show that ~ is an equivalence relation.

1.6 Countability

A set A is called countable if it possible to make a list a1, ao, . . ., ay, . . . which
contains all elements of A. This is the same as saying that A is countable if
there exists a surjective function f : N — A. Finite sets A = {a1,a2,...,am}

are obviously countable? as they can be listed

ai, az; ..., am, am, Am; - - -

(you may list the same elements many times). The set N of all natural
numbers is also countable as it is automatically listed by

1,2,3,...

It is a little less obvious that the set Z of all integers is countable, but we
may use the list
0,1,-1,2,-2,3,-3...
It is also easy to see that a subset of a countable set must be countable, and
that the image f(A) of a countable set is countable (if {a,} is a listing of
A, then {f(a,)} is a listing of f(A)).
The next result is perhaps more surprising:

2Some books exclude the finite sets from the countable and treat them as a separate
category, but that would be impractical for our purposes.
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Proposition 1.6.1 If the sets A, B are countable, so is the cartesian prod-
uct A x B.

Proof: Since A and B are countable, there are lists {a,}, {b,} containing
all the elements of A and B, respectively. But then

{<a17 bl): (a27 bl)? (ala b2)a (a37 bl)v (a27 62)7 (alv b3)7 (CL4, bl)a (a?n b2>7 R 7}

is a list containing all elements of A x B (observe how the list is made; first
we list the (only) element (a1,b1) where the indicies sum to 2, then we list
the elements (ag, b1), (a1, b2) where the indicies sum to 3, then the elements
(a3, b1), (a2, b2), (a1, b3) where the indicies sum to 4 etc.) O

Remark If Ay, Ay, ..., A, is a finite collection of countable sets, then the
cartesian product A; x As x --- x A, is countable. This can be proved by
induction from the Proposition above, using that Ay x --+ x A X Agyq is
essentially the same set as (A X -+ X Ag) X Agiq.

The same trick we used to prove Proposition 1.6.1, can also be used to
prove the next result:

Proposition 1.6.2 If the sets A1, As, ..., Ay, ... are countable, so is their

union | J,,cny An. Hence a countable union of countable sets is itself countable.

Proof: Let A; = {a1,a;2,...,ain,...} be a listing of the i-th set. Then
{a11,a21,a12,a31,a22, 013, a41,a32, . . .}
is a listing of | J;cpy As- O

Proposition 1.6.1 can also be used to prove that the rational numbers
are countable:

Proposition 1.6.3 The set Q of all rational numbers is countable.

Proof: According to Proposition 9, the set Z x N is countable and can be
listed (a1,b1), (ag,b2), (as,bs),.... But then 2+, 22 23" is a list of all the

b1 b2 by
elements in Q (due to cancellations, all rational numbers will appear in-
finitely many times in this list, but that doesn’t matter). a

Finally, we prove an important result in the opposite direction:

Theorem 1.6.4 The set R of all real numbers is not countable.
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Proof: (Cantor’s diagonal argument) Assume for contradiction that R is
countable and can be listed r{,79,7r3,.... Let us write down the decimal
expansions of the numbers on the list:

rn = wi.aiijai2a13ai4 ...
o = wW2.021a922023024 . . .
r3s = wWs3.a31a32033034 - ..
T4 = W4.041042043044 - ..
(w; is the integer part of r;, and a;1, a2, a;3, . . . are the decimals). To get our

contradiction, we introduce a new decimal number ¢ = 0.cicacgey . .. where
the decimals are defined by:

1 ifaiiyél
C; =
2 ifau‘:1

This number has to be different from the i-th number r; on the list as the
decimal expansions disagree on the i-th place (as ¢ has only 1 and 2 as
decimals, there are no problems with nonuniqueness of decimal expansions).
This is a contradiction as we assumed that all real numbers were on the list.O

Exercises to Section 1.6

1. Show that a subset of a countable set is countable.
2. Show that if A1, Ao, ... A, are countable, then A; x Ay x - -+ A,, is countable.

3. Show that the set of all finite sequences (q1,¢2,--.,qk), k € N, of rational
numbers is countable.

4. Show that if A is an infinite, countable set, then there is a list a1, as, as, ...
which only contains elements in A and where each element in A appears
only once. Show that if A and B are two infinite, countable sets, there is a
bijection (i.e. an injective and surjective function) f: A — B.

5. Show that the set of all subsets of N is not countable (Hint: Try to modify
the proof of Theorem 1.6.4.)



Chapter 2

Metric Spaces

Many of the arguments you have seen in several variable calculus are almost
identical to the corresponding arguments in one variable calculus, especially
arguments concerning convergence and continuity. The reason is that the
notions of convergence and continuity can be formulated in terms of distance,
and that the notion of distance between numbers that you need in the one
variable theory, is very similar to the notion of distance between points or
vectors that you need in the theory of functions of severable variables. In
more advanced mathematics, we need to find the distance between more
complicated objects than numbers and vectors, e.g. between sequences, sets
and functions. These new notions of distance leads to new notions of con-
vergence and continuity, and these again lead to new arguments suprisingly
similar to those we have already seen in one and several variable calculus.

After a while it becomes quite boring to perform almost the same argu-
ments over and over again in new settings, and one begins to wonder if there
is general theory that covers all these examples — is it possible to develop
a general theory of distance where we can prove the results we need once
and for all? The answer is yes, and the theory is called the theory of metric
spaces.

A metric space is just a set X equipped with a function d of two variables
which measures the distance between points: d(z,y) is the distance between
two points z and y in X. It turns out that if we put mild and natural
conditions on the function d, we can develop a general notion of distance
that covers distances between number, vectors, sequences, functions, sets
and much more. Within this theory we can formulate and prove results
about convergence and continuity once and for all. The purpose of this
chapter is to develop the basic theory of metric spaces. In later chapters we
shall meet some of the applications of the theory.

19
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2.1 Definitions and examples

As already mentioned, a metric space is just a set X equipped with a function
d: X x X — R which measures the distance d(z,y) beween points z,y € X.
For the theory to work, we need the function d to have properties similar
to the distance functions we are familiar with. So what properties do we
expect from a measure of distance?

First of all, the distance d(z,y) should be a nonnegative number, and it
should only be equal to zero if z = y. Second, the distance d(z,y) from x to
y should equal the distance d(y, x) from y to z. Note that this is not always
a reasonable assumption — if we, e.g., measure the distance from x to y by
the time it takes to walk from x to y, d(z,y) and d(y, z) may be different —
but we shall restrict ourselves to situations where the condition is satisfied.
The third condition we shall need, says that the distance obtained by going
directly from x to y, should always be less than or equal to the distance we
get when we stop at a third pont z along the way, i.e.

d(z,y) < d(z,z) + d(z,z)

It turns out that these conditions are the only ones we need, and we sum
them up in a formal definition.

Definition 2.1.1 A metric space (X, d) consists of a non-empty set X and
a function d : X x X — [0,00) such that:

(i) (Positivity) For all z,y € X, d(x,y) > 0 with equality if and only if
xr=y.

(ii) (Symmetry) For all x,y € X, d(z,y) = d(y, ).
(iii) (Triangle Inequality) For all z,y,z € X

d(x,y) < d(x,z) +d(z,y)
A function d satisfying conditions (i)-(iii), is called a metric on X.

Comment: When it is clear — or irrelevant — which metric d we have in
mind, we shall often refer to “the metric space X” rather than “the metric
space (X, d)”.

Let us take a look at some examples of metric spaces.

Example 1: If we let d(z,y) = |x—y|, (R, d) is a metric space. The first two
conditions are obviously satisfied, and the third follows from the ordinary
triangle inequality for real numbers:

dz,y) = |z -yl =[x —2) + (z —y)l <[z — 2]+ [z —y| = d(z, 2) +d(2,y)
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Example 2: If we let d(x,y) = [x —y|, then (R",d) is a metric space. The
first two conditions are obviously satisfied, and the third follows from the
triangle inequality for vectors the same way as above :

dxy) =x-y[=[x—-2)+(@-y) < |x-2z[+[z-y| =d(x,2) +d(zy)

Example 3: Assume that we want to move from one point x = (x1,x2)
in the plane to another y = (y1,y2), but that we are only allowed to move
horizontally and vertically. If we first move horizontally from (x1,x2) to
(y1,x2) and then vertically from (y1,z2) to (y1,y2), the total distance is

d(x,y) = |y1 — z1| + |y2 — 2|

This gives us a metric on R? which is different from the usual metric in
Example 2. It is ofte referred to as the Manhattan metric or the taxi cab
metric.

Also in this cas the first two conditions of a metric space are obviously
satisfied. To prove the triangle inequality, observe that for any third point
z = (21, 22), we have

dx,y)=lyi —z1| + |y2 — 1] =

=[(y1 —21) + (21 —2)|[ + [(y2 — 22) + (22 — 22)| <
<lyr =zl + |21 — 21| + |y2 — 22| + |22 — 22| =
= |21 — 21| + [22 — 2| + [y1 — 21| + [y2 — 22| =
= d(z,2) +d(z,y)

where we have used the ordinary triangle inequality for real numbers to get
from the second to the third line.

Example 4: We shall now take a look at an example of a different kind.
Assume that we want to send messages in a language of N symbols (letters,
numbers, punctuation marks, space, etc.) We assume that all messages have
the same length K (if they are too short or too long, we either fill them out
or break them into pieces). We let X be the set of all messages, i.e. all
sequences of symbols from the language of length K. If x = (21, z2,...,TK)
and y = (y1,¥2,-..,YK) are two messages, we define

d(x,y) = the number of indices n such that x,, # y,

It is not hard to check that d is a metric. It is usually referred to as the
Hamming-metric, and is much used in coding theory where it serves as a
measure of how much a message gets distorted during transmission.
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Example 5: There are many ways to measure the distance between func-
tions, and in this example we shall look at some. Let X be the set of all
continuous functions f : [a,b] — R. Then

di(f,9) = sup{[f(2) — g(2)| : = € [a,b]}

is a metric on X. This metric determines the distance beween two functions
by measuring the distance at the xz-value where the graphs are most apart.
This means that the distance between two functions may be large even if
the functions in average are quite close. The metric

b
do(f. g) = / (@) - g(a)] da

instead sums up the distance between f(z) og g(z) at all points. A third
popular metric is

a0 - ([ 1) - a(a)P? ozof:)é

This metric is a generalization of the usual (euclidean) metric in R™:

(Z(azi - yi)2>

=1

(think of the integral as a generalized sum). That we have more than
one metric on X, doesn’t mean that one of them is “right” and the oth-
ers “wrong”, but that they are useful for different purposes.

Eksempel 6: The metrics in this example may seem rather strange. Al-
though they are not very useful in applications, they are handy to know
about as they are totally different from the metrics we are used to from R"”
and may help sharpen our intuition of how a metric can be. Let X be any
non-empty set, and define:

0 ifx=y
d(z,y) =
1 ifz#y

It is not hard to check that d is a metric on X, usually referred to as the
discrete metric.

Eksempel 7: There are many ways to make new metric spaces from old.
The simplest is the subspace metric: If (X,d) is a metric space and A
is a non-empty subset of X, we can make a metric d4 on A by putting
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da(z,y) = d(z,y) for all x,y € A — we simply restrict the metric to A. It
is trivial to check that d4 is a metric on A. In practice, we rarely bother to
change the name of the metric and refer to d4 simply as d, but remember
in the back of our head that d is now restricted to A.

There are many more types of metric spaces than we have seen so far, but
the hope is that the examples above will give you a certain impression of the
variety of the concept. In the next section we shall see how we can define
convergence and continuity for sequences and functions in metric spaces.
When we prove theorems about these concepts, they automatically hold in
all metric spaces, saving us the labor of having to prove them over and over
again each time we introduce a new class of spaces.

Let us end this section by an immediate consequence of the triangle
inequality.

Proposition 2.1.2 (Inverse Triangle Inequality) For all elementsx,y, z
in a metric space (X,d), we have

|d(z, y) — d(x, 2)| < d(y, 2)

Proof: Since the absolute value |d(z,y) — d(x, )| is the largest of the two
numbers d(z,y) — d(z, z) and d(x, z) — d(z,y), it suffices to show that they
are both less than or equal to d(y, z). By the triangle inequality
(

d(z,y) < d(z, 2) + d(z,y)
and hence d(z,y) — d(z,z) < d(z,y) = d(y, z). To get the other inequality,
we use the triangle inequality again,
d(z,z) < d(z,y) + d(y, 2)
and hence d(z, z) — d(z,y) < d(y, 2). O

Problems for Section 2.1

. Show that (X, d) in Example 4 is a metric space.
. Show that

1

2 X,dy) in Example 5 is a metric space.
3. Show that
4

5

(
(
(X,d2) in Example 5 is a metric space.
. Show that (X, d) in Example 6 is a metric space.

. A sequence {x,}nen of real numbers is called bounded if there is a number
M € R such that |z,| < M for all n € N. Let X be the set of all bounded
sequences. Show that

d({zn}, {yn}) =sup |z, — yu| :n € N}

is a metric on X.
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. If V is a (real) vector space, a function |-|: V — R is called a norm if the

following conditions are satisfied:
(i) For all x € V, |x| > 0 with equality if and only if = 0.
(i) |ax| = |a||z| for all « € R and all x € V.
(iil) |z +y| < |z|+ |y| for all z,y € V.
Show that if | - | is a norm, then d(z,y) = |x — y| defines a metric on V.

Show that for vectors x,y,z € R™,

[x—yl—x—z[| <]y -z

. Assume that d; og dy are two metrics on X. Show that

d(z,y) = di(x,y) + da(z,y)

is a metric on X.

. Assume that (X,dx) and (Y, dy) are two metric spaces. Define a function

d:( X xY)x(XxY)—=R

by
d((w1,y1), (v2,92)) = dx (x1,72) + dy (y1,2)

Show that d is a metric on X x Y.
Let X be a non-empty set, and let p: X x X — R be a function satisfying:
(i) p(z,y) > 0 with equality if and only if x = y.
(i) p(z,y) < p(z,2) + p(z,y) for all x,y,z € X.
Defined: X x X — R by

d(x,y) = max{p(z,y), p(y, )}

Show that d is a metric on X.

2.2 Convergence and continuity

We begin our study of metric spaces by defining convergence of sequences. A

sequence {zy } in a metric space X is just an ordered collection {1, x2, x3, ..., Tn,..

of elements in X enumerated by the natural numbers.

Definition 2.2.1 Let (X,d) be a metric space. A sequencee {x,} in X
converges to a point a € X if there for every € > 0 exists an N € N such
that d(zy,a) < € for alln > N. We write limy,—,o0 ,, = @ o1 T, — a.

Note that this definition exactly mimics the definition of convergence in
R og R™. Here is an alternative formulation.

)
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Lemma 2.2.2 A sequence {x,} in a metric space (X,d) converges to a if
and only if limy, oo d(xp,a) = 0.

Proof: The distances {d(zy,a)} form a sequence of nonnegative numbers.
This sequence converges to 0 if and only if there for every € > 0 exists an
N € N such that d(zy,a) < € when n > N. But this is exactly what the
definition above says. O

May a sequence converge to more than one point? We know that it
cannot in R”, but some of these new metric spaces are so strange that we
can not be certain without a proof.

Proposition 2.2.3 A sequence in a metric point can not converge to more
than one point.

Proof: Assume that lim,, ..., = a and lim, ..z, = b. We must show
that this is only possible if a = b. According to the triangle inequality

d(a,b) < d(a,zn) + d(zn,b)
Taking limits, we get

d(a,b) < lim d(a,z,)+ lim d(x,,b) =0+0=0
n—oo n—oo
Consequently, d(a,b) = 0, and according to point (i) (positivity) in the def-
inition of metric spaces, a = b. O

Note how we use the conditions in Definition 2.1.1 in the proof above. So
far this is all we know about metric spaces. As the theory develops, we shall
get more and more tools to work with.

We can also phrase the notion of convergence in more geometric terms.
If a is an element of a metric space X, and r is a positive number, the (open)
ball centered at a with radius r is the set

B(a;r) ={zx € X |d(z,a) <7}

As the terminology suggests, we think of B(a;r) as a ball around a with
radius r. Note that = € B(a;7) means exactly the same as d(z,a) <.

The definition of convergence can now be rephrased by saying that {x, }
converges to a if the terms of the sequence {z,} eventually end up inside
any ball B(a; €) around a.

Let us now see how we can define continuity in metric spaces.

Definition 2.2.4 Assume that (X,dx), (Y,dy) are two metric spaces. A
function f: X — Y is continuous at a point a € X if for every e > 0 there
is a 0 > 0 such that dy (f(z), f(a)) < € whenever dx(z,a) < J.
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This definition says exactly the same as as the usual definitions of continuity
for functions of one or several variables; we can get the distance between
f(z) and f(a) smaller than € by choosing = such that the distance between
x and a is smaller than 0. The only difference is that we are now using the
metrics dx og dy to measure the distances.

A more geometric formulation of the definition is to say that for any open
ball B(f(a);€) around f(a), there is an open ball B(a,d) around a such that
f(B(a;d)) € B(f(a);e) (make a drawing!).

There is a close connection between continuity and convergence which
reflects our intuitive feeling that f is continuous at a point a if f(x) ap-
proaches f(a) whenever x approaches a.

Proposition 2.2.5 The following are equivalent for a function f: X —Y
between metric spaces:

(i) f is continuous at a point a € X.

(ii) For all sequences {x,} converging to a, the sequence { f(xy,)} converges

to f(a).

Proof: (i) = (ii): We must show that for any € > 0, there is an N € N
such that dy (f(zy), f(a)) < € when n > N. Since f is continuous at a,
there is a § > 0 such that dy (f(x,), f(a)) < € whenever dx(x,a) < J. Since
&y, converges to a, there is an N € N such that dx(zp,a) < § when n > N.
But then dy (f(zy), f(a)) < e for all n > N.

(17) = (i) We argue contrapositively: Assume that f is not continuous
at a. We shall show that there is a sequence {z,,} converging to a such that
{f(zy)} does not converge to f(a). That f is not continuous at a, means
that there is an € > 0 such that no matter how small we choose § > 0, there
is an 2 such that dx(z,a) < d, but dy (f(x), f(a)) > €. In particular, we can
for each n € N find an x,, such that dx (zy,a) < 2, but dy (f(zn), f(a)) > €.
Then {z,,} converges to a, but {f(z,)} does not converge to f(a). |

The composition of two continuous functions is continuous.

Proposition 2.2.6 Let (X,dx), (Y,dy), (Z,dz) be three metric spaces.
Assumethat f : X — Y andg:Y — Z are two functions, and leth : X — Z
be the composition h(x) = g(f(x)). If f is continuous at the point a € X
and g is continuous at the point b = f(a), then h is continuous at a.

Proof: Assume that {z,} converges to a. Since f is continuous at a, the
sequence {f(x,)} converges to f(a), and since g is continuous at b = f(a),
the sequence {g(f(x,))} converges to g(f(a)), i.e {h(xy,)} converges to h(a).
By the proposition above, h is continuous at a. O
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As in calculus, a function is called continuous if it is continuous at all
points:

Definition 2.2.7 A function f : X — Y between two metrics spaces is
called continuous if it continuous at all points x in X.

Problems to Section 2.2

1.

Assume that (X,d) is a discrete metric space (recall Example 6 in Section
2.1). Show that the sequence {z,} converges to a if and only if there is an
N € N such that x,, = a for all n > N.

. Prove Proposition 2.2.6 without using Proposition 2.2.5, i.e. use only the

definition of continuity.

Assume that (X,d) is a metric space, and let R have the usual metric
dr(z,y) = |z — y|. Assume that f,g: X — R are continuous functions.

a) Show that c¢f is continuous for all constants ¢ € R.
b) Show that f + g is continuous.
c¢) Show that fg is continuous.
Let (X,d) be a metric space and choose a point ¢ € X. Show that the

function f : X — R given by f(x) = d(z,a) is continuous (we are using the
usual metric dr(z.y) = |z — y[ on R).

Let (X,dx) and (Y,dy) be two metric spaces. A function f : X — Y
is said to be a Lipschitz function if there is a constant K € R such that

dy (f(u), f(v)) < Kdx(u,v) for all u,v € X. Show that all Lipschitz func-
tions are continuous.

Let dr be the usual metric on R and let dgisc be the discrete metric on R.
Let id : R — R be the identity function id(x) = . Show that

Zd . (R, ddisc) — (R,d]}g)
is continuous, but that
Zd : (R, dR) — (R, ddisc)

is not continuous. Note that this shows that the inverse of a bijective, con-
tinuous function is not necessarily continuous.

Assume that d; and dy are two metrics on the same space X. We say that
dy and dy are equivalent if there are constants K and M such that dy (z,y) <
Kds(x,y) and da(z,y) < Mdy(z,y) for all z,y € X.

a) Assume that d; and ds are equivalent metrics on X. Show that if {z,}
converges to a in one of the metrics, it also converges to a in the other
metric.

b) Assume that d; and ds are equivalent metrics on X, and that (Y,d) is
a metric space. Show that if f : X — Y is continuous when we use the
di-metric on X, it is also continuous when we use the dy-metric.
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¢) We are in the same setting as i part b), but this time we have a function
g:Y — X. Show that if ¢ is continuous when we use the d;-metric on
X, it is also continuous when we use the do-metric.

d Assume that dy, dy and dsz are three metrics on X. Show that if d;
and ds are equivalent, and ds and d3 are equivalent, then d; and ds are
equivalent.

e) Show that
di(x,y) = |z1 —y1| + |22 — g2 + ... + |20 — Yn

da(x,y) = max{|z1 — w1, [w2 = yal,- - |20 — ynl}

d3(x,y) = \/|9C1 —y1\2+ |$2 —y2|2 +.o 4+ |3«"n —yn\Q

are equivalent metrics on R”.

2.3 Open and closed sets

In this and the following sections, we shall study some of the most important
classes of subsets of metric spaces. We begin by recalling and extending the
definition of balls in a metric space:

Definition 2.3.1 Let a be a point in a metric space (X, d), and assume that
T is a positive, real number. The (open) ball centered at a with radius r is
the set

B(a;r) ={x € X : d(z,a) <71}

The closed ball centered ar a with radius r s the set

B(a;r) ={x € X : d(z,a) <r}

In many ways, balls in metric spaces behave just the way we are used to, but
geometrically they may look quite different from ordinary balls. A ball in the
Manhattan metric (Example 3 in Section 2.1) looks like an ace of diamonds,
while a ball in the discrete metric (Example 6 i Section 2.1) consists either
of only one point or the entire space X.

If A is a subset of X and z is a point in X, there are three possibilities:

(i) There is a ball B(z;7) around z which is contained in A. In this case
x is called an interior point of A.

(ii) There is a ball B(z;r) around = which is contained in the complement
A°. In this case x is called an exterior point of A.

(iii) All balls B(z;7) around = contains points in A as well as points in the
complement A¢. In this case x is a boundary point of A.
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Note that an interior point always belongs to A, while an exterior point
never belongs to A. A boundary point will some times belong to A, and
some times to A°.

We now define the important concepts of open and closed sets:

Definition 2.3.2 A subset A of a metric space is open if it does not contain
any of its boundary points, and it is closed if it contains all its boundary
points.

Most sets contain some, but not all of their boundary points, and are
hence neither open nor closed. The empty set () and the entire space X are
both open and closed as they do not have any boundary points. Here is an
obvious, but useful reformulation of the definition of an open set.

Proposition 2.3.3 A subset A of a metric space X is open if and only if
it only consists of interior points, i.e. for all a € A, there is a ball B(a;r)
around a which is contained in A.

Observe that a set A and its complement A€ have exactly the same
boundary points. This leads to the following useful result.

Proposition 2.3.4 A subset A of a metric space X is open if and only if
its complement A€ is closed.

Proof: If A is open, it does not contain any of the (common) boundary
points. Hence they all belong to A€, and A¢ must be closed.

Conversely, if A¢ is closed, it contains all boundary points, and hence A
can not have any. This means that A is open. O

The following observation may seem obvious, but needs to be proved:

Lemma 2.3.5 All open balls B(a;r) are open sets, while all closed balls
B(a;r) are closed sets.

Proof: We prove the statement about open balls and leave the other as an
exercise. Assume that x € B(a;r); we must show that there is a ball B(z;€)
around x which is contained in B(a;7). If we choose € = r — d(z, a), we see
that if y € B(x;€) then by the triangle inequality

d(y,a) <d(y,z) +d(z,a) < e+ d(z,a) = (r —d(z,a)) + d(z,a) =7
Thus d(y,a) < r, and hence B(z;¢) C B(a;r) O

The next result shows that closed sets are indeed closed as far as se-
quences are concerned:
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Proposition 2.3.6 Assume that F is a subset of a metric space X. The
following are equivalent:

(i) F is closed.

(ii) If {xn} is a convergent sequence of elements in F, then the limit a =
lim,, o0 T, always belongs to F'.

Proof: Assume that F is closed and that a does not belong to F. We
must show that a sequence from F' cannot converge to a. Since F' is closed
and contains all its boundary points, a has to be an exterior point, and
hence there is a ball B(a;€) around a which only contains points from the
complement of F'. But then a sequence from F' can never get inside B(a, €),
and hence cannot converge to a.

Assume now that that F' is not closed. We shall construct a sequence
from F' that converges to a point outside F'. Since F' is not closed, there is a
boundary point a that does not belong to F'. For each n € N, we can find a
point z,, from F in B(a; 2). Then {x,} is a sequence from F that converges
to a point a which is not in F'. O

An open set containing z is called a neighborhood of z'. The next result
is rather silly, but also quite useful.

Lemma 2.3.7 Let U be a subset of the metric space X, and assume that
each xo € U has a neighborhood Uy, C U. Then U 1is open.

Proof: We must show that any x¢p € U is an interior point. Since U, is
open, there is an r > 0 such that B(xo,r) C U,,. But then B(zg,r) C U,
which shows that xg is an interior point of U. O

In Proposition 2.2.5 we gave a characterization of continuity in terms of
sequences. We shall now prove three characterizations in terms of open and
closed sets. The first one characterizes continuity at a point.

Proposition 2.3.8 Let f : X — Y be a function between metric spaces,
and let xg be a point in X. Then the following are equivalent:

(i) f is continuous at xg.

(ii) For all neighborhoods V' of f(xq), there is a neighborhood U of x¢ such
that f(U) C V.

In some books, a neighborhood of x is not necessarily open, but does contain a ball
centered at x. What we have defined, is the then referred to as an open neighborhood
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Proof: (i) = (ii): Assume that f is continuous at xg. If V' is a neighbor-
hood of f(x¢), there is a ball By (f(z9), €) centered at f(xo) and contained in
V. Since f is continuous at g, there is a 6 > 0 such that dy (f(x), f(xo)) < €
whenever dx (x, o) < §. But this means that f(Bx(zo,d)) C By (f(z0),€) C
V. Hence (ii) is satisfied if we choose U = B(zy, 9).

(#9) = (i) We must show that for any given € > 0, there is a § > 0 such
that dy (f(x), f(x0)) < € whenever dx(x,z9) < 0. Since V' = By (f(z0),€)
is a neighbohood of f(x(), there must be a neighborhood U of z( such that
f(U) c V. Since U is open, there is a ball B(x,d) centered at zy and
contained in U. Assume that dx(x,z9) < 6. Then & € Bx(zg,d) C U,
and hence f(z) € V = By (f(xo),€), which means that dy (f(z), f(z0)) < €.
Hence we have found a 6 > 0 such that dy(f(z), f(z9)) < € whenever
dx(x,z9) < 6§, and hence f is continuous at xg. O

We can also use open sets to characterize global continuity of functions:

Proposition 2.3.9 The following are equivalent for a function f: X —Y
between two metric spaces:

(i) f is continuous.

(ii) Whenever V is an open subset of Y, the inverse image f~1(V) is an
open set in X.

Proof: (i) = (ii): Assume that f is continuous and that V' C Y is open.
We shall prove that f~1(V) is open. For any xo € f~1(V), f(zo) € V, and
we know from the previous theorem that there is a neighborhood U, of
xo such that f(U,) C V. But then U,, C f~1(V), and by Lemma 2.3.7,
f~YV) is open.

(i) = (i) Assume that the inverse images of open sets are open. To
prove that f is continuous at an arbitrary point zg, Proposition 2.3.6 tells
us that it suffices to show that for any neighborhood U of f(z), there is a
neighborhood V' of xg such that f(V') C U. But this easy: Since the inverse
image of an open set is open, we can simply shoose U = f~1(V). O

The description above is useful in many situations. Using that inverse
images commute with complements, and that closed sets are the comple-
ments of open, we can translate it into a statement about closed sets:

Proposition 2.3.10 The following are equivalent for a function f : X — Y
between two metric spaces:

(i) f is continuous.

(ii) Whenever F is a closed subset of Y, the inverse image f~1(F) is a
closed set in X.
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Proof: (i) = (it): Assume that f is continuous and that F' C Y is closed.
Then F€ is open, and by the previous proposition, f~!(F¢) is open. Since
inverse images commute with complements, (f~}(F))¢ = f~}(F¢). This
means that f~!(F) has an open complement and hence is closed.

(19) = (i) Assume that the inverse images of closed sets are closed.
According to the previous proposition, it suffices to show that the inverse
image of any open set V C Y is open. But if V is open, the complement V¢
is closed, and hence by assumption f~!(V¢) is closed. Since inverse images
commute with complements, (f~'(V))¢ = f~}(V°). This means that the
complement of f~1(V) is closed, and hence f~1(V) is open. O

Mathematicians usually sum up the last two theorems by saying that
openness and closedness are preserved under inverse, continuous images. Be
aware that these properties are not preserved under continuous, direct im-
ages; even if f is continuous, the image f(U) of an open set U need not be
open, and the image f(F') of a closed F' need not be closed:

Eksempel 1: Let f,g: R — R be the continuous functions defined by
f(z) = 2? and g(z) = arctan z

The set R is both open and closed, but f(R) equals [0, c0) which is not open,
and g(R) equals (-3, 5) which is not closed. Hence the continuous image
of an open set need not be open, and the continuous image of a closed set

need not be closed. &

We end this section with two simple but useful observations on open and
closed sets.

Proposition 2.3.11 Let (X,d) be a metric space.

a) If G is a (finite or infinite) collection of open sets, then the union
Ugeg G is open.

b) If G1,Go,...,G, is a finite collection of open sets, then the intersec-
tion G1NGaN...NGy, is open.

Proof: Left to the reader (see Exercise 11, where you are also asked to show
that the intersection of infinitely many open sets is not necessarily open).

Proposition 2.3.12 Let (X,d) be a metric space.

a) If F is a (finite or infinite) collection of closed sets, then the intersec-
tion (\per F is closed.

b) If Fr,Fy, ..., F, is a finite collection of closed sets, then the union
FiUFU...UF, is closed.
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Proof: Left to the reader (see Exercise 12, where you are also asked to show
that the union of infinitely many closed sets is not necessarily closed).

Problems to Section 2.3
1. Assume that (X, d) is a discrete metric space.
a) Show that an open ball in X is either a set with only one element (a
singleton) or all of X.
b) Show that all subsets of X are both open and closed.
¢) Assume that (Y, dy) is another metric space. Show that all functions

f:+ X — Y are continuous.

2. Give a geometric description of the ball B(a;r) in the Manhattan metric (see
Example 3 in Section 2.1). Make a drawing of a typical ball. Show that the
Manhattan metric and the usual metric in R? have exactly the same open
sets.

3. Prove the second part of Lemma 2.3.5, i.e. prove that a closed ball B(a;7) is
always a closed set.

4. Assume that f : X — Y and g : Y — Z are continuous functions. Use
Proposition 2.3.9 to show that the composition go f : X — Z is continuous.

5. Assume that A is a subset of a metric space (X,d). Show that the interior
points of A are the exterior points of A¢, and that the exterior points of A
are the interior points of A¢.. Check that the boundary points of A are the
boundary points of A€.

6. Assume that A is a subset of a metric space X. The interior A° of A is the
set consisting of all interior points of A. Show that A° is open.

7. Assume that A is a subset of a metric space X. The closure A of A is the
set consisting of all interior points plus all boundary points of A.
a) Show that A is closed.
b) Let ian} be a sequence from A converging to a point a. Show that

a € A.

8. Let (X, d) be a metric space, and let A be a subset of X. We shall consider
A with the subset metric d4.
a) Assume that G C A is open in (X, d). Show that G is open in (4, d4).

b) Find an example which shows that although G C A is open in (A,d4)
it need not be open in (X, dx).

¢) Show that if A is an open set in (X, dx), then a subset G of A is open
in (A,d4) if and only if it is open in (X, dx)

8. Let (X, d) be a metric space, and let A be a subset of X. We shall consider
A with the subset metric d4.

a) Assume that F' C Ais closed in (X, d). Show that F'is closed in (4, d4).
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b) Find an example which shows that although F' C A is closed in (A, d4)
it need not be closed in (X, dx).

¢) Show that if A is a closed set in (X, dx), then a subset F' of A is open
in (A,da) if and only if it is closed in (X, dx)

10. Let (X,d) be a metric space and give R the usual metric. Assume that
f: X — R is continuous.

a) Show that the set
{r e X|[f(x) <a}

is open for all a € R.

a) Show that the set
{r e X|f(x) <a}

is closed for all a € R.

11. Prove Proposition 2.3.12. Find an example of an infinite collection of open
sets G1,Ga, ... whose intersection is not open.

12. Prove Proposition 2.3.12. Find an example of an infinite collection of closed
sets I, Fy, ... whose union is not closed.

2.4 Complete spaces

One of the reasons why calculus in R” is so successful, is that R"™ is a
complete space. We shall now generalize this notion to metric spaces. The
key concept is that of a Cauchy sequence:
Definition 2.4.1 A sequence {x,} in a metric space (X,d) is a Cauchy
sequence if for each € > 0 there is an N € N such that d(x,,zy) < €
whenever n,m > N.
We begin by a simple observation:
Proposition 2.4.2 FEvery convergent sequence is a Cauchy sequence.
Proof: If a is the limit of the sequence, there is for any € > 0 a number
N € N such that d(zn,a) < § whenever n > N. If n,m > N, the triangle
inequality tells us that
€ €
(X, Tm) < d(xp,a) + d(a, zm) < 5 + 5 =€

and consequently {z,} is a Cauchy sequence. O

The converse of the proposition above does not hold in all metric spaces,
and we make the following definition:
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Definition 2.4.3 A metric space is called complete if all Cauchy sequences
converge.

We know from MAT1110 that R™ is complete, but that Q is not when we
use the usual metric d(x,y) = |z — y|. The complete spaces are in many
ways the “nice” metric spaces, and we shall spend much time studying their
properties. We shall also spend some time showing how we can make non-
complete spaces complete. Example 5 in Section 2.1 (where X is the space
of all continuous f : [a,b] — R) shows some interesting cases; X with the
metric d; is complete, but not X with the metrics d2 and d3. By introducing
a stronger notion of integral (the Lebesgue integral) we can extend d and
ds to complete metrics by making them act on richer space of functions.

The following proposition is quite useful. Remember that if A is a subset
of X, then d4 is the subspace metric obtained by restricting d to A (see
Example 7 in Section 2.1).

Proposition 2.4.4 Assume that (X,d) is a complete metric space. If A is
a subset of X, (A,da) is complete if and only if A is closed.

Proof: Assume first that A is closed. If {a, } is a Cauchy sequence in A, {a,,}
is also a Cauchy sequence in X, and since X is complete, {a,} converges to
a point a € X. Since A is closed, Proposition 2.3.6 tells us that a € A. But
then {a,} converges to a in (A,d4), and hence (A,d4) is complete.

If A is not closed, there is a boundary point a that does not belong to A.
Each ball B(a, 1) must contain an element a,, from A. In X, the sequence
{an} converges to a, and must be a Cauchy sequence. However, since a ¢ A,
the sequence {a,} does not converge to a point in A. Hence we have found
a Cauchy sequence in (A, d,4) that does not converge to a point in A, and
hence (A, d4) is incomplete. O

The nice thing about complete spaces is that we can prove that sequences
converge to a limit without actually constructing or specifying the limit —
all we need is to prove that the sequence is a Cauchy sequence. To prove
that a sequence has the Cauchy property, we only need to work with the
given terms of the sequence and not the unknown limit, and this often makes
the arguments much easier. As an example of this technique, we shall now
prove an important theorem that will be useful later in the course, but first
we need some definitions.

A function f : X — X is called a contraction if there is a positive number
s < 1 such that

d(f(z), f(y)) < sd(xz,y) forall z,y € X

We call s a contraction factor for f. All contractions are continuous (prove
this!), and by induction it is easy to see that

d(f" (@), [ (y)) < s"d(x, y)
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where f°"(x) = f(f(f(... f(z)))) is the result of iterating f exactly n times.
If f(a) = a, we say that a is a fized point for f.

Theorem 2.4.5 (Banach’s Fixed Point Theorem) Assume that (X,d)
is a complete metric space and that f : X — X is a contraction. Then f
has a unique fized point a, and no matter which starting point xqg € X we
choose, the sequence

xo, 1 = f(x0), T2 = f%(x0),..., T = f"(20),...
converges to a.

Proof: Let us first show that f can not have more than one fixed point. If
a and b are two fixed points, and s is a contraction factor for f, we have

d(a,b) = d(f(a), f(b)) < sd(a,b)

Since 0 < s < 1, this is only possible if d(a,b) = 0, i.e. if a = b.
To show that f has a fixed point, choose a starting point xp in X and
consider the sequence

z0, 21 = f(20), 2 = f(20), ..., Tp = " (20), ...

Assume, for the moment, that we can prove that this is a Cauchy sequence.
Since (X, d) is complete, the sequence must converge to a point a. To prove
that a is a fixed point, observe that we have x,+1 = f(x,) for all n, and
taking the limit as n — oo, we get a = f(a). Hence a is a fixed point of f,
and the theorem must hold. Thus it suffices to prove that our assumption
that {x,} is a Cauchy sequence, really holds.

Choose two elements x,, og z, 1 of the sequence. By repeated use of the
triangle inequality, we get

d(xna $n-l—k) < d(l’n, -TnJrl) + d(anrla -'En+2) +...+ d(xn-‘,-k—l, xn—i—k) =

= d(f"(20), [ (1)) + d(f°" D (o), O (1)) + ...

o (R (), fOU R () <
< s"d(zo, 1) + s"Trd(xo, 1) + ..+ T (g, 1) =
n(] — k n
= s(l_ss)d(.%o,.ﬁl) S 18_ s d(l’g,xl)
where we have summed a geometric series to get to the last line. Since
s < 1, we can get the last expression as small as we want by choosing n
large enough. Given an € > 0, we can in particular find an N such that
N

1= d(xo, 1) < €. For n,m = n+ k larger than or equal to N, we thus have

n

d(@n,xm) < -

d((]?o, 1‘1) <€

and hence {z,} is a Cauchy sequence. O
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Problems to Section 2.4

1.
2.

Show that the discrete metric is always complete.

Assume that (X,dx) and (Y, dy) are complete spaces, and give X x Y the
metric d defined by

d((z1,11), (x2,y2)) = dx (21, 22) + dy (y1,92)

Show that (X x Y,d) is complete.

If A is a subset of a metric space (X, d), the diameter diam(A) of A is defined
by
diam(A) = sup{d(z,y) | =,y € A}

Let { A, } be a collection of subsets of X such that A,,;1 C A, and diam(A4,,) —
0, and assume that {a,} is a sequence such that a, € A, for each n € N.
Show that if X is complete, the sequence {a,} converges.

Assume that d; and dy are two metrics on the same space X. We say that
dy and dy are equivalent if there are constants K and M such that d; (z,y) <
Kdy(x,y) and do(z,y) < Mdy(z,y) for all z,y € X. Show that if d; and da
are equivalent, and one of the spaces (X, d;), (X,ds) is complete, then so is
the other.

Assume that f : [0,1] — [0,1] is a differentiable function and that there is
a number s < 1 such that |f'(z)] < s for all z € (0,1). Show that there is
exactly one point a € [0,1] such that f(a) = a.

You are standing with a map in your hand inside the area depicted on the
map. Explain that there is exactly one point on the map that is vertically
above the point it depicts.

Assume that (X, d) is a complete metric space, and that f : X — X is a
function such that f°" is a contraction for some n € N. Show that f has a
unique fixed point.

2.5 Compact sets

We now turn to the study of compact sets. These sets are related both to
closed sets and the notion of completeness, and they are extremely useful in
many applications.

Assume that {x,} is a sequence in a metric space X. If we have a strictly
increasing sequence of natural numbers

n<ng<ng<...<ng<...

we call the sequence {yr} = {zn,} a subsequence of {z,}. A subsequence
contains infinitely many of the terms in the original sequence, but usually
not all.

I leave the first result as an exercise:
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Proposition 2.5.1 If the sequence {x,} converges to a, so does all subse-
quences.

We are now ready to define compact sets:

Definition 2.5.2 A subset K of a metric space (X,d) is called compact if
every sequence in K has a subsequence converging to a point in K. The
space (X, d) is compact if X a compact set, i.e. if all sequences in X has a
convergent subsequence.

Compactness is a rather complex notion that it takes a while to get used to.
We shall start by relating it to other concepts we have already introduced.
First a definition:

Definition 2.5.3 A subset A of a metric space (X,d) is bounded if there
is a point b € X and a constant K € R such that d(a,b) < K for alla € A
(it does not matter which point b € X we use in this definition).

Here is our first result on compact sets:

Proposition 2.5.4 Fvery compact set K in a metric space (X,d) is closed
and bounded.

Bewis: We argue contrapositively. First we show that if a set K is not closed,
then it can not be compact, and then we show that if K is not bounded, it
can not be compact.

Assume that K is not closed. Then there is a boundary point a that does
not belong to K. For each n € N, there is an x,, € K such that d(z,,a) < %
The sequence {x,} converges to a ¢ K, and so does all its subsequences,
and hence no subsequence can converge to a point in K.

Assume now that K is not bounded. For every n € N there is an element
zn, € K such that d(z,b) > n. If {yx} is a subsequence of z,, clearly
limg 00 d(yx,b) = 0o0. It is easy to see that {yx} can not converge to any
element y € X: According to the triangle inequality

d(yx,b) < d(yg,y) + d(y,b)

and since d(yg,b) — oo, we must have d(yk,y) — oo. Hence {z,} has no
convergent subsequences, and K can not be compact. O

In R™ the converse of the result above holds: All closed and bounded sub-
sets of R™ are compact (this is just a reformulation of Bolzano-Weierstrass’
Theorem in MAT1110). The following example shows that this is not the
case for all metric space.
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Example 1: Consider the metric space (N, d) where d is the discrete met-
ric. Then N is complete, closed and bounded, but the sequence {n} does
not have a convergent subsequence.

We shall later see how we can strengthen the boundedness condition (to
something called total boundedness) to get a characterization of compact-
ness.

We next want to take a look at the relationship between completeness
and compactness. Not all complete spaces are compact (R is complete but
not compact), but it turns out that all compact spaces are complete. To
prove this, we need a lemma on subsequences of Cauchy sequences that is
useful also in other contexts.

Lemma 2.5.5 Assume that {zy} is a Cauchy sequence in a (not necessarily
complete) metric space (X,d). If there is a subsequence {zy, } converging to
a point a, then the original sequence {x,} also converges to a

Proof: We must show that for any given € > 0, there is an N € N such that
d(xn,a) < e for all n > N. Since {z,} is a Cauchy sequence, there is an
N € N such that d(zy,z,) < § for all n,m > N. Since {z,,} converges to
a, there is a K such that nxg > N and d(zy,,,a) < §. For alln > N we then
have

Ay 0) < Al Tnge) + d(nge,0) < 5+ 5 =

by the triangle inequality. |

Proposition 2.5.6 FEvery compact metric space is complete.

Proof: Let {x,} be a Cauchy sequence. Since X is compact, there is a
subsequence {z,, } converging to a point a. By the lemma above, {z,} also
converges to a. Hence all Cauchy sequences converge, and X must be com-
plete. O

Here is another useful result:
Proposition 2.5.7 A closed subset F' of a compact set K is compact.

Proof: Assume that {z,} is a sequence in F' — we must show that {x, } has
a subsequence converging to a point in F. Since {x,} is also a sequence in
K, and K is compact, there is a subsequence {z,, } converging to a point
a € K. Since F is closed, a € F, and hence {z,,} has a subsequence con-
verging to a point in F'. O
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We have previously seen that if f is a continuous function, the inverse
images of open and closed are open and closed, respectively. The inverse im-
age of a compact set need not be compact, but it turns out that the (direct)
image of a compact set under a continuous function is always compact.

Proposition 2.5.8 Assume that f : X — Y is a continuous function be-

tween two metric spaces. If K C X is compact, then f(K) is a compact
subset of Y.

Proof: Let {y,} be a sequence in f(K); we shall show that {y,} has subse-
quence converging to a point in f(K). Since y, € f(K), we can for each n
find an element x,, € K such that f(z,) = y,. Since K is compact, the se-
quence {zy} has a subsequence {z,, } converging to a point € K. But then

{yn, } = {f(zn,)} is a subsequence of {y,} converging to y = f(x) € f(K).
O

So far we have only proved technical results about the nature of compact
sets. The next result gives the first indication why these sets are useful.

Theorem 2.5.9 (The Extreme Value Theorem) Assume that K is a
compact subset of a metric space (X,d) and that f : K — R is a continuous
function. Then f has mazimum and minimum points in K, i.e. there are
points ¢,d € K such that

fld) < f(z) < f(c)
forallx € K.

Proof: We prove the part about the maximum and leave the minimum as
an exercise. Let

M = sup{f(z)| =z € K}

(since we don’t know yet that f is bounded, we must consider the possibility
that M = oo0). Choose a sequence {z,} in K such that f(z,) — M (such a
sequence exists regardless of whether M = oo or not). Since K is compact,
{z,} has a subsequence {y;} = {z,,} converging to a point ¢ € K. Then
on the one hand f(yx) — M, and on the other lim f(yx) = f(¢) according
to Proposition 2.2.3. Hence f(c) = M, and since M = sup{f(x)| z € K},
we see that ¢ is a maximum point for f on K. a.

Let us finally turn to the description of compactness in terms of total
boundedness.

Definition 2.5.10 A subset A of a metric space X is called totally bounded
if for each € > 0 there is a finite number B(ay,€),B(az,€),...,B(an,€) of
balls with centers in A and radius € that cover A (i.e. A C B(ay,e) U
B(ag,€e) U...UB(an,¢€)).
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We first observe that a compact set is always totally bounded.

Proposition 2.5.11 Let K be a bounded subset of a metric space X. Then
K is totally bounded.

Proof: We argue contrapositively: Assume that A is not totally bounded.
Then there is an € > 0 such that no finite collection of e-balls cover A.
We shall construct a sequence {z,} in A that does not have a convergent
subsequence. We begin by choosing an arbitrary element z; € A. Since
B(x1,€) does not cover A, we can choose x2 € A\ B(z1,€). Since B(x1,¢€)
and B(z2,€) do not cover A, we can choose z3 € A\ (B(z1,€) UB(z2,¢)).
Continuing in this way, we get a sequence {z,} such that

zn € A\ (B(z1,€) UB(z2,€) U... U (B(zn_1,€))

This means that d(x,, zy,) > € for all n,m € N, n > m, and hence {x,} has
no convergent subsequence. O

We are now ready for the final theorem. Note that we have no added
the assumption that X is complete — without this condition, the statement
is false.

Theorem 2.5.12 A subset A of a complete metric space X is compact if
and only if it is closed and totally bounded.

Proof: As we already know that a compact set is closed and totally bounded,
it suffices to prove that a closed and totally bounded set A is compact. Let
{z,} be a sequence in A. Our aim is to construct a convergent subsequence
{xp, }. Choose balls B}, B, ..., B,il of radius one that cover A. At least one
of these balls must contain infinitely many terms from the sequence. Call
this ball Sp (if there are more than one such ball, just choose one). We now
choose balls B?, B3, ... ,B,é of radius % that cover A. At least one of these
ball must contain infinitely many of the terms from the sequence that lies in
S1. If we call this ball Sy, S; NSy contains infinitely many terms from the
sequence. Continuing in this way, we find a sequence of balls Sy of radius %
such that
S1N SenN...NS,

always contains infinitely many terms from the sequence.

We can now construct a convergent subsequence of {x,}. Choose ny
to be the first number such that z,, belongs to S;. Choose na to be first
number larger that n; such that z,, belongs to S; N .Sa, then choose n3 to
be the first number larger than ny such that z,, belongs to S; N .Sy N Ss.
Continuing in this way, we get a subsequence {x,, } such that

CanGSlmSQm...mSk
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for all k. Since the Si’s are shrinking, {z,, } is a Cauchy sequence, and
since X is complete, {z,, } converges to a point a. Since A is closed, a € A.
Hence we have proved that any sequence in A has a subsequence converging
to a point in A, and thus A is compact. O

Problems to Section 2.5

1.

10.

11.

12.

Show that a space (X, d) with the discrete metric is compact if and only if
X is a finite set.

. Prove Proposition 2.5.1.

. Prove the minimum part of Theorem 2.5.9.

Let b and ¢ be two points in a metric space (X, d), and let A be a subset of
X. Show that if there is a number K € R such that d(a,b) < K for alla € A,
then there is a number M € R such that d(a,c) < M for all a € A. Hence it
doesn’t matter which point b € X we use in Definition 2.5.3.

Assume that (X, d) is metric space and that f: X — [0,00) is a continuous
function. Assume that for each € > 0, there is a compact K. C X such that
f(z) < e when x ¢ K.. Show that f has a maximum point.

. Let (X, d) be a compact metric space, and assume that f : X — R is contin-

uous when we give R the usual metric. Show that if f(z) > 0 for all x € X,
then there is a positive, real number a such that f(z) > a for all x € X.

Assume that f : X — Y is a continuous function between metric spaces,
and let K be a compact subset of Y. Show that f~!(K) is closed. Find an
example which shows that f~!(K) need not be compact.

. Show that a totally bounded subset of a metric space is always bounded. Find

an example of a bounded set in a metric space that is not totally bounded.

The Bolzano-Weierstrass’ Theorem says that any bounded sequence in R"”
has a convergent subsequence. Use it to prove that a subset of R™ is compact
if and only if it is closed and bounded.

Let (X, d) be a metric space.

a) Assume that K7, Ks, ..., K, is a finite collection of compact subsets of
X. Show that the union K; U Ko U ...U K, is compact.

b) Assume that K is a collection of compact subset of X. Show that the
intersection [y K is compact.

Let (X, d) be a metric space. Assume that {K,} is a sequence of non-empty,
compact subsets of X such that K1 D Ky D ... D K, D .... Prove that
Mpen Kn is non-empty.

Let (X,dx) and (Y, dy) be two metric spaces. Assume that (X,dx) is com-
pact, and that f : X — Y is bijective and continuous. Show that the inverse
function f~': Y — X is continuous.
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13. Assume that C' and K are disjoint, compact subsets of a metric space (X, d),
and define
a=inf{d(z,y) |z € C,y € K}

Show that a is strictly positive and that there are points g € C, yp € K
such that d(zo,y0) = a. Show by an example that the result does not hold if
we only assume that one of the sets C' and K is compact and the other one
closed.

14. Assume that (X, d) is compact and that f: X — X is continuous.

a) Show that the function g(x) = d(z, f(x)) is continuous and has a min-
imum point.

b) Assume in addition that d(f(z), f(y)) < d(z,y) for all z,y € X, z # y.
Show that f has a unique fixed point. (Hint: Use the minimum from

a))

2.6 Alternative descriptions of compactness

The descriptions of compactness we studied in the previous section, suffice
for most purposes in this book, but for some of the more advanced proofs
there is another description that is more convenient. This alternative de-
scription is also the right one to use if one wants to extend the concept of
compactness to even more general spaces, so-called topological spaces. In
such spaces, sequences are not always an efficient tool, and it is better to
have a description of compactness in terms of coverings by open sets.

To see what this means, assume that K is a subset of a metric space X.
An open covering of X is simply a (finite or infinite) collection O of open
sets whose union contains K, i.e.

Kcl|J{o:0e0}

The purpose of this section is to show that in metric spaces, the following
property is equivalent to compactness.

Definition 2.6.1 (Open Covering Property) Let K be a subset of a
metric space X. Assume that for each open covering O of K, there is a
finite number of elements O1,04,...,0, in O such that

KcCcOiuOyU...UQO,

(we say that each open covering of K has a finite subcovering). Then the
set K 1is said to have the open covering property.

The open covering property is quite abstract and may take some time
to get used to, but it turns out to be a very efficient tool. Note that that
the term “open covering property” is not standard terminology, and that

As the contents of this
section will only be
needed a few places in
the rest of the book, it
may be skipped at the
first reading.
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it will more or less disappear once we have proved that it is equivalent to
compactness.

Let us first prove that a set with the open covering property is necessarily
compact. Before we begin, we need a simple observation: Assume that z is
a point in our metric space X, and that no subsequence of a sequence {x,}
converges to x. Then there must be an open ball B(z;r) around = which
only contains finitely many terms from {z,} (because if all balls around z
contained infinitely many terms, we could use these terms to construct a
subsequence converging to x).

Proposition 2.6.2 If a subset K of a metric space X has the open covering
property, then it is compact.

Proof: We argue contrapositively, i.e., we assume that K is not compact
and prove that it does no have the open covering property. Since K is not
compact, there is sequence {z,,} which does not have any subsequences con-
verging to points in K. By the observation above, this means that for each
element x € K, there is an open ball B(z; ;) around 2 which only contains
finitely many terms of the sequence. The family {B(z,r,) : z € K} is an
open covering of K, but it cannot have a finite subcovering since any such
subcovering B(z1,74, ), B(z2,72,), ..., B(zm, 7z, ) can only contain finitely
many of the infinitely many terms in the sequence. O

To prove the opposite implication, we have to work harder. We begin
with the following two concept which are useful in a lot of situations.

Definition 2.6.3 Let A and D be two subsets of a metric space X, and
assume that D C A. We say that D is dense in A if every a € A is the limit
of a sequence from D. We say that A is separable if it has a countable,
dense subset D.

Remark: The terminology above is also used when A is the entire space
X; in fact, this is the most common situation. Note, e.g., that Q™ is dense
in R™, and that R™ hence is separable.

We begin by a simple observation combining the concepts of compactness
and separability.

Proposition 2.6.4 All compact sets are separable.

Proof: According to Proposition 2.5.11, our compact set K is totally bounded.
For each n € N, we can hence find a finite collection of balls with centers
in K and radius % that covers K. Let D consist of the centers of all these
balls for all n € N. Then D is a countable subset of K, and for each x € K,
it is easy to construct a sequence {z,} from D which converges to z: Just
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let z,, be the center of the ball with radius % that contains z (if there are
several such balls, just pick one). O

The next step allows us to reduce arbitrary coverings to countable ones:

Proposition 2.6.5 Assume that O is an open covering of a separable set
A. Then there is a sequence {Oy}nen of sets in O that covers A, i.e. such
that

Ac|on

neN

Proof: Let D be a countable dense subset of A. The collection of all balls
with center in D and radius of the form %, where n € N, is clearly countable.
Let By, Bs, ..., By, ... be alisting of all such balls that are subsets of at least
one of the sets in the covering O.

Let us check that Bi, Bo,...B,,... is a covering of A, i.e., that each
a € A belongs to at least one B,. Observe first that since O is a covering
of A, our point a belongs to a set O € O. Since O is open, there is an
n € N such that B(a, %) C O, and since D is dense in A, there is an x € D
such that d(a,z) < 5. But then B(z, =) C B(a, 1) C O (use the triangle
inequality), and hence B(z, %) belongs to the sequence Bi, Bs,...Bp,. ...
Since a € B(z, %), this shows that Bi, Bs,..., By, ... is indeed a covering
of A.

The rest is easy: By definition, each ball B,, is the subset of some set
O,, in the original covering O, and hence Oy, 0o, ...,0O,,... is a countable
subcovering of O. a

Remark: A set is sometimes called Lindeldf if all open coverings have
countable subcoverings. In this terminology, the proposition above says
that all separable spaces are Lindelof.

We are now ready for the main theorem:

Theorem 2.6.6 A subset K of a metric space is compact if and only if it
has the open covering property.

Proof: Tt remains to prove that if K is compact, then it has the open
covering property, and hence we assume that K is compact and that O is
an open covering of K. By the two propositions above, we know that O
has a countable subcovering O1,Oa,...,O,,.... We shall show that we can
reduce O1,01,...,0,, ... to a finite subcovering.

Assume for contradiction that this is not possible. Then Oy, 0s,...0O,
cannot cover K for any n € N, and we can choose an element x,, in K which
does not belong to O1 UOs U ... U O,. Since K is compact, the sequence
{z,,} obtained in this way must have a subsequence {z,, } which converges
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to a point z € K. Since O1,02,...,0,,... is a covering of K, the limit
x must belong to a set Oy in this covering. Since O is open and {z,, }
converges to x, the points x,, in the subsequences must also belong to On
for all sufficiently large k. But this impossible since x,, by definition is not
an element of Oy when ny > N. O

As usual, there is a reformulation of the theorem above in terms of
closed sets. Let us first agree to say that a collection F of sets has the finite
intersection property over K if

KNnFinkn..NnE, #0
for all finite collections Fi, Fa, ..., F;, of sets from F.

Corollary 2.6.7 Assume that K is a subset of a metric space X. Then the
following are equivalent:

(i) K is compact.

(ii) If a collection F of closed sets has the finite intersection property over

K, then
KN ( N F) #0
FeF
Proof: Left to the reader (see Exercise 8). ]

Problems to Section 2.6

1. Assume that A, D, where D C A, are two subsets of a metric space X. Show
that the following are equivalent:

(i) D is dense in A.

(ii) All balls B(a,r) centered at a point a € A contain an element from D.

2. Assume that A, B are two subsets of a metric space X. Assume that A is
separable and that B C A. Show that B is separable.

3. Assume that 7 is a collection of open intervals in R whose union contains
[0,1]. Show that there exists a finite collection Iy, I, ..., I, of sets from T
such that

[0,1] chuhu...Ul,

4. Let {K,} be a decrasing sequence (i.e., K,4+1 C K, for all n € N) of
nonempty, compact sets. Show that [, Kn 7# 0.

5. Assume that f : X — Y is a continuous function between two metric spaces.
Use the open covering property to show that if K is a compact subset of X,
then f(K) is a compact subset of Y.
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6. Assume that K, Ko, ..., K, are compact subsets of a metric space X. Use
the open covering property to show that K7 U Ko U ... U K, is compact.

7. Use the open covering property to show that a closed subset of a compact
set is compact.

8. Prove Corollary 2.6.7.

9. Assume that f : X — Y is a continuous function between two metric
spaces, and assume that K is a compact subset of X. Show that for a
given € > 0, there is for each € K an open ball B(z,r,) around z such that
dy (f(u), f(v)) < € for all u,v € B(z,r,). Show that there is a finite collec-
tion of points x1,a,..., T, such that B(xz1,7s,),B(z2,7%,)s .-, B(@n,7z,)
cover K. Use this to show that there is a § > 0 such that if u,v € K
and dx (u,v) < ¢, then dy(f(u), f(v)) < e. This property is called uniform
continuity.
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Chapter 3

Spaces of continuous
functions

In this chapter we shall apply the theory we developed in the previous chap-
ter to spaces where the elements are continuous functions. We shall study
completeness and compactness of such spaces and take a look at some ap-
plications.

3.1 Modes of continuity

If (X,dx) and (Y,dy) are two metric spaces, the function f : X — Y
is continuous at a point a if for each ¢ > 0 there is a § > 0 such that
dy (f(z), f(a)) < e whenever dx(z,a) < J. If f is also continuous at another
point b, we may need a different § to match the same e. A question that
often comes up is when we can use the same ¢ for all points x in the space
X. The function is then said to be uniformly continuous in X. Here is the
precise definition:

Definition 3.1.1 Let f : X — Y be a function between two metric spaces.
We say that f is uniformly continuous if for each € > 0 there is a § > 0
such that dy (f(x), f(y)) < € for all points x,y € X such that dx(z,y) < 4.

A function which is continuous at all points in X, but not uniformly
continuous, is often called pointwise continuous when we want to emphasize
the distinction.

Example 1 The function f : R — R defined by f(z) = 2? is pointwise
continuous, but not uniformly continuous. The reason is that the curve be-
comes steeper and steeper as |z| goes to infinity, and that we hence need
increasingly smaller ¢’s to match the same e (make a sketch!) See Exercise
1 for a more detailed discussion. )

49
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If the underlying space X is compact, pointwise continuity and uniform
continuity is the same. This means that a continuous function defined on a
closed and bounded subset of R” is always uniformly continuous.

Proposition 3.1.2 Assume that X and Y are metric spaces. If X is com-
pact, all continuous functions f: X — 'Y are uniformly continuous.

Proof: We argue contrapositively: Assume that f is not uniformly continu-
ous; we shall show that f is not continuous.

Since f fails to be uniformly continuous, there is an ¢ > 0 we cannot
match; i.e. for each 6 > 0 there are points z,y € X such that dx(z,y) <4,
but dy (f(z), f(y)) > e. Choosing § = 1, there are thus points @, y, € X
such that dx(zn,yn) < = and dy (f(zn), f(yn)) > €. Since X is compact,
the sequence {z,} has a subsequence {z,, } converging to a point a. Since
Adx (Tny,,Yn,) < n—lk, the corresponding sequence {yy, } of y’s must also con-
verge to a. We are now ready to show that f is not continuous at a. Had it
been, the two sequences { f(xy, )} and {f(yn,)} would both have converged
to f(a), something they clearly can not since dy (f(zy), f(yn)) > € for all
n € N. O

There is an even more abstract form of continuity that will be impor-
tant later. This time we are not considering a single function, but a whole
collection of functions:

Definition 3.1.3 Let (X,dx) and (Y,dy) be metric spaces, and let F be a
collection of functions f : X — Y. We say that F is equicontinuous if for
all € > 0, there is a 6 > 0 such that for all f € F and all x,y € X with
dx(z,y) < 9§, we have dy (f(x), f(y)) < e.

Note that in the case, the same ¢ should not only hold at all points
xz,y € X, but also for all functions f € F.

Example 2 Let F be the set of all contractions f : X — X. Then F is
equicontinuous, since we can can choose § = €. To see this, just note that
if dx(z,y) <0 =¢, then dx(f(z), f(y)) < dx(x,y) < e for all z,y € X and
all feF. )

Equicontinuous families will be important when we study compact sets
of continuous functions in Section 3.5.

Exercises for Section 3.1

1. Show that the function f(z) = 22 is not uniformly continuous on R. (Hint:
You may want to use the factorization f(z)— f(y) = 22 —y? = (z+y)(z—v)).
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2. Prove that the function f : (0,1) — R given by f(z) = L is not uniformly
continuous.

3. A function f : X — Y between metric spaces is said to be Lipschitz-
continuous with Lipschitz constant K if dy(f(z), f(y)) < Kdx(x,y) for
all z,y € X. Asume that F is a collection of functions f : X — Y with
Lipschitz constant K. Show that F is equicontinuous.

4. Let f: R — R be a differentiable function and assume that the derivative f’
is bounded. Show that f is uniformly continuous.

3.2 Modes of convergence

In this section we shall study two ways in which a sequence {f,} of continu-
ous functions can converge to a limit function f: pointwise convergence and
uniform convergence. The distinction is rather simililar to the distinction
between pointwise and uniform continuity in the previous section — in the
pointwise case, a condition can be satisfied in different ways for different x’s;
in the uniform, case it must be satisfied in the same way for all z. We begin
with pointwise convergence:

Definition 3.2.1 Let (X,dx) and (Y,dy) be two metric space, and let { f,}
be a sequence of functions f, : X — Y. We say that {f,} converges point-
wise to a function f : X = Y if fp(x) — f(x) forallz € X. This means that
for each x and each € > 0, there is an N € N such that dy (fn(x), f(x)) <€
when n > N.

Note that the N in the last sentence of the definition depends on x —
we may need a much larger NV for some z’s than for others. If we can use
the same N for all x € X, we have uniform convergence. Here is the precise
definition:

Definition 3.2.2 Let (X,dx) and (Y,dy) be two metric space, and let { f,}
be a sequence of functions fp, : X — Y. We say that {f,} converges uni-
formly to a function f: X — Y if for each € > 0, there is an N € N such
that if n > N, then dy (fn(z), f(z)) <€ for allz € X.

At first glance, the two definitions may seem confusingly similar, but the
difference is that in the last one, the same N should work simultaneously for
all z, while in the first we can adapt N to each individual x. Hence uniform
convergence implies pointwise convergence, but a sequence may converge
pointwise but not uniformly. Before we look at an example, it will be useful
to reformulate the definition of uniform convergence.

Proposition 3.2.3 Let (X,dx) and (Y,dy) be two metric space, and let
{fn} be a sequence of functions f, : X — Y. For any function f : X —Y
the following are equivalent.
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(i) {fn} converges uniformly to f.
(i) sup{dy (fn(z), f(z))|z € X} — 0 as n — oco.

Hence uniform convergence means that the “maximal” distance between f
and f, goes to zero.

Bewvis: (i) = (ii) Assume that {f,} converges uniformly to f. For any
e > 0, we can find an N € N such that dy (f,(z), f(x)) < € for all z € X and
all n > N. This means that sup{dy (f,(z), f(z)) |z € X} < eforalln > N,
and since € is arbitrary, this implies that sup{dy (f,.(x), f(z)) |z € X} — 0.

(11) = (i) Assume that sup{dy (fn(x), f(z)) |z € X} — 0 as n — oo.
Given an € > 0, there is an N € N such that sup{dy (fn(z), f(z)) |z € X} <
e for all n > N. But then we have dy (f(z), f(z) < € for all x € X and all
n > N, which means that {f,} converges uniformly to f. O

Here is an example which shows clearly the distinction between point-
wise and uniform convergence:

Example 1 Let f, : [0,1] — R be the function in Figure 1. It is constant
zero except on the interval [0, 1] where it looks like a tent of height 1.

A

1%%

1

3|~

Figure 1
If you insist, the function is defined by

2nx if0§x<%
fa@) =% —2nz+2 if £ <ax<i
0 f=<z<l1

but it is much easier just to work from the picture.

The sequence {f,} converges pointwise to 0, because at every point x €
[0, 1] the value of f,,(z) eventually becomes 0 (for x = 0, the value is always
0, and for x > 0 the “tent” will eventually pass to the left of x.) However,
since the maximum value of all f, is 1, sup{dy (f.(x), f(x)) |z € [0,1]} =1
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for all n, and hence {f,} does not converge uniformly to 0. &

When we are working with convergent sequences, we would often like
the limit to inherit properties from the elements in the sequence. If, e.g.,
{fn} is a sequence of continuous functions converging to a limit f, we are
often interested in showing that f is also continuous. The next example
shows that this is not always the case when we are dealing with pointwise
convergence.

Example 2: Let f, : R — R be the function in Figure 2.

1AW
1
n
I
I >
1
n
14 Figure 2
It is defined by
-1 ifz<-2
fa@) =% nz if —L<ao<d
1 ifl<e

The sequence { f,,} converges pointwise to the function, f defined by

-1 ifxz<0
flz)=¢ 0 ifz=0

1 ifz>0
but although all the functions {f,} are continuous, the limit function f is

not. &

If we strengthen the convergence from pointwise to uniform, the limit of
a sequence of continuous functions is always continuous.

Proposition 3.2.4 Let (X,dx) and (Y,dy) be two metric spaces, and as-
sume that { f,} is a sequence of continuous functions f, : X — Y converging
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uniformly to a function f. Then f is continuous.

Proof: Let a € X. Given an € > 0, we must find a § > 0 such that
dy (f(z), f(a)) < € whenever dx(z,a) < §. Since {f,} converges uniformly
to f, there is an N € N such that when n > N, dy(f(z), fu(z)) < §
for all x € X. Since fyn is continuous at a, there is a § > 0 such that
dy (fn(z), fn(a)) < § whenever dx(z,a) <. If dx(x,a) < §, we then have

dy (f(x), f(a)) < dy(f(2), fn(2)) + dy (fn(2), fn(a)) + dy (fn(a), f(a) <

<6+€+€
S 4 —¢
3 3 3

and hence f is continuous at a. O

The technique in the proof above is quite common, and arguments of
this kind are often referred to as g-arguments.

Exercises for Section 3.2

1. Let f, : R — R be defined by f,(z) = £. Show that {f,} converges point-
wise, but not uniformly to 0.

2. Let f, : (0,1) — R be defined by f,(x) = z™. Show that {f,} converges
pointwise, but not uniformly to 0.

3. The function f, : [0,00) — R is defined by f,(z) =™ (£)"".

n
a) Show that {f,} converges pointwise.

b) Find the maximum value of f,. Does {f,} converge uniformly?

4. The function f, : (0,00) — R is defined by
fulz) =n(zt/™ 1)

Show that {f,} converges pointwise to f(z) = Inz. Show that the conver-
gence is uniform on each interval (1, n), n € N, but not on (0, c0).

5. Let f, : R — R and assume that the sequence {f,} of continuous functions
converges uniformly to f : R — R on all intervals [k, k], kK € N. Show that
f is continuous.

6. Assume that X is a metric space and that f,, g, are functions from X to R.
Show that if { f,,} and {g,} converge uniformly to f and g, respectively, then
{fn + gn} converge uniformly to f + g.

7. Assume that f, : [a,b] — R are continuous functions converging uniformly

to f. Show that
b b
/ fn(2) dac—>/ flx)dx

Find an example which shows that this is not necessarily the case if {f,}
only coverges pointwise to f.
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8. Let f, : R — R be given by f,(z) = Lsin(nz). Show that {f,} converges

T n
uniformly to 0, but that the sequence {f},} of derivates does not converge.
Sketch the graphs of f,, to see what is happening.

9. Let (X, d) be a metric space and assume that the sequence { f,,} of continuous
functions converges uniformly to f. Show that if {x,} is a sequence in X
converging to x, then f,(z,) — f(x). Find an example which shows that
this is not necessarily the case if {f,} only converges pointwise to f.

10. Assume that the functions f, : X — Y converges uniformly to f, and that
g :' Y — Z is uniformly continuous. Show that the sequence {g o f,} con-
verges uniformly. Find an example which shows that the conclusion does not
necessarily hold if g is only pointwise continuous.

11. Assume that > ° M, is a convergent series of positive numbers. Assume
that f, : X — R is a sequence of continuous functions defined on a metric
space (X,d). Show that if |f,(x)] < M, for all z € X and all n € N, then

the partial sums sy(x) = Z;V:o fn(x) converge uniformly to a continuous
function s : X — R as N — oco. (This is called Weierstrass’ M-test).

12. Assume that (X,d) is a compact space and that {f,} is a decreasing se-
quence of continuous functions converging pointwise to a continuous function
f. Show that the convergence is uniform (this is called Dini’s theorem).

3.3 The spaces C(X,Y)

If (X,dx) and (Y, dy) are metric spaces, we let
C(X,Y)={f:X — Y| fis continuous}

be the collection of all continuous functions from X to Y. In this section
we shall see how we can turn C(X,Y’) into a metric space. To avoid certain
technicalities, we shall restrict ourselves to the case where X is compact as
this is sufficient to cover most interesting applications (see Exercise 4 for
one possible way of extending the theory to the non-compact case).

The basic idea is to measure the distance between two functions by
looking at the point they are the furthest apart; i.e. by

p(f,g) = sup{dy (f(z),g(x)) |z € X}

Our first task is to show that p is a metric on C(X,Y’). But first we need a
lemma:

Lemma 3.3.1 Let (X,dx) and (Y,dy) be metric spaces, and assume that
X is compact. If f.g: X —Y are continuous functions, then

p(f,g) = sup{dy (f(x),g(x)) |z € X}

is finite, and there is a point v € X such that dy (f(x),g(x)) = p(f,g).
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Proof: The result will follow from the Extreme Value Theorem (Theorem
2.5.9) if we can only show that the function

hz) = dy (f(x),g(x))

is continiuous. By the triangle inequality for numbers and the inverse tri-
angle inequality 2.1.2, we get

[h(x) = h(y)| = ldy (f(z),9(x)) — dv (f(y), 9(y))| =

= |dy (f(2),9(x)) — dy (f(x),9(y)) + dy (f(x),9(y)) — dy (f(v),9(v))]
<l|dy(f(z),g(z)) — dy (f(x), 9W))| + |dy (f(x),9(y)) — dv (f(y),g9(y))| <
<dy(9(z),9(y)) +dy (f(z), f(y))

To prove that h is continuous at x, just observe that since f and g are contin-
uous at x, there is for any given € > 0 a § > 0 such that dy (f(x), f(y)) < §
and dy (g9(z), g(y)) < § when dx(z,y) < J. But then

<

h(z) = h(y)| < dy (f(2), f(y)) + dv (9(y), 9(x)) < % + i

whenever dx(z,y) < 0, and hence h is continuous. O

We are now ready to prove that p is a metric on C(X,Y):

Proposition 3.3.2 Let (X,dx) and (Y,dy) be metric spaces, and assume
that X is compact. Then

p(f9) = sup{dy (f(z),9(x)) [z € X}
defines a metric on C(X,Y).

Proof: By the lemma, p(f,g) is always finite, and we only have to prove
that p satisfies the three properties of a metric: positivity, symmetry, and
the triangle inequality. The first two are more or less obvious, and we
concentrate on the triangle inequality:

Assume that f, g, h are three functions in C(X,Y’); we must show that

p(f,9) < p(f,h) + p(h, g)

According to the lemma, there is a point x € X such that p(f,g) =
dy f(x),g(x)). But then

p(f:9) = dy(f(x),9(x)) < dy (f(x), h(x))+dy (h(z), g(x)) < p(f, h)+p(h, g)

where we have used the triangle inequality in Y and the definition of p. O

Not surprisingly, convergence in C'(X,Y") is exactly the same as uniform
convergence.
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Proposition 3.3.3 A sequence {f,} converges to f in (C(X,Y),p) if and
only if it converges uniformly to f.

Proof: According to Proposition 3.2.3, { f,} converges uniformly to f if and
only if
sup{dy (fu(2), f(2)) |z € X} — 0

This just means that p(f,, f) — 0, which is to say that {f,} converges to f
in (C(X,Y), p). 0

The next result is the starting point for many applications; it shows that
C(X,Y) is complete if YV is.

Theorem 3.3.4 Assume that (X,dx) is a compact and (Y,dy) a complete
metric space. Then C(X,Y),p) is complete.

Proof: Assume that {f,} is a Cauchy sequence in C(X,Y’). We must prove
that f, converges to a function f € C(X,Y).

Fix an element x € X. Since dy (fn (), fm(x)) < p(fn, fm) and {f,} is a
Cauchy sequence in (C(X,Y), p), the function values { f,(z)} form a Cauchy
sequence in Y. Since Y is complete, {fy(x)} converges to a point f(z) in
Y. This means that {f,} converges pointwise to a function f: X — Y. We
must prove that f € C(X,Y) and that {f,} converges to f in the p-metric.

Since {f,} is a Cauchy sequence, we can for any ¢ > 0 find an N € N
such that p(fy, fm) < § when n,m > N. This means that all € X and
all n,m > N, dy(fn(2), fm(x)) < §. If we let m — oo, we see that for all
rzeXandalln>N
<€

Ay (fale), f@)) = Tim_dy (fa(2), fin(2)) <

DO ™

This means that {f,} converges uniformly to f. According to Proposition
3.2.4, f is continuos and belongs to C'(X,Y), and according to the proposi-
tio above, {f,} converges to f in (C(X,Y), p). O

In the next section we shall combine the result above with Banach’s
Fixed Point Theorem to obtain our first real application.

Exercises to Section 3.3
1. Let f,g:1[0,1] — R be given by f(z) =z, g(z) = 2%. Find p(f, g).
2. Let f,g:[0,27] — R be given by f(z) = sinz, g(x) = cosz. Find p(f, g).

3. Complete the proof of Proposition 3.3.2 by showing that p satisfies the first
two conditions of a metric (positivity and symmetry)



58 CHAPTER 3. SPACES OF CONTINUOUS FUNCTIONS

4. The main reason why we have restricted the theory above to the case where
X is compact, is that if not,

p(f,g) = sup{dy (f(x),9(z)) |z € X}
may be infinite, and then p is not a metric. In this problem we shall sketch
a way to avoid this problem.

A function f : X — Y is called bounded if there is a point ¢ € Y and a
constant K € R such that dy (a, f(z)) < K for all x € X (it doesn’t matter
which point a we use in this definition). Let Co(X,Y) be the set of all
bounded, continuous functions f : X — Y, and define

p(f;9) = sup{dy (f(x),g(x)) |z € X}

a) Show that p(f,g) < oo for all f,g € Co(X,Y).

b) Show by an example that there need not be a point z in X such that

p(f.g) = dy (f(x), g(x)).
¢) Show that p is a metric on Cy(X,Y).

d) Show that if a sequence {f,} of functions in Cy(X,Y) converges uni-
formly to a function f, then f € Co(X,Y).

e) Assume that (Y, dy) is complete. Show that (Co(X,Y), p) is complete.

f) Let ¢ be the set of all bounded sequences in R. If {z,}, {y,} are in
co, define

p{{n} {yn}) = sup(|zn — ynl|n € N}

Prove that (co, p) is a complete metric space. (Hint: You may think of
¢p as Co(N,R) where N has the discrete metric).

3.4 Applications to differential equations

Consider a system of differential equations

yit) = filt,yi(t),y2(t), - ya(t))
va(t) = fat,51(t),42(t), - yn(t))
Un() = falt,1(8),52(), . yn(t))
with initial conditions y1(0) = Y7, y2(0) = Y3, ..., y,(0) = Y,,. In this sec-

tion we shall use Banach’s Fixed Point Theorem 2.4.5 and the completeness
of C([0, a],R™) to prove that under reasonable conditions such systems have
a unique solution.

We begin by introducing vector notation to make the formulas easier to
read:
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Yy
Y

and
f1<t7yl(t§a yQ(t)a B yn(t))

St y1(8), y2(8), - -, yn(t))
In this notation, the system becomes

y'(t) =£(t,y(1)), y(0) =¥o (3.4.1)

The next step is to rewrite the differential equation as an integral equa-
tion. If we integrate on both sides of (3.4.1), we get

y(t) — y(0) = /0 (s, y(s)) ds
vt =30+ | f(s.y(s)) ds (3.4.2)

On the other hand, if we start with a solution of (3.4.2) and differentiate,
we arrive at (3.4.1). Hence solving (3.4.1) and (3.4.2) amounts to exactly
the same thing, and for us it will be convenient to concentrate on (3.4.2).

Let us begin by putting an arbitrary, continuous function z into the right
hand side of (3.4.2). What we get out is another function u defined by

u(t) =yo + /0 f(s,z(s))ds

We can think of this as a function F' mapping continuous functions z to
continuous functions u = F(z). From this point of view, a solution y of
the integral equation (3.4.2) is just a fixed point for the function F' — we
are looking for a y such that y = F(y). (Don’t worry if you feel a little
dizzy; that’s just normal at this stage! Note that I is a function acting on
a function z to produce a new function u = F(z) — it takes some time to
get used to such creatures!)

Our plan is to use Banach’s Fixed Point Theorem to prove that F' has a
unique fixed point, but first we have to introduce a crucial condition. We say
that the function f : [a,b] x R™ — R™ is uniformly Lipschitz with Lipschitz
constant K on the interval [a,b] if K is a real number such that

‘f(tay) - f(t7z)| < K|y - Z’

for all t € [a,b] and all y,z € R™. Here is the key observation in our
argument.
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Lemma 3.4.1 Assume that yo € R™ and that f : [0,00] x R" — R" is
continuous and uniformly Lipschitz with Lipschitz constant K on [0,00). If
a < %, the map

F:C([0,a],R™) — C([0, a],R™)

defined by
t
F)() =yo+ [ (ta(t) di
0
18 a contraction.

Remark: The notation here is rather messy. Remember that F(z) is a
function from [0, a] to R™. The expression F'(z)(t) denotes the value of this
function at point ¢ € [0, a].

Proof: Let v,w be two elements in C([0,a],R"), and note that for any
t €10,q]

[F(v)(t) = F(w)(t)| = I/O (£(s. v(s)) = £(s,w(s))) ds| <

g/o \f(s,v(s))—f(s,w(s))]ds§/0 K[v(s) — w(s)| ds <

t a
<K [ ptvow)ds K [ pvow)ds = Kaplv,w)
0 0
Taking the supremum over all ¢ € [0, al], we get
p(F(v), F(w)) < Ka plv,w)

Since Ka < 1, this means that F' is a contraction. O

We are now ready for the main theorem.

Theorem 3.4.2 Assume that yo € R™ and that f : [0,t] x R" — R" is
continuous and uniformly Lipschitz on [0,00). Then the initial value problem

y'(t) = £(t,y(1)), y(0) =yo (34.3)
has a unique solution y on [0, 00).

Proof: Let K be the uniform Lipschitz constant, and choose a number
a < 1/K. According to the lemma, the function

F:C(]0,a],R") — C([0,a],R™)
defined by t
F(z)(t) = yo + / £(t,2(1)) dt
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is a contraction. Since C([0,a],R™) is complete by Theorem 3.3.4, Banach’s
Fixed Point Theorem tells us that F' has a unique fixed point y. This means
that the integral equation

y@=m+Af@ﬂ%% (3.4.4)

has a unique solution on the interval [0,a]. To extend the solution to a
longer interval, we just repeat the argument on the interval [a,2a], using
y(a) as initial value. The function we then get, is a solution of the integral
equation (3.4.4) on the extended interval [0, 2a] as we for ¢ € [a, 2a] have

yw=w@+/fwwmw:

=m+A%@ﬂW%+/f@ﬂm%=m+4f®ﬂwﬁ

Continuing this procedure to new intervals [2a, 3a], [3a,4a], we see that the
integral equation (3.4.3) has a unique solution on all of [0,00). As we have
already observed that equation (3.4.3) has exactly the same solutions as
equation (3.4.4), the theorem is proved. O

In the exercises you will see that the conditions in the theorem are im-
portant. If they fail, the equation may have more than one solution, or a
solution defined only on a bounded interval.

Exercises to Section 3.4

1. Solve the initial value problem
y =1+ y(0) =0
and show that the solution is only defined on the interval [0, 7/2).
2. Show that the functions
0 ifo<t<a
y(t) =

3

(t—a): ift>a

where a > 0 are all solutions of the initial value problem

1
y' = Sy5, y(0) =0
Remember to check that the differential equation is satisfied at t = a.

3. In this problem we shall sketch how the theorem in this section can be used
to study higher order systems. Assume we have a second order initial value
problem

u”(t) = g(t, u(t),u'(t)) u(0) = a,u'(0) = b (%)
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where g : [0,00) x R? — R is a given function. Define a function f : [0, 00) x

R? — R? by
v
£t u,v) = ( g(t,u,v) )

Show that if

is a solution of the initial value problem

v -teye.  yo-(5).

then u is a solution of the original problem (x).

3.5 Compact subsets of C'(X,R"™)

The compact subsets of R" are easy to describe — they are just the closed
and bounded sets. This characterization is extremely useful as it is much
easier to check that a set is closed and bounded than to check that it satisfies
the definition of compactness. In the present section we shall prove a similar
kind of characterization of compact sets in C(X,R™) — we shall show that
a subset of C'(X,R™) is compact if and only if it it closed, bounded and
equicontinuous. This is known as the Arzela-Ascoli Theorem. But before
we turn to it, we have a question of independent interest to deal with.!

Definition 3.5.1 Let (X, d) be a metric space and assume that A is a subset
of X. We say that A is dense in X if for each x € X there is a sequence
from A converging to x.

We know that Q is dense in R — we may, e.g., approximate a real number
by longer and longer parts of its decimal expansion. For x = v/2 this would
mean the approximating sequence
14 141 1414 14142

=14=— =141=— =1414=— =— ...
“ 10 " 100" * 1000’ 10000°

Recall that Q is countable, but that R is not. Still every element in the
uncountable set R can be approximated arbitrarily well by elements in the
much smaller set Q. This property turns out to be so useful that it deserves
a name.

aq = 1.4142

Definition 3.5.2 A metric set (X,d) is called separable if it has a count-
able, dense subset A.

If you have read Section 1.6, you will recognize some of the concepts and results at
the beginning of this section, but I repeat them here for the benefit of readers who have
skipped Section 1.6
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Our first result is a simple, but rather surprising connection between
separability and compactness.

Proposition 3.5.3 All compact metric (X, d) spaces are separable. We can
choose the countable dense set A in such a way that for any § > 0, there is
a finite subset As of A such that all elements of X are within distance less
than § of As, i.e. for all x € X there is an a € As such that d(z,a) < d.

Proof: We use that a compact space X is totally bounded (recall Theorem
2.5.12). This mean that for all n € N, there is a finite number of balls of
radius % that cover X. The centers of all these balls form a countable subset
A of X (to get a listing of A, first list the centers of the balls of radius 1,
then the centers of the balls of radius % etc.). We shall prove that A is dense
in X.

Let = be an element of X. To find a sequence {a, } from A converging to
x, we first pick the center a; of (one of) the balls of radius 1 that = belongs
to, then we pick the center ay of (one of) the balls of radius % that = belong
to, etc. Since d(z,a,) < %, {a,} is a sequence from A converging to z.

To find the set Ag, just choose m € N so big that % < 6§, and let Aj
consist of the centers of the balls of radius % O

We are now ready to turn to C(X,R™). First we recall the definition of
equicontinuous sets of functions from Section 3.1.

Definition 3.5.4 Let (X,dx) and (Y,dy) be metric spaces, and let F be a
collection of functions f : X — Y. We say that F is equicontinuous if for
all € > 0, there is a § > 0 such that for all f € F and all x,y € X with
dx(z,y) <9, we have dy (f(z), f(y)) < e.

We dive straight in by first proving the most difficult and important
ingredient in the Arzela-Ascoli Theorem.

Proposition 3.5.5 Assume that (X, d) is a compact metric space, and let
{fn} be a bounded and equicontinuous sequence in C(X,R™). Then {fn}
has a subsequence converging in C(X,R™).

Proof: Since X is compact, there is a countable, dense subset
A=A{ay,az....,apn,...}

as in Proposition 3.5.3. The hard part of the proof is to find a subsequence
{gr} of {fn} which is such that {gx(a)} converges for all a € A. Let us first
check that such a sequence {gx} will necessarily converge in C'(X,R™) (it is
here we need the equicontinuity), and hence do the job for us.

Since C'(X,R™) is complete, it suffices to prove that {gx} is a Cauchy
sequence in C(X,R™). Given an ¢ > 0, we must thus find an N € N
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such that p(gn,gm) < € when m,m > N. Since the original sequence
is equicontinuous, there exists a 6 > 0 such that if dx(z,y) < 4, then
dr(fn(), fa(y)) < § for all n. Since {gy} is a subsequence of {f,}, we
clearly have dr(gx(z), gr(y)) < § for all k. Choose a finite subset As of A
such that any element in X is within less than § of an element in As. Since
the sequences {gx(a)}, a € As, converge, they are all Cauchy sequences, and
we can find an N € N such that when n,m > N, drm(gn(a), gm(a)) < § for
all a € As (here we are using that As is finite).

For any z € X, we can find an a € As such that dx(x,a) < J. But then
for all n,m > N,

dgm (9 (%), g (7)) < dem (9n(2), gn(a))+drm (9n(a); gm(a))+drm (gm(a), gm(2))

<€+6+6_36
4 4 4 4
3e

Since this holds for any z € X, we must have p(gn,gm) < F < € for all
n,m > N, and hence {g;} is a Cauchy sequence and converges.

It remains to prove that the original sequence {f,} really has a subse-
quence {gi} such that {gr(a)} converges for all a € A. We begin a little

less ambitiously by showing that {f,} has a subsequence { fél)} such that
{ fél)(al)} converges (recall that a; is the first element in our listing of
the countable set A). Next we show that { fy(Ll)} has a subsequence { fT(L2)}
such that both { fr(f)(al)} and { f,sz) (ag)} converge. Continuing taking sub-
sequences in this way, we shall for each j € N find a sequence { fT(L] )} such
that { féj )(a)} converges for a = ai,as,...,a;. Finally, we shall construct
the sequence {gx} by combining all the sequences { fT(Lj )} in a clever way.

Let us start by constructing { fy(Ll)}. Since the sequence { f,,} is bounded,
{fn(a1)} is a bounded sequence in R™, and by Bolzano-Weierstrass’ Theo-

rem, it has a convergent subsequence { fy, (a1)}. We let { fr(Ll)} consist of the
functions appearing in this subsequence. If we now apply { fr(Ll)} to ag, we get
a new bounded sequence { fél)(ag)} in R™ with a convergent subsequence.
We let { fT(ZQ)} be the functions appearing in this subsequence. Note that
{ f722) (a1)} still converges as { féz)} is a subsequence of { fél)}. Continuing
in this way, we see that we for each j € N have a sequence { f,(Lj )} such that
{f,(lj)(a)} converges for a = ai, ag, ..., a;. In addition, each sequence {f,(lj)}
is a subsequence of the previous ones.

We are now ready to construct a sequence {gx} such that {gx(a)} con-
verges for all a € A. We do it by a diagonal argument, putting g; equal
to the first element in the first sequence { fr(Ll)}, go equal to the second el-

ement in the second sequence { fy(?)} etc. In general, the k-th term in the
g-sequence equals the k-th term in the k-th f-sequence {f*}, i.e. g, = flgk).

Note that except for the first few elements, {gx} is a subsequence of any
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sequence { fr(Lj )}. This means that {gr(a)} converges for all a € A, and the
proof is complete. O

As a simple consequence of this result we get:

Corollary 3.5.6 If (X,d) is a compact metric space, all bounded, closed
and equicontinuous sets IKC in C'(X,R™) are compact.

Proof: According to the proposition, any sequence in K has a convergent
subsequence. Since K is closed, the limit must be in I, and hence K is
compact. O

As already mentioned, the converse of this result is also true, but before
we prove it, we need a technical lemma that is quite useful also in other
situations:

Lemma 3.5.7 Assume that (X,dx) and (Y,dy) are metric spaces and that
{fn} is a sequence of continuous function from X to Y which converges
uniformly to f. If {x,} is a sequence in X converging to a, then {fn(xy)}
converges to f(a).

Remark This lemma is not as obvious as it may seem — it is not true if
we replace uniform convergence by pointwise!

Proof of Lemma 3.5.7: Given € > 0, we must show how to find an N € N
such that dy (fn(zn), f(a)) < € for all n > N. Since we know from Proposi-
tion 3.2.4 that f is continuous, there is a 0 > 0 such that dy (f(x), f(a)) < §
when dx(z,a) < §. Since {x,} converges to z, there is an N; € N such
that dx(xn,a) < 6 when n > Nj. Also, since {f,} converges uniformly to
f, there is an No € N such that if n > Ny, then dy (fn(z), f(z)) < § for all
z € X. If we choose N = max{Nj, Na}, we see that if n > N,

dy (fulwn)., F(@) < dy (fulen), f@a)) + dy (f(@n), f(a) < 5+ 5 =

and the lemma is proved. O
We are finally ready to prove the main theorem:

Theorem 3.5.8 (Arzela-Ascoli’s Theorem) Let (X,dx) be a compact
metric space. A subset K of C(X,R™) is compact if and only if it is closed,
bounded and equicontinuous.

Proof: It remains to prove that a compact set K in C'(X,R™) is closed,
bounded and equicontinuous. Since compact sets are always closed and
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bounded according to Proposition 2.5.4, if suffices to prove that K is equicon-
tinuous. We argue by contradiction: We assume that the compact set K is
not equicontinuous and show that this leads to a contradiction.

Since K is not equicontinuous, there must be an € > 0 which can not
be matched by any J; i.e. for any § > 0, there is a function f € K and
points z,y € X such that dx(z,y) < §, but dpm(f(z), f(y)) > €. If we
put § = %, we get at function f,, € K and points x,,y, € X such that
dx (Tn,Yn) < L, but drm (fn(zn), fa(yn)) > €. Since K is compact, there is a
subsequence { fy, } of {f,} which converges (uniformly) to a function f € K.
Since X is compact, the corresponding subsequence {z,,} of {z,}, has a
subsequence {xnkj} converging to a point a € X. Since dx($nkj ) ynkj) < n%,

the corresponding sequence {y,, } of y’s also converges to a.
J

Since { fnkj} converges uniformly to f, and {xnkj 1 {ynkj} both converge
to a, the lemma tells us that

fnkj (mnkj) - f(a) and fnkj (ynk].) - f(a)

But this is impossible since dgm (f (:cnk]_), f (ynkj)) > ¢ for all j. Hence we
have our contradiction, and the theorem is proved. O

Exercises for Section 3.5
1. Show that R” is separable for all n.

2. Show that a subset A of a metric space (X, d) is dense if and only if all open
balls B(a,r), a € X, r > 0, contain elements from X.

3. Assume that (X, d) is a complete metric space, and that A is a dense subset
of X. We let A have the subset metric d4.

a) Assume that f: A — R is uniformly continuous. Show that if {a,} is a
sequence from A converging to a point « € X, then {f(a,)} converges.
Show that the limit is the same for all such sequences {a,} converging
to the same point x.

b) Define f : X — R by putting f(z) = lim, . f(a,) where {a,} is a
sequence from a converging to x. We call f the continuous extension
of f to X. Show that f is uniformly continuous.

¢) Let f:Q — R be defined by

0 ifg<v2
flg) =
1 ifg>+2

Show that f is continuous on Q (we are using the usual metric dg(q,r) =
|g —r|). Is f uniformly continuous?

d) Show that f does not have a continuous extension to R.
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4. Let K be a compact subset of R™. Let {f,} be a sequence of contractions of
K. Show that {f,} has uniformly convergent subsequence.

5. A function f : [-1,1] — R is called Lipschitz continuous with Lipschitz
constant K € R if

If(z) = f(y)| < Kl|z—y|

for all x,y € [-1,1]. Let K be the set of all Lipschitz continuous functions
with Lipschitz constant K such that f(0) = 0. Show that K is a compact
subset of C'([-1,1],R).

6. Assume that (X,dx) and (Y, dy) are two metric spaces, and let o : [0, 00) —
[0,00) be a nondecreasing, continuous function such that o(0) = 0. We say
that o is a modulus of continuity for a function f: X — Y if

dy (f(u), f(v)) < o(dx (u,v))
for all u,v € X.
a) Show that a family of functions with the same modulus of continuity is
equicontinuous.

b) Assume that (X,dx) is compact, and let zy € X. Show that if o is a
modulus of continuity, then the set

K={f:X—>R" : f(zg) =0 and o is modulus of continuity for f}

is compact.

¢) Show that all functions in C([a,b], R™) has a modulus of continuity.

7. A metric space (X,d) is called locally compact if for each point a € X,
there is a closed ball B(a;r) centered at a that is compact. (Recall that
B(a;r) = {x € X : d(a,r) < r}). Show that R™ is locally compact, but
that C([0, 1], R) is not.

3.6 Differential equations revisited

In Section 3.4, we used Banach’s Fixed Point Theorem to study initial value
problems of the form

y'(t) =f(t.y(®), y(0)=yo (3.6.1)
or equivalently

(0 =30+ [ to.v(6) ds (36.2)

In this section we shall see how Arzela-Ascoli’s Theorem can be used to prove
existence of solutions under weaker conditions than before. But in the new
approach we shall also lose something — we can only prove that the solutions
exist in small intervals, and we can no longer guarantee uniqueness.

The starting point is Euler’s method for finding approximate solutions
to differential equations. If we want to approximate the solution starting at
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yo at time ¢ = 0, we begin by partitioning time into discrete steps of length
At; hence we work with the time line

T = {to,t1,t2,t3...}

where to = 0 and ;11 — t; = At. We start the approximate solution y at yg
and move in the direction of the derivative f(tg,yo), i.e. we put

y(t) = yo + f(to,yo0)(t — to)

for t € [to,t1]. Once we reach t;, we change directions and move in the
direction of the new derivative f(t1,y(t1)) so that we have

y(t) =y(t1) + £(to, y(t1))(t — t1)
for t € [t1,t2]. If we insert the expression for y(¢1), we get:

y(t) =yo +f(to,yo)(t1 — to) + £(t1,y(t1))(t — t1)

If we continue in this way, changing directions at each point in T', we get

k—1
Y(t) =yo+ Y _f(ti, §(t:)) (i1 — ti) + £(te, §(t0))(t — i)
=0
for t € [tg,tp+1]. If we observe that

ft )t —t) = [ (5 (0)ds.

we can rewrite this expression as

k—1

y(t) =yo+ Z/ £(ts, y(t:) ds +/ £(tr, y(tx) ds

i=0 t; tr

tit1

If we also introduce the notation
s = the largest ¢; € T such that ¢; <'s,

we may express this more compactly as

§(t) = yo + /0 (s, 9(s)) ds

Note that we can also write this as

§(t) = yo+ / £(s,9(s)) ds + / (£(s,9(5)) — £(5,9(s))) ds
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(observe that there is one s and one s term in the last integral) where the
last term measures how much y “deviates” from being a solution of equation
(3.6.2).

Intuitively, one would think that the approximate solution y will con-
verge to a real solution y when the step size At goes to zero. To be more
specific, if we let ¥, be the approximate solution we get when we choose
At = %, we would expext the squence {y,} to converge to a solution of (2).
It turns out that in the most general case we can not quite prove this, but we
can instead use the Arzela-Ascoli Theorem to find a subsequence converging
to a solution.

Before we turn to the proof, it will useful to see how intergals of the form

T(t) = /0 £(s, §i(s)) ds

behave when the functions y; converge uniformly to a limit y.

Lemma 3.6.1 Let f : [0,00) x R™ be a continuous function, and assume
that {y1} is a sequence of continuous functions yy : [0,a] — R™ converging
uniformly to a function y. Then the integral functions

t
I(t) = /0 f(s,yr(s))ds
converge uniformly to .
1) = [ fs.y(s)) ds
on [0,a.

Proof: Since the sequence {y} converges unifomly, it is bounded, and hence
there is a constant K such that |yi(t)| < K for all k € N and all ¢ € [0, a
(prove this!). The continuous function f is uniformly continuous on the
compact set [0,a] x [-K, K]™, and hence for every ¢ > 0, there is a 6 > 0
such that if [y —y’'| < d, then |f(s,y) — f(s,y’)| < £ for all s € [0, a]. Since
{yr} converges uniformly to y, there is an N € N such that if n > N,
|¥n(s) —y(s)| < ¢ for all s € [0,a]. But then

1 () — I(t)| = | / (£(s,9n(5)) — £(s,y/(5)) ds] <

g/o yf(s,yn(s))—f(s,y(s))(ds</0 zds:e

for all t € [0, a], and hence {I}} converges uniformly to I. O

We are now ready for the main result.
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Theorem 3.6.2 Assume that f : [0,00) x R™ — R™ is a continuous func-
tion and that yo € R™. Then there exists a positive real number a and a
function y : [0,a] — R™ such that y(0) = yo and

y'(t) =f£(t,y(t)) forallte|0,d]

Remark Note that there is no uniqueness statement (the problem may have
more than one solution), and that the solution is only guaranteed to exist
on a bounded intervall (it may disappear to infinity after finite time).

Proof of Theorem 3.6.2: Choose a big, compact subset C' = [0, R] x[—R, R]™
of [0,00) x R™ containing (0,yo) in its interior. By the Extreme Value
Theorem, the components of f have a maximum value on C, and hence
there exists a number M € R such that |f;(¢,y)| < M for all (¢,y) € C and

all  =1,2,...,m. If the initial value has components
Yy
Yy
Yo = .
Ym

we choose a € R so small that the set
A=[0,a]x[Y1—Ma,Y1+Ma]x[Yo—Ma,Yo+Ma|x---X[Yy,—Ma, Yy, +mal

is contained in C. This may seem mysterious, put the point is that our
approximate solutions of the differential equation can never leave the area

Y1 — Ma,Y1 + Ma] x [Yo — Ma,Ys + Ma] x -+ x [Y,, — Ma,Y + mal

while ¢ € [0, a] since all the derivatives are bounded by M.

Let y,, be the approximate solution obtained by using Euler’s method
on the interval [0,a] with time step %. The sequence {y,} is bounded
since (t,yn(t)) € A, and it is equicontinuous since the components of f are
bounded by M. By Proposition 3.5.5, ¥, has a subsequece {y,, } converging
uniformly to a function y. If we can prove that y solves the integral equation

y(t) = yo+ / (s, y(s)) ds

for all t € [0, a], we shall have proved the theorem.
From the calculations at the beginning of the section, we know that

T (1) = yot / (5, 9y (5)) ds+ / (E(5, §n () —£(5, F (5))) ds (3.6.3)
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and according to the lemma

t t
/ f(s,¥n,(s))ds — / f(s,y(s))ds uniformly for ¢t € |0, a
0 0

If we can only prove that

t
[ (B9, (9) = 85,500 (5)) ds — 0 (564

we will get
t
y(t) = yo +/0 f(s,y(s)) ds

as k — oo in (3.6.3), and the theorem will be proved

To prove (3.6.4), observe that since A is a compact set, f is uniformly
continuous on A. Given an € > 0, we thus find a § > 0 such that |f(s,y) —
f(s',y")| < £ when [(s,y) — (s',y)| < § (we are measuring the distance in
the ordinary R”™*!-metric). Since

(5.9 (8)) — (5,90, ()] < [(At, MA, ..., MAL)| = I+ nM2 At

we can clearly get |(s, ¥n,(s)) — (8,¥n,(s))| < & by choosing k large enough
(and hence At small enough). For such k& we then have

[ (650, 9) 65| < [ s =

0 a
and hence .

[ (a5 o3 (51) ds =0
as k — o0o. As already observed, this completes the proof. O

Remark An obvious question at this stage is why didn’t we extend our
solution beyond the interval [0, a] as we did in the proof of Theorem 3.4.27
The reason is that in the present case we do not have control over the length
of our intervals, and hence the second interval may be very small compared
to the first one, the third one even smaller, and so one. Even if we add an
infinite number of intervals, we may still only cover a finite part of the real
line. There are good reasons for this: the differential equation may only
have solutions that survive for a finite amount of time. A typical example
is the equation

y'=1+y%), y(0)=0

where the (unique) solution y(t) = tant goes to infinity when ¢t — 5.
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The proof above is a simple, but typical example of a wide class of
compactness arguments in the theory of differential equations. In such ar-
guments one usually starts with a sequence of approximate solutions and
then uses compactness to extract a subsequence converging to a solution.
Compactness methods are strong in the sense that they can often prove lo-
cal existence of solutions under very general conditions, but they are weak
in the sense that they give very little information about the nature of the
solution. But just knowing that a solution exists, is often a good starting
point for further explorations.

Exercises for Section 3.6

1. Prove that if f, : [a,b] — R™ are continuous functions converging uniformly
to a function f, then the sequence {f,} is bounded in the sense that there is
a constant K € R such that |f,(¢)| < K for all n € N and all ¢t € [a, b] (this
property is used in the proof of Lemma 3.6.1).

2. Go back to exercises 1 and 2 in Section 3.4. Show that the differential equa-
tions satisfy the conditions of Theorem 3.6.2. Comment.

3. It is occasionally useful to have a slightly more general version of Theorem
3.6.2 where the solution doesn’t just start a given point, but passes through it:

Teorem Assume that f : R x R™ — R™ is a continuous function. For any
to € R and yo € R™, there exists a positive real number a and a function
v [to — a,to + a] = R™ such that y(to) = yo and

y'(t) =f(t,y(t)) forallte [ty—a,to+al

Prove this theorem by modifying the proof of Theorem 3.6.2 (run Euler’s
method “backwards” on the interval [ty — a, to]).

3.7 Polynomials are dense in C([a,b],R)

From calculus we know that many continuous functions can be approxi-
mated by their Taylor polynomials, but to have Taylor polynomials of all
orders, a function f has to be infinitely differentiable, i.e. the higher order
derivatives f*) have to exist for all k. Most continuous functions are not dif-
ferentiable at all, and the question is whether they still can be approximated
by polynomials. In this section we shall prove:

Theorem 3.7.1 (Weierstrass’ Theorem) The polynomials are dense in
C(la,b],R) for all a,b € R, a < b. In other words, for each continuous
function f : a,b] — R, there is a sequence of polynomials {p,} converging
uniformly to f.



3.7. POLYNOMIALS ARE DENSE IN C([A, B],R) 73

The proof I shall give (due to the Russian mathematician Sergei Bern-
stein (1880-1968)) is quite surprising; it uses probability theory to establish
the result for the interval [0, 1], and then a straight forward scaling argument
to extend it to all closed and bounded intervals.

The idea is simple: Assume that you are tossing a biased coin which has
probability x of coming up “heads”. If you toss it more and more times,
you expect the proportion of times it comes up “heads” to stabilize around
x. If somebody has promised you an award of f(X) dollars, where X is the
actually proportion of “heads” you have had during your (say) 1000 first
tosses, you would expect your average award to be close to f(x). If the
number of tosses was increased to 10 000, you would feel even more certain.

Let us fomalize this: Let Y; be the outcome of the i-th toss in the sense
that Y; has the value 0 if the coin comes up “tails” and 1 if it comes up
“heads”. The proportion of “heads” in the first N tosses is then given by

1

XN N

(Y1 +Y2+ -+ Yy)
Each Yj is binomially distributed with mean E(Y;) = = and variance Var(Y;) =
z(1 — z), and since they are independent, we see that

E(Xn) = y(B(Yi) + B(¥a) + -+ E(Y)) =

and

Var(Xy) = %(Var(Yl) + Var(ys) + - - + Var(Ya)) = %x(l —2)

(if you don’t remember these formulas from probability theory, we shall
derive them by analytic methods in the exercises). As N goes to infinity,
we would expect Xy to converge to x with probability 1. If the “award
function” f is continuous, we would also expect our average award E(f(Xy))
to converge to f(z).

To see what this has to do with polynomials, let us compute the average
award E(f(Xx)). Since the probability of getting exactly k heads in N
tosses is (]Z)xk(l — )" we get

N
BUG) = Y 1) (3 )ata -0

k=0

Our expectation that E(f(Xy)) — f(z) as N — oo, can therefore be
rephrased as

D

N
k=0

1o () 1= a)¥ = ) N o
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If we expand the parentheses (1 — )V =% we see that the expressions on the

right hand side are just polynomials in x, and hence we have arrived at the
hypothesis that the polynomials

N
pw(a) = 3 £ () )1 =2
k=0

converge to f(x). We shall prove that this is indeed the case, and that the
convergence is uniform.

Proposition 3.7.2 If f : [0,1] — R is a continuous function, the Bernstein

polynomials

N
k N k N—k

@) =3 1) () ) -2)

k=0

converge uniformly to f on [0,1].

Proof: Given ¢ > 0, we must show how to find an N such that |f(x) —
pn(z)] < € for all n > N and all z € [0,1]. Since f is continuous on the
compact set [0,1], it has to be uniformly continuous, and hence we can
find a 0 > 0 such that |f(u) — f(v)] < § whenever |u —v| < §. Since
pn(z) = E(f(X,)), we have

[f (@) =pn(2)| = [f(2) = E(f (Xn))| = [E(f(2) = F(Xn))| < E(f(x) = f(Xa)])

We split the last expectation into two parts: the cases where |z — X,,| < §
and the rest:

E(|f(2)=f(Xn)]) = EQa—x,|<s3 |f (@)= f (Xn) DHE@ o x, 1261 [ (2) = f (X))

where the indicator function 1y, _x, <5} is defined by

1 ifjlz—X,| <6

le—x, <6y =
0 otherwise

and oppositely for 1¢,_x,|>s5;. By choice of §, we have for the first term

€

E(1{|I*Xn|<5}‘f(x) - f(Xn)’) < E <1{\fon|<6}§) < 5

For the second term, we first note that since f is a continuous function on
a compact interval, it must be bounded by a constant M. Hence

2
E(l{lm—XnIZcS}‘f(x)*f(Xn)’) < 2ME(1{|3:—X”\25}) < 2ME <(|LU_5XH|> ) _
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2M

oM OMz(l—z) M
_ 2y _

N ?E(‘m —Xal") = ?Var(Xn) B 8%n = 26%n
where we in the last step used that } is the maximal value of z(1 — z) on
[0,1]. If we now choose N > %, we see that we get

E(1fje—x, =531 f(2) — f(Xn)]) <

| o

for all n > N. Combining all the inequalities above, we see that if n > N,
we have for all z € [0, 1]

[f(@) = pu(2)| < E(|f(2) = f(X0)]) =

= E(1fjo—x,|<a| f (@) = F(Xn)]) + Eqo—x, 03| f(7) — F(Xn)]) <

<€ n €
S —¢

2 2

and hence the Bernstein polynomials p,, converge uniformly to f. O

To get Weierstrass’ result, we just have to move functions from arbitrary
intervals [a, b] to [0, 1] and back. The function

r—a

T(z) = b—a

maps [a, b] bijectively to [0, 1], and the inverse function
T y) =a+(b—a)y

maps [0, 1] back to [a, b]. If f is a continuous function on [a, b], the function
f = foT~!is a continuous function on [0, 1] taking exactly the same values
in the same order. If {¢,} is a sequence of pynomials converging uniformly
to f on [0, 1], then the functions p, = ¢, o T' converge uniformly to f on
[a, b]. Since

T —a

b—a)

the p,’s are polynomials, and hence Weierstrass’ theorem is proved.

pn(x) = Qn(

Remark Weierstrass’ theorem is important because many mathematical ar-
guments are easier to perform on polynomials than on continuous functions
in general. If the property we study is preserved under uniform limits (i.e.
if the if the limit function f of a uniformly convergent sequence of func-
tions {f,} always inherits the property from the f,’s), we can use Weier-
strass’ Theorem to extend the argument from polynomials to all continuous
functions. There is an extension of the result called the Stone-Weierstrass
Theorem which generalizes the result to much more general settings.
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Exercises for Section 3.7

1. Show that there is no sequence of polynomials that converges uniformly to
the continuous function f(z) = 1 on (0,1).

2. Show that there is no sequence of poynomials that converges uniformly to
the function f(z) = e® on R.

3. In this problem
e~V if g #0
flx) =
0 ifx=0

a) Show that if x # 0, then the n-th derivative has the form

_ 2 Pn(.%‘)
f (@) = et/ 2Nn

where P, is a polynomial and N,, € N.

b) Show that f(™(0) = 0 for all n.

¢) Show that the Taylor polynomials of f at 0 do not converge to f except
in the point 0.

4. Assume that f : [a,b] — R is a continuous function such that f; fz)x™ dx =
0 foralln=0,1,2,3,....

a) Show that f; f(z)p(x)dx = 0 for all polynomials p.

b) Use Weierstrass’ theorem to show that ff f(z)?dx = 0. Conclude that
f(z) =0 for all z € [a,b].

5. In this exercise we shall show that C([a,b],R) is a separable metric space.

a) Assume that (X, d) is a metric space, and that S C T are subsets of X.
Show that if S is dense in (T,dr) and T is dense in (X,d), then S is
dense in (X, d).

b) Show that for any polynomial p, there is a sequence {g, } of polynomials
with rational coefficients that converges uniformly to p on [a, b].

c¢) Show that the polynomials with rational coefficients are dense in C'([a, b], R).
d) Show that C([a,b],R) is separable.

6. In this problem we shall reformulate Bernstein’s proof in purely analytic
terms, avoiding concepts and notation from probability theory. You should
keep the Binomial Formula

s =30 (e

and the definition (7)) = N(N_1)(1\_/2_.;_).""'.'];(N_k+1) in mind.

a) Show that Zivzo (]Z)xk(l — )Nk =1,
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b)

c)

f)

g)

Show that Zk 0 %(]IX zF(1 — = 2 (this is the analytic version
of E(Xy) = 5 (E(Y1) + E(Y2) + (YN)) )
2

Show that Zk o (& -z (],\C]) z)N7F = La(1 — z) (this is the

analytic version of Var(Xy) = Nac(l —x)). Hmt Write (& — z)? =

~z (k(k — 1)+ (1 = 2zN)k 4+ N?z?) and use points b) and a) on the
second and third term in the sum.

Show that if p,, is the n-th Bernstein polynomial, then

F(@) — pala)] < Z )= s ()" -t

Given € > 0, explain why there is a 6 > 0 such that | f(u) — f(v)| < €/2
for all u,v € [0,1] such that |u — v| < J. Explain why

f@-m@l< X 1@ () )e a0

{k:| £ —z|<5}

L @ () )an - <

{k:| & —=|>6}
< g + ) f@) = f(k/n)] (Z)x"(l — )"k
{k:| ; —[ >0}

Show that there is a constant M such that | f(x)| < M for all z € [0, 1].
Explain all the steps in the calculation:

> 1= () - o <

{k:| & —2|>6}

<o N (Z) 2"(1—a)"k <

{k:| &~ |26}

2
i k x) n 2M M
SQMZ(” ( ):c”(lx)"kSQI(lx)g 5
Pt ) k néd 2nd

Explain why we can get |f(z) — pn(x)| < € by chosing n large enough,
and explain why this proves Proposition 3.7.2.

3.8 Baire’s Category Theorem

Recall that a subset A of a metric space (X,d) is dense if for all z € X
there is a sequence from A converging to z. An equivalent definition is that
all balls in X contain elements from A. To show that a set S is not dense,
we thus have to find an open ball that does not intersect S. Obviously, a
set can fail to be dense in parts of X, and still be dense in other parts.
The following definition catches our intiution of a set set that is not dense

anywhere.
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Definition 3.8.1 A subset S of a metric space (X, d) is said to be nowhere
dense if for all nonempty, open sets G C X, there is a ball B(x;r) C G that
does not intersect S.

This definition simply says that no matter how much we restrict our atten-
tion, we shall never find an area in X where S is dense.

Example 1. N is nowhere dense in R.

Nowhere dense sets are sparse in an obvious way. The following definition
indicates that even countable unions of nowhere dense sets are unlikely to
be very large.

Definition 3.8.2 A set is called meager if it is a countable union of nowhere
dense sets. The complement of a meager set is called comeager.?

Example 2. Q is a meager set in R as it can be written as a countable union
Q = U,eqla} of the nowhere dense singletons {a}. By the same argument,
Q is also meager in Q.

The last part of the example shows that a meager set can fill up a metric
space. However, in complete spaces the meager sets are always “meager” in
the following sense:

Theorem 3.8.3 (Baire’s Category Theorem) Assume that M is a mea-
ger subset of a complete metric space (X,d). Then M does not contain any
open balls, i.e. M€ is dense in X.

Proof: Since M is meager, it can be written as a union M = |J, <y Ni of
nowhere dense sets Ni. Given a ball B(a;r), our task is to find an element
x € B(a;r) which does not belong to M.

We first observe that since Nj is nowhere dense, there is a ball B(ag; 1)
inside B(a; r) which does not intersect Ny. By shrinking the radius rq slightly
if necessary, we may assume that the closed ball B(ay;71) is contained in
B(a;r), does not intersect N, and has radius less than 1. Since Ny is
nowhere dense, there is a ball B(ag;72) inside B(ay;r1) which does not in-
tersect No. By shrinking the radius ro if necessary, we may assume that
the closed ball E(ag; r9) does not intersect Ny and has radius less than %
Continuing in this way, we get a sequence {B(ax;7x)} of closed balls, each

2Most books refer to meager sets as “sets of first category” while comeager sets are
called “residual sets”. Sets that are not of first category, are said to be of “second cat-
egory”. Although this is the original terminology of René-Louis Baire (1874-1932) who
introduced the concepts, it is in my opinion so nondescriptive that it should be abandoned
in favor of more evocative terms.
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contained in the previous, such that B(ay;r.) has radius less than % and

does not intersect NVj.

Since the balls are nested and the radii shrink to zero, the centers ay
form a Cauchy sequence. Since X is complete, the sequence converges to a
point x. Since each ball B(ay;7y) is closed, and the “tail” {a, }°2, of the
sequence belongs to B(ay;7y), the limit = also belongs to B(ag;rs). This
means that for all k, x ¢ Nj , and hence x ¢ M. Since B(ay;71) C B(a;r),
we see that € B(a;r), and the theorem is proved. |

As an immediate consequence we have:

Corollary 3.8.4 A complete metric space is not a countable union of nowhere
dense sets.

Baire’s Category Theorem is a surprisingly strong tool for proving the-
orems about sets and families of functions. We shall take a look at some
examples.

Definition 3.8.5 Let (X,d) be a metric space. A family F of functions
f X — R is called pointwise bounded if for each x € X, there is a
constant M, € R such that |f(z)] < My for all f € F.

Note that the constant M, may vary from point to point, and that there
need not be a constant M such that |f(x)| < M for all f and all z (a simple
example is F = {f : R — R| f(x) = kx for k € [-1,1}, where M, = |z|).
The next result shows that although we cannot guarantee boundedness on
all X, we can under reasonable assumptions guarantee boundedness on a
part of X.

Proposition 3.8.6 Let (X,d) be a complete metric space, and assume that
F is a pointwise bounded family of continuous functions f : X — R. Then
there exists an open, nonempty set G and a constant M € R such that

|f(z)] <M forall f € F and all x € G.

Proof: For each n € N and f € F, the set f~!([-n,n]) is closed as it is the
inverse image of a closed set under a continuous function (recall Proposition
2.3.10). As intersections of closed sets are closed (Proposition 2.3.12)

An =) £ ([=n,n])

fer

is also closed. Since F is pointwise bounded, R = (J,,cy An, and the corol-
lary above tells us that not all A, can be nowhere dense. If A,, is not
nowhere dense, there must be an open set G such that all balls inside G
contains elements from A,,,. Since A, is closed, this means that G C A,,
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(check!). By definition of A,,,, we see that |f(z)| < ng for all f € F and all
req. 0

You may doubt the usefulness of this theorem as we only know that the result
holds for some open set GG, but the point is that if we have extra information
on the the family F, the sole existence of such a set may be exactly what we
need to pull through a more complex argument. In functional analysis, there
is a famous (and most useful) example of this called the Banach-Steinhaus
Theorem.

For our next application, we first observe that although R"” is not com-
pact, it can be written as a countable union of compact sets:

R" = | J [~k K"

keN

We shall show that this is not the case for C(]0,1],R) — this space can
not be written as a countable union of compact sets. We need a couple of
lemmas.

Lemma 3.8.7 A closed set F' is nowhere dense if and only if it does not
contain any open balls.

Proof: 1f F' contains an open ball, it obviously isn’t nowhere dense. We
therefore assume that F' does not contain an open ball, and prove that it is
nowhere dense. Given a nonempty, open set G, we know that F' cannot be
contained in G as G contains open balls and F' does not. Pick an element
x in G that is not in F. Since F' is closed, there is a ball B(z;71) around x
that does not intersect F. Since G is open, there is a ball B(z;72) around
x that is contained in G. If we choose r = min{ry,r2}, the ball B(x;r) is
contained in G and does not intersect F', and hence F' is nowhere dense. O

The next lemma contains the key to the argument.
Lemma 3.8.8 A compact subset K of C([0,1],R) is nowhere dense.

Proof: Since compact sets are closed, it suffices (by the previous lemma)
to show that each ball B(f;e€) contains elements that are not in K. By
Arzela-Ascoli’s Theorem, we know that compact sets are equicontinuous,
and hence we need only prove that B(f;e€) contains a family of functions
that is not equicontinuous. We shall produce such a family by perturbing f
by functions that are very steep on small intervals.

For each n € N, let g, be the function

nr for z < &
gn(z) =

€
5 forx >4
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Then f + g, is in B(f,¢€), but since {f + g,} is not equicontinuous (see
Exercise 9 for help to prove this), all these functions can not be in K, and
hence B(f;€) contains elements that are not in K. O

Proposition 3.8.9 C([0,1],R) is not a countable union of compact sets.

Proof: Since C([0, 1], R) is complete, it is not the countable union of nowhere
dense sets by Corollary 3.8.4. Since the lemma tells us that all compact sets
are nowhere dense, the theorem follows. O

Remark: The basic idea in the proof above is that the compact sets are
nowhere dense since we can obtain arbitrarily steep functions by perturbing
a given function just a little. The same basic idea can be used to prove more
sophisticated results, e.g. that the set of nowhere differentiable functions is
comeager in C([0,1],R). The key idea is that starting with any continuous
function, we can perturb it into functions with arbitrarily large derivatives
by using small, but rapidly oscillating functions. With a little bit of technical
work, this implies that the set of functions that are differentiable at at least
one point, is meager.

Exercises for Section 3.8

1. Show that N is a nowhere dense subset of R.

2. Show that the set A = {g € C([0,1],R) | g(0) = 0} is nowhere dense in
C([0,1], R).

3. Show that a subset of a nowhere dense set is nowhere dense and that a subset
of a meager set is meager.

4. Show that a subset S of a metric space X is nowhere dense if and only if for
each open ball B(ag;rg) C X, there is a ball B(x;r) C B(ag;ro) that does
not intersect S.

5. Recall that the closure N of a set N consist of N plus all its boundary points.
a) Show that if N is nowhere dense, so is N.

b) Find an example of a meager set M such that M is not meager.

c¢) Show that a set is nowhere dense if and only if N does not contain any
open balls.

Show that a countable union of meager sets is meager.
Show that if N1, Ns, ..., N; are nowhere dense, so is Ny U Ny U ... Nj.
Prove that G C A, in the proof of Proposition 3.8.6.

© ® N

In this problem we shall prove that the set {f + ¢, } in the proof of Lemma
3.8.8 is not equicontinuous.

a) Show that the set {g,} is not equicontinuous.
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11.

12.

13.

14.
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b) Show that if {h,} is an equicontinous family of functions h,, : [0,1] — R
and k : [0,1] — R is continuous, then {h,, + k} is equicontinuous.

c¢) Prove that the set {f + g, } in the lemma is not equicontinuous. (Hint:
Assume that the sequence is equicontinuous, and use part b) with h,, =
f+gn and k = —f to get a contradiction with a)).

Let N have the discrete metric. Show that N is complete and that N =
Unenin}. Why doesn’t this contradict Baire’s Category Theorem?

Let (X,d) be a metric space.

a) Show that if G C X is open and dense, then G€ is nowhere dense.

b) Assume that (X,d) is complete. Show that if {G,} is a countable

collection of open, dense subsets of X, then [, .y G, is dense in X

Assume that a sequence {f,} of continuous functions f, : [0,1] — R con-
verges pointwise to f. Show that f must be bounded on a subinterval of
[0,1]. Find an example which shows that f need not be bounded on all of
[0, 1].

In this problem we shall study sequences {f,} of functions converging point-
wise to 0.

a) Show that if the functions f,, are continuous, then there exists a nonempty
subinterval (a,b) of [0,1] and an N € N such that forn > N, |f,(x)] <1
for all z € (a,b).

b) Find a sequence of functions { f,,} converging to 0 on [0, 1] such that for
each nonempty subinterval (a,b) there is for each N € N an x € (a,b)
such that fy(x) > 1.

Let (X, d) be a metric space. A point x € X is called isolated if there is an
€ > 0 such that B(z;¢) = {z}.

a) Show that if © € X, the singleton {x} is nowhere dense if and only if z
is not an isolated point.

b) Show that if X is a complete metric space without isolated points, then
X is uncountable.

We shall now prove:

Theorem: The unit interval [0, 1] can not be written as a countable, disjoint
union of closed, proper subintervals I,, = [an, by].

¢) Assume for contradictions that [0,1] can be written as such a union.
Show that the set of all endpoints, F' = {an,b, |n € N} is a closed
subset of [0,1], and that so is Fy = F \ {0,1}. Explain that since Fy
is countable and complete in the subspace metric, Fy must have an
isolated point, and use this to force a contradiction.



Chapter 4

Series of functions

In this chapter we shall see how the theory in the previous chapters can be
used to study functions. We shall be particularly interested in how general
functions can be written as sums of series of simple functions such as power
functions and trigonometric functions. This will take us to the theories of
power series and Fourier series.

4.1 limsup and liminf

In this section we shall take a look at a useful extension of the concept
of limit. Many sequences do not converge, but still have a rather regular
asymptotic behavior as n goes to infinity — they may, for instance, oscillate
between an upper set of values and a lower set. The notions of limit superior,
limsup, and limit inferior, liminf, are helpful to describe such behavior.
They also have the advantage that they always exist (provided we allow
them to take the values +00).

We start with a sequence {a,} of real numbers, and define two new
sequences {M,} and {m,} by

M, = sup{ay |k > n}

and
my, = inf{ax |k > n}

We allow that M,, = co and that m,, = —oco as may well occur. Note that
the sequence {M,} is decreasing (as we are taking suprema over smaller
and smaller sets), and that {m,} is increasing (as we are taking infima over
increasingly smaller sets). Since the sequences are monotone, the limits

lim M, and lim m,
n—oo n—oo

83
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clearly exist, but they may be +00. We now define the limit superior of the
original sequence {a,} to be

limsupa, = lim M,
n—00 n—oo

and the limit inferior to be

liminf a, = lim m,
n—oo n—oo

The intuitive idea is that as n goes to infinity, the sequence {a,} may oscil-
late and not converge to a limit, but the oscillations will be asymptotically
bounded by lim sup a,, above and lim inf a,, below.

The following relationship should be no surprise:

Proposition 4.1.1 Let {a,} be a sequence of real numbers. Then

lim a, =0b
n—od

if and only if

limsupa, = liminfa, = b
n—00 n—oo

(we allow b to be a real number or £o0.)

Proof: Assume first that limsup,,_,,, an = liminf, o an, = b. Since m, <
an < My, and

lim m,, = liminfa, = b,
n—oo n—oo

lim M, =limsupa, =0,
n—oo n—00

we clearly have lim,, . a,, = b by “squeezing”.

We now assume that lim, .o a, = b where b € R (the cases b = +o0
are left to the reader). Given an e > 0, there exists an N € N such that
|an, — b| < € for all n > N. In other words

b—e<a, <b+e
for all n > N. But then
b—e<m, <b+e

and
b—e< M, <b+ce¢

for n > N. Since this holds for all e > 0, we have limsup,,_,, an =
liminf, .o a, = b O
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Exercises for section 4.1

1.

Let a, = (—1)™. Find limsup,,_,, a, and liminf,, o ay,.

. Let a, = cos g-. Find limsup,, ., a, and liminf, . a,.
. Let a,, = arctan(n) sin (”—2“) Find limsup,,_, ., a, and liminf, . ay,.

2
3
4.
)

Complete the proof of Proposition 2.3.1 for the case b = oc.

. Show that

lim sup(ay,, + b,) < limsupa,, + limsup b,

n—oo n—oo n—0oo

and
liminf(a, + b,) > liminf a,, + liminf b,

n—oo n—oo n—oo

and find examples which show that we do not in general have equality. State
and prove a similar result for the product {a,b,} of two positive sequences.

Assume that the sequence {a, } is nonnegative and converges to a, and that
b = limsup b,, is finite. Show that limsup,,_,., anb, = ab. What happens if
the sequence {a,} is negative?

We shall see how we can define limsup and liminf for functions f : R — R.
Let a € R, and define

M, = sup{f(2) |z € (a — €,a + )}

me = inf{f(z) |z € (a —€,a+¢€)}
for e > 0 (we allow M. = co and m, = —0).

a) Show that M, decreases and m. increases as € — 0.

b) Show that limsup,_,, f(z) = lim._ g+ M. and liminf,_, f(x) = lim._ g+ m.
exist (we allow oo as values).

¢) Show that lim,_,, f(x) = bif and only if limsup,,_,, f(z) = liminf,_, f(z) =
b

d) Find liminf, .o Sin% and limsup,,_,, sin 1

x

4.2 Integrating and differentiating sequences

Assume that we have a sequence of functions {f,} converging to a limit
function f. If we integrate the functions f,, will the integrals converge
to the integral of f? And if we differentiate the f,’s, will the derivatives
converge to f'?

In this section, we shall see that without any further restrictions, the
answer to both questions are no, but that it is possible to put conditions on
the sequences that turn the answers into yes.

Let us start with integration and the following example.

Example 1: Let f, : [0,1] — R be the function in the figure.
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1
1‘ | ]
" Figure 1
It is given by the formula
2 : 1
2n°x Hfo<z< o
fal@) =< —2nPz+2n if £ <z<i
0 ifl<z<1

but it is much easier just to work from the picture. The sequence {f,} con-
verges pointwise to 0, but the integrals do not not converge to 0. In fact,
fol fa(z)dz = 5 since the value of the integral equals the area under the
function graph, i.e. the area of a triangle with base % and height n. &

The example above shows that if the functions f,, converge pointwise to a
function f on an interval [a,b], the integrals f; fn(x) dx need not converge

to f: f(x) dx. The reason is that with pointwise convergence, the difference
between f and f, may be very large on small sets — so large that the
integrals of f, do not converge to the integral of f. If the convergence is
uniform, this can not happen (note that the result below is actually a special
case of Lemma 3.6.1):

Proposition 4.2.1 Assume that {f,} is a sequence of continuous functions
converging uniformly to f on the interval [a,b]. Then the functions

Fy(x) = / ") dt

converge uniformly to
F(x) :/ f(t)dt
on la,b].

Proof: We must show that for a given € > 0, we can always find an N € N
such that |F(z) — F,(x)| < € for all n > N and all z € [a,b]. Since {f,}
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converges uniformly to f, there is an N € N such that |f(t) — fo(t)| < ;%
for all t € [a,b]. For n > N, we then have for all x € [a, b]:

F(z) - Fo(x)| = | / () — fue)dt | < / 1P — falt)] di <

T b
€ €
< < =
< rsais i

This shows that {F},} converges uniformly to F' on [a,b]. O

In applications it is often useful to have the result above with a flexible
lower limit.

Corollary 4.2.2 Assume that {f,} is a sequence of continuous functions
converging uniformly to f on the interval [a,b]. For any xy € |a,b], the
functions

Faw) = [ (e d

converge uniformly to B
Flz) = / "y dr

on [a,b]. 0

Proof: Recall that

/: Jn(t)dt = /azo fn(t)dt + /x: fult) dt

regardless of the order of the numbers a, zg, z, and hence

/ﬂ: fu(t) dt = /: fu(t)dt — /;0 Fult) dt

The first integral on the right converges uniformly to f: f(t) dt according to
the proposition, and the second integral converges (as a sequence of num-
bers) to [ f(t)dt. Hence [ f,(t)dt converges uniformly to

/axf(t)dt—/azﬂf(t)dt:/m:f(t)dt

as was to be proved. O

Let us reformulate this result in terms of series. Recall that a series of
functions )7 jvp(z) converges pointwise/unifomly to a function f on an
interval I if an only if the sequence {s,} of partial sum s, (z) = >}, v ()
converges pointwise/uniformly to f on I.
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Corollary 4.2.3 Assume that {v,} is a sequence of continuous functions
such that the series Y > vn(x) converges uniformly on the interval |a,b].
Then for any xo € [a,b], the series > of vn(t) dt converges uniformly

and
Z/ Un(t) dt = /van(t)dt

The corollary tell us that if the series > ° ;vn(x) converges uniformly,
we can integrate it term by term to get

/x Zvn(t)dt:nzzo/xov

This formula may look obvious, but it does not in general hold for series
that only converge pointwise. As we shall see later, interchanging integrals
and infinite sums is quite a tricky business.

To use the corollary efficiently, we need to be able to determine when a
series of functions converges uniformly. The following simple test is often
helpful:

Proposition 4.2.4 (Weierstrass’ M-test) Let {v,} be a sequence of con-
tinuous functions on the interval [a,b], and assume that there is a convergent
series y > My of positive numbers such that |v,(z)| < My, for all n € N
and all © € [a,b]. Then series Y .o, vn(x) converges uniformly on [a,b].

Proof: Since (C([a,b],R),p) is complete, we only need to check that the
partial sums s,(x) = Y ;_vk(z) form a Cauchy sequence. Since the series
Yoo o My, converges, we know that its partial sums S, = > p_, M form a
Cauchy sequence. Since for all = € [a,b] and all m > n,

[sm () = sn(z)| = | Z up(2) | < Z ok ()] < Z My = [Sm = Sal,

k=n+1 k=n+1 k=n+1

this implies that {s,} is a Cauchy sequence. O

Example 1: Consider the series Y 7, COZ# Since |*°7%| < %, and
Yoo L converges, the original series Z ST converges unlformly to a
functlon f on any closed and bounded mterval [a, b]. Hence we may inter-
grate termwise to get
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Let us now turn to differentiation of sequences. This is a much trickier
business than integration as integration often helps to smoothen functions
while differentiation tends to make them more irregular. Here is a simple
example.

Example 2: The sequence (not series!) {522} obviously converges uni-
formly to 0, but the sequence of derivatives {cosnz} does not converge at

all. &

The example shows that even if a sequence {f,} of differentiable functions
converges uniformly to a differentiable function f, the derivatives f] need
not converge to the derivative f’ of the limit function. If you draw the graphs
of the functions f,,, you will see why — although they live in an increasingly
narrower strip around the z-axis, they all wriggle equally much, and the
derivatives do not converge.

To get a theorem that works, we have to put the conditions on the
derivatives. The following result may look ugly and unsatisfactory, but it
gives us the information we shall need.

Proposition 4.2.5 Let {f,} be a sequence of differentiable functions on
the interval [a,b]. Assume that the derivatives f] are continuous and that
they converge uniformly to a function g on |a,b]. Assume also that there
is a point xo € [a,b] such that the sequence {f(xo)} converges. Then the
sequence {fn} converges uniformly on [a,b] to a differentiable function f
such that f' = g.

Proof: The proposition is just Corollary 4.2.2 in a convenient disguise. If
we apply that proposition to the sequence {f]}, we se that the integrals
f;; f1(t) dt converge uniformly to f;i) g(t) dt. By the Fundamental Theorem
of Calculus, we get

fu(x) = fu(x0) — /ﬂﬂ g(t)dt uniformly on [a, b]

Since fn(xo) converges to a limit b, this means that f,(x) converges uni-
formly to the function f(z) =b+ [ ;0 g(t) dt. Using the Fundamental Theo-
rem of Calculus again, we see that f'(z) = g(z). O

Also in this case it is useful to have a reformulation in terms of series:

Corollary 4.2.6 Let > >° ju,(z) be a series where the functions u, are
differentiable with continuous derivatives on the interval [a,b]. Assume that
the series of derivatives > o~ g uy (x) converges uniformly on [a,b]. Assume
also that there is a point o € [a,b] where the series Y o o un(zo) converges.
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Then the series > > un(z) converges uniformly on [a,b], and

(zum) S )
n=0 n=0

The corollary tells us that under rather strong conditions, we can differ-
entiate the series > ° up(x) term by term.

Example 3: Summing a geometric series, we see that

m = Z e —ne for x>0 (421)
If we can differentiate term by term on the right hand side, we shall get

(1 mp— Zne ne for z >0 (4.2.2)

To check that this is correct, we must check the convergence of the dif-
ferentiated series (4.2.2). Choose an interval [a,b] where a > 0, then
ne~ " < ne~ " for all x € [a,b]. Using, e.g., the ratio test, it is easy to
see that the series Y 2 ne™"® converges, and hence Y °  ne™"* converges
uniformly on [a, b] by Weierstrass’ M-test. The corollary now tells us that
the sum of the sequence (4.2.2) is the derivative of the sum of the sequence
(4.2.1), i.e

(1_8 5 Zne e for x € [a, b]

Since [a, b] is an arbitrary subinterval of (0, c0), we have

(1—e$ Zne ne forallz >0

Exercises for Section 4.2

1. Show that 07, C(;;:alc) converges uniformly on R.

2. Does the series Y °  ne ™" In Example 3 converge uniformly on (0, 00)?
3. Let f, : [0,1] — R be defined by f,,(x) = nz(1 — 2?)". Show that f,(z) — 0
for all z € [0,1], but that [ f,(z)de — 1.

4. Explain in detail how Corollary 4.2.3 follows from Corollary 4.2.2.
5. Explain in detail how Corollary 4.2.6 follows from Proposition 4.2.5.
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6. a) Show that series > -, C(;sﬁ converges uniformly on R.

b) Show that > 07 | sin g, converges to a continuous function f, and that

n
> cos &
(@) = Z nzn

n=1

7. One can show that
n+1

Z sin(nzx) for z € (—m,m)

If we differentiate term by term, we get

2(—1)""! cos(nx) for x € (—m,m)

M

Il
=

n
Is this a correct formula?

8. a) Show that the sequence > 7, n—, converges uniformly on all intervals
[a,00) where a > 1.

b) Let f(z)=3>0°, & for 2 > 1. Show that f'(z) = —> 07 22

n=1 n=

4.3 Power series

Recall that a power series is a function of the form

= Z en(z —a)”
n=0

where a is a real number and {c,} is a sequence of real numbers. It is
defined for the z-values that make the series converge. We define the radius
of convergence of the series to be the number R such that

1
= lim sup /ey

n—o0

with the interpretation that R = 0 if the limit is infinite, and R = oo if the
limit is 0. To justify this terminology, we need the the following result.

Proposition 4.3.1 If R is the radius of convergence of the power series
Yoo oenl(x — a), the series converges for |x —a| < R and diverges for
|z —a| > R. If 0 < r < R, the series converges uniformly on [a —r,a + r].

Proof: Let us first assume that |a: —a| > R. This means that |z o < R,

and since limsup,, ., V/|cn| = E’ there must be arbitrarily large values of
n such that {/|c,[ > 2. Hence |c,(z — a)"| > 1, and consequently the

[z—al"
series must diverge as the terms do not decrease to zero.
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To prove the (uniform) convergence, assume that r is a number between
0 and R. Since % > %, we can pick a positive number b < 1 such that
% > %. Since limsup,, W = %, there must be an NV € N such that
Vlen] < 2 when n > N. This means that |c,r"| < b" for n > N, and
hence that |c,(z — a)|® < b" for all € [a —r,a + r]. Since >~ \ b" is
a convergent, geometric series, Weierstrass’ M-test tells us that the series
> oo2 n en(z — a)™ converges uniformly on [a — r,a + r]. Since only the tail
of a sequence counts for convergence, the full series Y 7 ¢, (z — a)™ also
converges uniformly on [a — r,a + r]. Since r is an arbitrary number less
than R, we see that series must converge on the open interval (a — R,a+ R),
i.e. whenever |z —a| < R. O

Remark: When we want to find the radius of convergence, it is occasion-
ally convenient to compute a slightly different limit such as lim,, .., "t/c,
or limy, .o, "7/¢, instead of lim,, . {/c,. This corresponds to finding the
radius of convergence of the power series we get by either multiplying or di-
viding the original one by (z — a), and gives the correct answer as multiply-
ing or dividing a series by a non-zero number doesn’t change its convergence
properties.

The proposition above does not tell us what happens at the endpoints
a =+ R of the interval of convergence, but we know from calculus that a series
may converge at both, one or neither endpoint. Although the convergence
is uniform on all subintervals [a — r,a + r], it is not in general uniform on
(a —R,a+ R).

Corollary 4.3.2 Assume that the power series f(z) =Y ", cn(z—a)™ has
radius of convergence R larger than 0. Then the function f is continuous
and differentiable on the open interval (a — R,a + R) with

f(z) = incn(x—a)"_l = i(rﬁ— Depgr(z—a)” forz € (a—R,a+R)
n=1 n=0

and
/zf(t)dt—i tn
o _n:On+1

Proof: Since the power series converges uniformly on each subinterval [a —
r,a+r], the sum is continuous on each such interval according to Proposition
3.2.4. Since each z in (a — R,a + R) is contained in the interior of some of
the subintervals [a — r,a 4 r], we see that f must be continuous on the full
interval (a — R,a+ R). The formula for the integral follows immediately by
applying Corollary 4.2.3 on each subinterval [a — r,a + 7] in a similar way.

(z—a)"t = Z Cnnfl (x—a)" for z € (a—R,a+R)
=1
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To get the formula for the derivative, we shall apply Corollary 4.2.6. To
use this result, we need to know that the differentiated series » > (n +
1)¢py1(x — a)™ has the same radius of convergence as the original series; i.e.

that )
limsup "/|(n + 1)cpy1| = limsup Vlen| = =
n—oo R

n—oo

(note that by the remark above, we may use the n + 1-st root on the left
hand side instead of the n-th root). Since lim, . "/(n+1) = 1, this
is not hard to show (see Exercise 6). Taking the formula for granted, we
may apply Corollary 4.2.6 on each subinterval [a — r,a + ] to get the for-
mula for the derivative at each point = € [a — r,a + r]. Since each point in
(a— R, a+ R) belongs to the interior of some of the subintervals, the formula
for the derivative must hold at all points « € (a — R,a + R). O

A function that is the sum of a power series, is called a real analytic
function. Such functions have derivatives of all orders.

Corollary 4.3.3 Let f(z) =Y 2 cp(x—a)" forxz € (a—R,a+ R). Then
f is k times differentiable in (a— R, a+R) for any k € N, and f*(a) = klcy,.
Hence Y > cp(x — a)" is the Taylor series

o rn)(g
fla) =3 D gy

Proof: Using the previous corollary, we get by induction that f*) exists on
(a — R,a+ R) and that

F®) (z) = Zn(n 1o (n—k+Dep(z—a)™F
n=k

Putting = a, we get f(k)(a) = klck, and the corollary follows. O

Exercises for Section 4.3

1. Find power series with radius of convergence 0, 1, 2, and oo.

2. Find power series with radius of convergence 1 that converge at both,
one and neither of the endpoints.

3. Show that for any polynomial P, lim,,_.. ¥/|P(n)| = 1.

4. Use the result in Exercise 3 to find the radius of convergence:

T T
a) Z;O:O 721311
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Zoo 2n24n— lxn
n=0 3n+4

>onl On:L‘

b)
)

5. a) Explain that - = >"7° (2" for |z| < 1,
)
)

¢}

b) Show that =32 o 2na?~ ! for 2| < 1.

Ty

=5 2 for |2| < 1.

1
¢) Show that ln‘ n=0 In+1

6. Let Y »° ) cn(x —a)™ be a power series.
a) Show that the radius of convergence is given by
1 : n+k
— = limsup "\/|cp|
R n—oo

for any integer k.

b) Show that lim, oo "Vn + 1 =1 (write "V/n +1 = (n+1)w1).
c¢) Prove the formula
limsup ""/|(n + 1)cp1] = hmsup Vien| = =
n—oo

in the proof of Corollary 4.3.2.

4.4 Abel’s Theorem

We have seen that the sum f(z) = > 07 cn(z — a)” of a power series is
continuous in the interior (¢ — R,a + R) of its interval of convergence. But
what happens if the series converges at an endpoint a + R? It turns out
that the sum is also continuous at the endpoint, but that this is surprisingly
intricate to prove.

Before we turn to the proof, we need a lemma that can be thought of as
a discrete version of integration by parts.

Lemma 4.4.1 (Abel’s Summation Formula) Let {a,}3>, and {b,}5>,
be two sequences of real numbers, and let s, =Y ;_qan. Then

N N-1
> anbn = syby + Y sn(bn — bps1).
n=0 n=0

If the series Y 7 4 an converges, and b, — 0 as n — oo, then

Z anby, = Z sn(bn - bn+1)
n=0 n=0
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Proof: Note that a,, = s, —s,—1 for n > 1, and that this formula even holds
for n = 0 if we define s_1 = 0. Hence

N N N N
Z anbn = Z(Sn - Sn—l)bn = Z Snbn - Z Sn—lbn
n=0 n=0 n=0 n=0
Changing the index of summation and using that s_; = 0, we see that

Zg:o Sp—1bp = Zg:_ol Spbnt1. Putting this into the formula above, we get

N N N-—1 N-—1
Z anby, = Z Spbp — Z Spbpy1 = snby + Z Sn(bn - bn—i—l)
n=0 n=0 n=0 n=0

and the first part of the lemma is proved. The second follows by letting
N — o0. O

We are now ready to prove:

Theorem 4.4.2 (Abel’s Theorem) The sum of a power series f(x) =
Yoo Cnl(x —a)™ is continuous in its entire interval of convergence. This
means in particular that if R is the radius of convergence, and the power se-
ries converges at the right endpoint a+R, thenlimgq4 g f(z) = f(a+R), and
if the power series converges at the left endpoint a— R, then lim, | ,— g f(z) =

fla—R).!

Proof: We already know that f is continuous in the open interval (a — R, a+
R), and that we only need to check the endpoints. To keep the notation
simple, we shall assume that ¢ = 0 and concentrate on the right endpoint
R. Thus we want to prove that limgr f(z) = f(R).

Note that f(z) = Yo% g cnR" (%)". If we assume that |z| < R, we may
apply the second version of Abel’s summation formula with a,, = ¢, R and
b, = (ﬁ)n to get

r= S (G - G) = - D ()

where f,(R) = > j_,cxRF. Summing a geometric series, we see that we

also have
fm=(1-2) 3w (5)"
n=0
Hence )
o= s =[ (1 7) St - s (7
n=0

'T use limg1p and limg |, for one-sided limits, also denoted by lim,_,— and lim,_,+.
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Given an € > 0, we must find a § > 0 such that this quantity is less than e
when R — § < z < R. This may seem obvious due to the factor (1 —z/R),
but the problem is that the infinite series may go to infinity when  — R.
Hence we need to control the tail of the sequence before we exploit the factor
(1 — z/R). Fortunately, this is not difficult: Since f,(R) — f(R), we first
pick an N € N such that |f,(R) — f(R)| < § for n > N. Then

@)= sl < (1- ) SR - HB) (£)"+
n=0
(1= 2) S R - 1) (5) <
n=N

() B s () (- D55 () -

=(1-%) S (B - (B (£)+5
n=0

where we have summed a geometric series. Now the sum is finite, and

the first term clearly converges to 0 when = T R. Hence there is a § > 0
€

such that this term is less than § when R — 4§ < x < R, and consequently
|f(z) — f(R)| < € for such values of x. O

Let us take a look at a famous example.

Example 1: Summing a geometric series, we clearly have

o0

1 n,.2n
5 = g (—1)"zx for |z] < 1
14z o
Integrating, we get
e 2n+1
T
t = 1" fi <1
arctan x ngzo( ) 1 or |z|

Using the Alternating Series Test, we see that the series converges even for
x = 1. By Abel’s Theorem

o0
% = arctan 1 = limarctan x = lim (—1)”2n e Z(—l)”Qn 1

1 1
zT zT =0

Hence we have proved
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This is often called Leibniz’ or Gregory’s formula for 7, but it was actually
first discovered by the Indian mathematician Madhava (ca. 1350 — ca. 1425).
)

This example is rather typical; the most interesting information is often
obtained at an endpoint, and we need Abel’s Theorem to secure it.

It is natural to think that Abel’s Theorem must have a converse saying
that if limgya4r Y no o cna™ exists, then the sequence converges at the right
endpoint x = a + R. This, however, is not true as the following simple
example shows.

Example 2: Summing a geometric series, we have

1 oo
T D (=)t for |z <1
n=0
Obviously, limgq; Y o0 (=)™ = limgyy lJ%x = 1, but the series does not
converge for z = 1. &

It is possible to put extra conditions on the coefficients of the series to
ensure convergence at the endpoint, see Exercise 2.

Exercises for Section 4.4
1. a) Explain why 1%@ =300 o(=1)™a™ for |z| < 1.
b) Show that In(1 + ) = Y207 o (~1)" L5 for [z] < 1.
¢) Show that In2 = >7>7 ((—1)" 5.

n=0

2. In this problem we shall prove the following partial converse of Abel’s The-
orem:

Tauber’s Theorem Assume that s(z) = Y.~ c,2™ is a power series with
radius of convergence 1. Assume that s = limq; ZZOZO cpx™ is finite. If in
addition lim,,_.., nc, = 0, then the power series converges for z = 1 and
s =s(1).

a) Explain that if we can prove that the power series converges for z = 1,
then the rest of the theorem will follow from Abel’s Theorem.

b) Show that limy—_.ee & S0, nlea| = 0.

c) Let sy = ZZLO ¢n- Explain that

N oo
s(x)fsN:chn(lfx”)qL Z cnx”
n=0 n=N+1

d) Show that 1 — 2™ < n(l —z) for |z| < 1.
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e) Let N, be the integer such that N, < ﬁ < N, + 1 Show that

N N N,

n 1
deal—a™) < (1—2) ) nlea| < anm -0

n=0 n=0 % n=0
asx T 1.
f) Show that

o0 [oe) n o0
n T d, n
e < nle,|— = T
n N,
n=N,+1 n=Nz+1 n=0

where d, — 0 as x T 1. Show that ZZO:NEH cpx™ —0asx T 1.

g) Prove Tauber’s theorem.

4.5 Normed spaces

In later sections of this chapter we shall continue our study of how general
functions can be expressed as series of simpler functions. This time the
“simple functions” will be trigonometric functions and not power functions,
and the series will be called Fourier series and not power series. Before
we turn to Fourier series, we shall take a look at normed spaces and inner
product spaces. Strictly speaking, it is not necessary to know about such
spaces to study Fourier series, but a basic understanding will make it much
easier to appreciate the basic ideas and put them into a wider framework.

In Fourier analysis, one studies vector spaces of functions, and let me
begin by reminding you that a vector space is just a set where you can
add elements and multiply them by numbers in a reasonable way. More
precisely:

Definition 4.5.1 Let K be either R or C, and let V be a nonempty set.
Assume that V is equipped with two operations:

e Addition which to any two elements u,v € V assigns an element u +
velV.

e Scalar multiplication which to any element u € V and any number
a € K assigns an element au € V.

We call V' a vector space over K if the following axioms are satisfied:
(i) u+v=v+u foraluveV.

(ii) (u+v)+w=u+ (v+w) forallu,v,weV.

(iii) There is a zero vector 0 € V' such that u+0=u for allueV.

(iv) For each u € V, there is an element —u € V' such that u+ (—u) = 0.
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(v) a(u+v)=au+av for allu,v € V and all o € K.

(vi) (a4 B)u=au+ pu foralluecV and all a,p € K:
(vit) a(fu) = (af)u for allu €V and all o, € K:
(viti) lu =u for allu e V.

To make it easier to distinguish, we sometimes refer to elements in V as
vectors and elements in K as scalars.

I’ll assume that you are familar with the basic consequences of these
axioms as presented in a course on linear algebra. Recall in particular that
a subset U C V is a vector space if it closed under addition and scalar
multiplication, i.e. that whenever u,v € U and a € K, then u+v,aqu € U.

To measure the seize of an element in a metric space, we introduce norms:

Definition 4.5.2 If V s a vector space over K, a norm on V' is a function
|-]:V — R such that:

(i) |u| > 0 with equality if and only if u = 0.
(i) |ou| = |al|u| for all « € K and allu € V.
(iii) |Ju+v| <|u|+ |v| for allu,v € V.

Example 1: The classical example of a norm on a real vector space, is the
euclidean norm on R™ given by

Il = \fa? + a3+ +a?

where x = (x1,x2....,2,). The corresponding norm on the complex vector
space C™ is

lz] = V2112 + 22 + - - + |zn]?

where z = (21, 29....,2y). &

The spaces above are the most common vector spaces and norms in lin-
ear algebra. More relevant for our purposes in this chapter are:

Example 2: Let (X,d) be a compact metric space, and let V = C(X,R)
be the set of all continuous, real valued functions on X. Then V is a vector
space over R and

|1 = sup{[f(x)[ |z € X}

is a norm on V. To get a complex example, let V = C(X, C) and define the
norm by the same formula as before. &

From a norm we can always get a metric in the following way:
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Proposition 4.5.3 Assume that V' is a vector space over K and that | - |
is @ norm on V. Then
d(u,v) = |u—v]|

is @ metric on V.

Proof: We have to check the three properties of a metric:

Positivity: Since d(u,v) = |u — v|, we see from part (i) of the definition
above that d(u,v) > 0 with equality if and only if u — v = 0, i.e. if and
only ifu=wv.

Symmetry: Since

[u=v[ =D -] =[=Dllv-u|=]v-u]

by part (ii) of the definition above, we see that d(u,v) = d(v,u).
Triangle inequality: By part (iii) of the definition above, we see that for all
u,v,weV:

d(u,v) = [u—v| = |(u—-w)+ (w-v)| <

< fu—w|+|w—v|=d(u,w)+dw,v)

a

Whenever we refer to notions such as convergence, continuity, openness,
closedness, completeness, compactness etc. in a normed vector space, we
shall be refering to these notions with respect to the metric defined by the
norm. In practice, this means that we continue as before, but write |[u —v|
instead of d(u,v) for the distance between the points u and v.

Remark: The inverse triangle inequality (recall Proposition 2.1.2)
|d(z,y) — d(z, 2)| < d(y, 2) (4.5.1)

is a useful tool in metric spaces. In normed spaces, it is most conveniently

expressed as
Hul = vl < Ju—v] (4.5.2)

(use formula (4.5.1) with 2 =0, y =u and z = v).

Note that if {u,}72, is a sequence of elements in a normed vector space,
we define the infinite sum y 2, u, as the limit of the partial sums s, =

> p—1 ui provided this limit exists; i.e.

o n

E u, = lim g uy
n—oo

n=1 k=1
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When the limit exists, we say that the series converges.

Remark: The notation u =)~ , u, is rather treacherous — it seems to
be a purely algebraic relationship, but it does, in fact, depend on which
norm we are using. If we have a two different norms | - |1 and | - |2 on the
same space V, we may have u = ) 7, u,, with respect to ||, but not with
respect to || - |2, as J[u — s, [1 — 0 does not necesarily imply |u —s,|2 — 0.
This phenomenon is actually quite common, and we shall meet it on several
occesions later in the book.

Recall from linear algebra that at vector space V is finite dimensional
if there is a finite set eq, e, ..., e, of elements in V' such that each element
X € V can be written as a linear combination x = aje; + ases + - - - + ap ey,
in a unique way. We call ej,es,...,e, a basis for V, and say that V has
dimension n. A space that is not finite dimensional is called infinte dimen-
sional. Most of the spaces we shall be working with are infinite dimensional,
and we shall now extend the notion of basis to (some) such spaces.

Definition 4.5.4 Let {e,}72; be a sequence of elements in a normed vector
space V.. We say that {e,} is a basis® for V if for each x € V there is a
unique sequence {ay,}5°; from K such that

[e%S)
X = g n€n
n=1

Not all normed spaces have a basis; there are, e.g., spaces so big that
not all elements can be reached from a countable set of basis elements. Let
us take a look at an infinite dimensional space with a basis.

Example 3: Let ¢y be the set of all sequences x = {z, }nen of real numbers
such that lim,,_,~ x, = 0. It is not hard to check that {cy} is a vector space
and that

|x[| = sup{|zn| : n € N}

is a norm on ¢y. Let e, = (0,0,...,0,1,0,...) be the sequence that is 1
on element number n and 0 elsewhere. Then {e, } e is a basis for ¢y with
X =7 Tnep. &

If a normed vector space is complete, we call it a Banach space. The
next theorem provides an efficient method for checking that a normed space

2Strictly speaking, there are two notions of basis for an infinite dimensional space.
The type we are introducing here is sometimes called a Schauder basis and only works
in normed spaces where we can give meaning to infinite sums. There ia another kind of
basis called a Hamel basis which does not require the space to be normed, but which is
less practical for applications.
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is complete. We say that a series » ~°,u, in V converges absolutely if
Yo7 1 |uy| converges (note that Y | |u,| is a series of positive numbers).

Proposition 4.5.5 A normed vector space V is complete if and only if
every absolutely convergent series converges.

Proof: Assume first that V' is complete and that the series > ju, con-
verges absolutely. We must show that the series converges in the ordinary
sense. Let S, = > 1 o [ux] and s, = > _,uy be the partial sums of the
two series. Since the series converges absolutely, the sequence {S,} is a
Cauchy sequence, and given an € > 0, there must be an N € N such that
|Sp — S| < € when n,m > N. Without loss of generality, we may assume
that m > n. By the triangle inequality

m m
Ism —sul =1 D> wl < > Jug| =[S — Sul < e
k=n+1 k=n+1

when n,m > N, and hence {s,} is a Cauchy sequence. Since V is complete,
the series > ;u, converges.

For the converse, assume that all absolutely convergent series converge,
and let {x,} be a Cauchy sequence. We must show that {x,} converges.
Since {x,} is a Cauchy sequence, we can find an increasing sequence {n;} in
N such that [x, — Xp| < 5 for all n,m > n;. In particular |xp,, —Xn,| <
%, and clearly >, |Xpn,,, — Xp,| converges. This means that the series
Y ioq(Xn,, — Xp,;) converges absolutely, and by assumption it converges in
the ordinary sense to some element s € V. The partial sums of this sequence

are
N

SN = Z(XMH - Xni) = Xnni1 — Xny
i=1
(the sum is “telescoping” and almost all terms cancel), and as they converge
to s, we see that x,,, , must converge to s + X,. This means that a
subsequence of the Cauchy sequence {x,} converges, and thus the sequence
itself converges according to Lemma 2.5.5. O

Exercises for Section 4.5

1. Check that the norms in Example 1 really are norms (i.e. that they satisfy
the conditions in Definition 4.5.2).

2. Check that the norms in Example 2 really are norms (i.e. that they satisfy
the conditions in Definition 4.5.2).

3. Let V be a normed vector space over K. Assume that {u,},{v,} are se-
quences in V converging to u og v, respectively, and that {a,},{3,} are
sequences in K converging to a og 3, respectively.
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a) Show that {u, + v, } converges to u+ v.
b) Show that {a,u,} converges to au

¢) Show that {a,u, + B, v, } converges to au + Bv.
4. Let V be a normed vector space over K.

a) Prove the inverse triangle inequality ||Ju|—|v]| < |Ju—v]| forallu,v € V.

b) Assume that {u,} is a sequence in V' converging to u. Show that {|u,|}
converges to |u]
5. Show that )
1= [ Irte)ae
0
is a norm on C([0, 1], R).
6. Prove that the set {e,},en in Example 3 really is a basis for ¢.

7. Let V # {0} be a vector space, and let d be the discreet metric on V. Show
that d is not generated by a norm (i.e. there is no norm on V such that

d(x,y) =[x —yl)-
8. Let V # {0} be a normed vector space. Show that V' is complete if and only
if the unit sphere S = {x € V : |x| = 1} is complete.

9. Show that if a normed vector space V has a basis (as defined in Definition
4.5.4), then it is separable (i.e. it has a countable, dense subset).

10. Iy is the set of all sequences x = {z;, }nen of real numbers such that 07 | |z,
converges.

a) Show that

o0

Il = |l

n=1
is a norm on [j.
b) Show that the set {e, }nen in Example 3 is a basis for [;.
c¢) Show that I; is complete.

4.6 Inner product spaces

The usual (euclidean) norm in R™ can be defined in terms of the scalar (dot)
product:

x| = vx-x

This relationship is extremely important as it connects length (defined by
the norm) and orthogonality (defined by the scalar product), and it is the
key to many generalizations of geometric arguments from R? and R3 to R™.
In this section we shall see how we can extend this generalization to certain
infinite dimensional spaces called inner product spaces.
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The basic observation is that some norms on infinite dimensional spaces
can be defined in terms of a product just as the euclidean norm is defined in
terms of the scalar product. Let us begin by taking a look at such products.
As in the previous section, we assume that all vector spaces are over K which
is either R or C. As we shall be using complex spaces in our study of Fourier
series, it is important that you don’t neglect the complex case.

Definition 4.6.1 An inner product (-,-) on a vector space V' over K is a
function (-,-) : V. x V — K such that:

(i) (u,v) = (v,u) for allu,v € V (the bar denotes complex conjugation;
if the vector space is real, we just have (u,v) = (v,u)).

(i) (u+v,w) = (u,w) + (v,w) for allu,v,we V.
(iii) {(au,v) = alu,v) for ala € K, u,veV.
(iv) For allu € V, (u,u) > 0 with equality if and only if u = 0 (by (i),

{(u,u) is always a real number).3

As immediate consequences of (i)-(iv), we have
(v) (u,v+w)={(u,v)+ (u,w) for all u,v,w e V.

(vi) (u,av) = @(u,v) for all @ € K, u,v € V (note the complex conju-
gate!).

(vii) (au, av) = |a|?(u,v) (combine (i) and(vi) and recall that for complex
numbers |a|? = aa).

Example 1: The classical examples are the dot products in R™ and C™. If
x = (x1,29,...,2,) and y = (y1,¥2,. .., Yn) are two real vectors, we define

(X,y) =x-y=21y1 + T2Y2 + ... + Tn¥Yn

If z=(z1,29,...,2,) and w = (w1, wa, ..., w,) are two complex vectors, we
define
(z,W) =2 W = 2101 + 2003 + ... + 2,0y,

Before we look at the next example, we need to extend integration to
complex valued functions. If a,b € R, a < b, and f,g : [a,b] — R are
continuous functions, we get a complex valued function A : [a,b] — C by
letting

h(t) = f(t) +ig(t)

3Strictly speaking, we are defining positive definite inner products, but they are the
only inner products we have use for.
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We define the integral of h in the natural way:

/abh(t)dt:/abf(t)dtJrz’/abg(t)dt

i.e., we integrate the real and complex parts separately.

Example 2: Again we look at the real and complex case separately. For
the real case, let V' be the set of all continuous functions f : [a,b] — R, and
define the inner product by

b
(f.g) = / F(Dg(t) dt

For the complex case, let V be the set of all continuous, complex valued
functions h : [a,b] — C as descibed above, and define

(h, k) = / ’ (VD)

Then (-,-) is an inner product on V.

Note that these inner products may be thought of as natural extensions
of the products in Example 1; we have just replaced discrete sums by con-
tinuous products.

Given an inner product (-, -), we define |- | : V' — [0, 00) by
[ul = v/ (u,u)

in analogy with the norm and the dot product in R™ and C™. For simplicity,
we shall refer to | - | as a norm, although at this stage it is not at all clear
that it is a norm in the sense of Definition 4.5.2.

On our way to proving that || - | really is a norm, we shall pick up a
few results of a geometric nature which will be useful later. We begin by
defining two vectors u,v € V to be orthogonal if (u,v) = 0. Note that if
this is the case, we also have (v,u) = 0 since (v,u) = (u,v) =0=0.

With these definitions, we can prove the following generalization of the
Pythagorean theorem:

Proposition 4.6.2 (Pythagorean Theorem) For all orthogonal u;, ug,
., Uy 'V,

Jwi +ug + g = P+ uef? 4
Proof: We have

Hu1+u2+...+un||2:<u1+u2+...+un,u1+u2+...+un>:
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= Y (wwg) = w4 gl 4 fu)?
1<i,j<n

where we have used that by orthogonality, (u;,u;) = 0 whenever ¢ # j. O

Two nonzero vectors u, v are said to be parallel if there is a number
«a € C such that u = av. As in R”, the projection of u on v is the vector p
parallel with v such that u — p is orthogonal to v. Figure 1 shows the idea.

y

Figure 1: The projection p of u on v

Proposition 4.6.3 Assume that u and v are two nonzero elements of V.
Then the projection p of u on v is given by:

(u,v)
p =
[v[

The norm of the projection is |p| = |<hl\’:||l>|

Proof: Since p is parallel to v, it must be of the form p = av. To determine
«, we note that in order for u — p to be orthogonal to v, we must have
(u—p,v) =0. Hence « is determined by the equation

I
el
=

|
L2
=
T

0= (u—av,v)=(uv)—(av,v)

Solving for «, we get o = %, and hence p = V-

To calculate the norm, note that
2 2
IpI*> = (p.p) = (av,av) = [a*(v,v) = WWM = W
v v

(recall property (vi) just after Definition 4.6.1). O

We can now extend Cauchy-Schwarz’ inequality to general inner prod-
ucts:
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Proposition 4.6.4 (Cauchy-Schwarz’ inequality) For allu,v €V,
[(u, v)| < [[ul]v]

with equality if and only if u and v are parallel or at least one of them is
zero.

Proof: The proposition clearly holds with equality if one of the vectors is
zero. If they are both nonzero, we let p be the projection of u on v, and
note that by the pythagorean theorem

[ul* = [u—pI* +[p|* > |p|?

with equality only if u = p, i.e. when u and v are parallel. Since |p| = |<hl",‘"’>|
by Proposition 4.6.3, we have
” HQ |<11,V>|2
o vI?
and the proposition follows. O

We may now prove:

Proposition 4.6.5 (Triangle inequality for inner products) For allu,
veV
[u+v] < u] +]v]

Proof: We have (recall that Re(z) refers to the real part a of a complex
number z = a + b):

lu+ v =(u+v,u+v)=(uu)+ (u,v)+ (v,u) + (v,v) =
= (u,u) + (u,v) + (u,v) + (v,v) = (u,u) + 2Re((u, v)) + (v, v) <
< Jul? +2uf[v] + [v]* = (Juf + [v])®

where we have used that according to Cauchy-Schwarz’ inequality, we have
Re((u,v)) < [(u,v)| < [uf|v]. O

We are now ready to prove that | - | really is a norm:
Proposition 4.6.6 If (-,-) is an inner product on a vector space V', then
vl =+ (u,u)

defines a norm on 'V, i.e.

(i) |u| > 0 with equality if and only if u = 0.
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(i1) |au| = |a||u| for all € C and allu e V.
(i1i) |u+v| < |u| +|v] for allu,v e V.

Proof: (i) follows directly from the definition of inner products, and (iii)
is just the triangle inequality. We have actually proved (ii) on our way to
Cauchy-Scharz’ inequality, but let us repeat the proof here:

Jou|? = (au, au) = [af*|ul?
where we have used property (vi) just after Definition 4.6.1. O

The proposition above means that we can think of an inner product
space as a metric space with metric defined by

dx,y)=lx—-yl=v{x-y,x—y)

Example 3: Returning to Example 2, we see that the metric in the real as
well as the complex case is given by

o= (| 1 g<t>r2dt>é

The next proposition tells us that we can move limits and infinite sums
in and out of inner products.

Proposition 4.6.7 Let V' be an inner product space.

(i) If {u,} is a sequence in V converging to u, then the sequence {|u,|}
of norms converges to |ul.

(ii) If the series > 7 oWy converges in V, then
00 N

| an” = ]\}gnoo I an”
n=0 n=0

(iii) If {u,} is a sequence in 'V converging to u, then the sequence (u,,,Vv)
of inner products converges to (u,v) for all v € V. In symbols,
limy, o0 (Up, v) = (limy o0 Uy, v) for allv eV.

(iv) If the series Y > Wy converges in'V, then

[e.9]

< anv> = Z<Wmv>
n=1

n=1
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Proof: (i) follows directly from the inverse triangle inequality
[l = un] | < fu =,

(i) follows immediately from (i) if we let u, = > ;_, Wi
(iii) Assume that u, — u. To show that (u,,v) — (u,v), is suffices
to prove that (u,,v) — (u,v) = (u, —u,v) — 0. But by Cauchy-Schwarz’
inequality
[(up —u,v)| < fu, —ulfv] =0

since |u, — u| — 0 by assumption.
(iv) We use (iil) withu =", w,, and u, = Y ,_; Wg. Then

n—oo

<Z Wy, V) = (u,v) = lim (u,,v) = lim (Z W, V) =
n=1 k=1

n o

= Jim D (wi,v) = (W, v)

k= n=1

|

We shall now generalize some notions from linear algebra to our new
setting. If {uj,ug,...,u,} is a finite set of elements in V', we define the
span

Sp{ui,ug,...,u,}

of {u,uy,...,u,} to be the set of all linear combinations
aju; + asus + ...+ ayuy, where a1, a9, ...,a, € K

A set A C V is said to be orthonormal if it consists of orthogonal elements
of length one, i.e. if for all a,b € A, we have

0 ifa#b
<a7b>::
1 ifa=Db
If {e1,e,...,e,} is an orthonormal set and u € V, we define the projection

of uon Sp{ej,es,...,e,} by
Pojes...en (1) = (W, €1)€1 + (U, €2)€2 + - - + (U, €n)ey
This terminology is justified by the following result.

Proposition 4.6.8 Let {e},eq,...,e,} be an orthonormal setin'V. For ev-
eryu € V, the projection Pe, e, ..., (1) is the element in Sp{e;,ez,... ey}
closest to u. Moreover, U — Pg, ¢, .. e, (1) is orthogonal to all elements in
Sp{ei,ez,...,e,}.
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Proof: We first prove the orthogonality. It suffices to prove that
(u—Pe, e, e,(0),€) =0 (4.6.1)
for each i = 1,2,...,n, as we then have
(U —Pejes,.e, (1), 101 + -+ + aney) =

= al(“ - Pel,e2,~~-,en (u)a e1> +.o an<u - P91,927~~,en (u), en> =0

for all aje; +- -+ ane, € Sp{e;, ey, ...,e,}. To prove formula (4.6.1), just
observe that for each e;

(u— P61,927---7en(u)7ei> = (u,e;) — (Pel,eg,---,en(u)aei>

= <U,ei> - (<u’ei><elvei> + <u7 92><erei> + o+ <u7en><en’ el>) =

= (u,e;) — (u,e;) =0

To prove that the projection is the element in Sp{ey, es, ..., e,} closest to

u, let w = aje1 +ages+- - -+ aye, be another element in Sp{ey, es,...,e,}.

Then Pe, e....e,(u) —w is in Sp{e;,es,...,e,}, and hence orthogonal to

u—Pe, e, e, (1) by what we have just proved. By the Pythagorean theorem

2 2 2 2
[u—w[” = Ju=Pe, es....e, (W)["+[Pe, es.....c0 (W) =W|" > [u—=Pe, c,.....c,, (W]

O

As an immediate consequence of the proposition above, we get:

Corollary 4.6.9 (Bessel’s inequality) Let {e1,es,...,€e,,...} be an or-
thonormal sequence in V. For anyu €V,

o0

D l(u e < [uf?
i=1

Proof: Since u—Peg, e, e, (1) is orthogonal to Pe, e,.....e, (1), we get by the
Pythagorean theorem that for any n

[ul? = [u = Pey ea....cn (W + [Py s (W7 = [Py ... e (W)
Using the Pythagorean Theorem again, we see that
[Pey ez, (W]* = [{u, e1)er + (u,e)er + - + (u,en)e,|* =

= [(u,er)er | + [{u, ex)ea]® + - + [(u,en)en] =

= [{u,en)” + [(w,e2)* + - + [(u,e,)[?
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and hence
Jul> > [(u,e1)]* + [(u,e2) > + -+ + [(u, e,) >

for all n. Letting n — oo, the corollary follows. |

We have now reached the main result of this section. Recall from Defi-
nition 4.5.4 that {e;} is a basis for V if any element u in V' can be written
as a linear combination u = Z;’il a;e; in a unique way. The theorem tells
us that if the basis is orthonormal, the coeffisients «; are easy to find; they
are simply given by «; = (u,e;).

Theorem 4.6.10 (Parseval’s Theorem) If {ej,ez,...,€e,,...} is an or-
thonormal basis for V', then for allu € V, we have u = )2, (u, e;)e; and

[ul? = 3232, [, €)%

Proof: Since {ej,es,...,€e,,...} is a basis, we know that there is a unique
sequence ai, g, ..., Qy,... from K such that u = Y7, a,e,. This means
that ||u—27]1\7:1 apep| — 0as N — oo. Since the projection Pe, e, ey (1) =

ny:l(u, en)e, is the element in Sp{e;,es,...,ex} closest to u, we have
N

N
”u o Z<u’e”>e"” <Ju- Zanen” —0 as N — oo

n=1 n=1

and hence u =", (u,ey,)e,. To prove the second part, observe that since
u=>""2 (ue,)e, =limy_ Zgzl(u,en>en, we have (recall Proposition

n=1
4.6.7(ii))
N N 00
2 1 2 1 2 _ 2
[u” = lim Hzl<u,en>en\ —ngnoozl\(u,en)! —ZlKu,enH
n= n= n=

|

The coefficients (u, e,) in the arguments above are often called (abstract)
Fourier coefficients. By Parseval’s theorem, they are square summable in
the sense that > o0, [(u,e,)|> < co. A natural question is whether we can
reverse this procedure: Given a square summable sequence {«,,} of elements
in K, does there exist an element u in V with Fourier coefficients «,, i.e.
such that (u,e,) = a, for all n? The answer is affirmative provided V is
complete.

Proposition 4.6.11 Let V be a complete inner product space over K with
an orthonormal basis {e1,ea,...,en,...}. Assume that {an}nen is a se-
quence from K which is square summable in the sense that Y oo | o |* con-
verges. Then the series Y -, ane, converges to an element u € V, and

(u,e,) = ay, for alln € N.
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Proof: We must prove that the partial sums s, = Y ,_; axey form a Cauchy
sequence. If m > n, we have

m m
Ism —sal® = | Z anen|® = Z | |?
k=n-+1 k=n+1

Since Yo% | |an|?* converges, we can get this expression less than any € > 0
by choosing n,m large enough. Hence {s,} is a Cauchy sequence, and the
series > 7 | ape, converges to some element u € V. By Proposition 4.6.7,

) [eS)
<uaei> = <Z @nenuei> = Z<anenaei> = 04
n=1 n=1

a

Completeness is necessary in the proposition above — if V' is not com-
plete, there will always be a square summable sequence {a,} such that
Y02 aney, does not converge (see exercise 13).

A complete inner product space is called a Hilbert space.

Exercises for Section 4.6

1. Show that the inner products in Example 1 really are inner products (i.e.
that they satisfy Definition 4.6.1).

2. Show that the inner products in Example 2 really are inner products.
3. Prove formula (v) just after definition 4.6.1.

4. Prove formula (vi) just after definition 4.6.1.

5. Prove formula (vii) just after definition 4.6.1.

6. Show that if A is a symmetric (real) matrix with strictly positive eigenvalues,
then

(u,v) = (Au) - v
is an inner product on R™.

7. If h(t) = f(t) +ig(t) is a complex valued function where f and g are dif-
ferentiable, define h/(t) = f'(t) + i g'(t). Prove that the integration by parts

formula
b

/a bu(t)u’(t) dt = [u(t)v(t)} - / bu/(t)v(t) gt

a

holds for complex valued functions.

8. Assume that {u,} and {v,} are two sequences in an inner product space
converging to u and v, respectively. Show that (u,,v,) — (u,v).
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10.

11.

Show that if the norm | - | is defined from an inner product by |u] = (u,u)z,

we have the parallellogram law
[u+v|? + Ju—v|* = 2Jul* + 2|v|?

for allu, v € V. Show that the norms on R? defined by | (x,y)| = max{|z|, |y|}
and ||(z,y)| = |z| + |y| do not come from inner products.

Let {e1,eq,...,e,} be an orthonormal set in an inner product space V.. Show
that the projection P = P, e, .. e, is linear in the sense that P(au) = aP(u)
and P(u+v) = P(u) + P(v) for all u,v € V and all « € K.

In this problem we prove the polarization identities for real and complex
inner products. These identities are useful as they express the inner product
in terms of the norm.

a) Show that if V' is an inner product space over R, then

(u,v) = - (Ju+v]* = Ju—v[?)

1
4
b) Show that if V' is an inner product space over C, then

(a4 vI* = Ju = v|* + ifu+iv]® — iJu —iv]?)

| =

<uv V> =

12. If S is a nonempty subset of an inner product space, let

St={ueV :(us)=0foralsecS}

a) Show that S+ is a closed subspace of S.
b) Show that if S C T, then S+ > T+.

c¢) Show that (S+)+ is the smallest closed subspace of V' containing S.

13. Let Iy be the set of all real sequences x = {z,, }nen such that > >~ | 22 < oo.

a) Show that (x,y) = ..~ T,y is an inner product on lo.
b) Show that ls is complete.

c¢) Let e, be the sequence where the n-th component is 1 and all the other
components are 0. Show that {e, },en is an orthonormal basis for .

d) Let V be an inner product space with an orthonormal basis {vi, va,
.vvy Vn, ...}. Assume that for every square summable sequence {a,},
there is an element u € V' such that (u,v;) = a; for all i € N. Show
that V is complete.

4.7 Complex exponential functions

Our next task is to apply the ideas in the previous section to spaces of
functions. Before we do that, it will be convenient to take a brief look at
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the functions that will serve as elements of our orthonormal basis. Recall
that for a complex number z = x + 7y, the exponential e* is defined by

e” = e*(cosy +isiny)
We shall mainly be interested in purely imaginary exponents:

e = cosy + isiny (4.7.1)
Since we also have

e = cos(—y) +isin(—y) = cosy — isiny

we may add and subtract to get

iy —iy
cosy = e re’ +26 (4.7.2)
e —e W
iny=— 4.7.3
siny = (4.7.3)

Formulas (4.7.1)-(4.7.3) give us important connections between complex ex-
ponetials and trigonometric functions that we shall exploit in the next sec-
tions.

We shall be interested in functions f : R — C of the form

f(z) = elatib)e _ o0 oog by 1 007 gip bx, where a € R

If we differentiate f by differentiating the real and complex parts separately,
we get

f'(z) = ae® cos bz — be® sin bx + iae® sin bz + ibe® cos bx =
= ae® (cos bx 4 isinbx) + ibe®™ (cos bx + isinbx) = (a + ib)e(@T0)?
and hence we have the formula

. / .
(e(a-l—zb)x) _ (a+ib)e(a+zb)x (4.7.4)

that we would expect from the real case. Antidifferentiating, we see that

) e(a—l—ib)x
/ ela+ T gy — — +C (4.7.5)
a4+ b

where C' = C1 +iCs is an arbitrary, complex constant.
Note that if we multiply by the conjugate a — ib in the numerator and
the denominator, we get

e(a+ib)x e(aJrib)x(a _ Zb) 00T

ot~ (atib)(a—ib) a2+b2(cosb:v+isinbx)(a—ib):
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eax

:a2—|—b2(

Hence (4.7.5) may also be written

acos bz + bsin bz + i(asin bz — beos b))

/ (e‘” cosbr + e sin bm) dr =

axr

m(a cos bx + bsin bz + i(asin bxr — b cos bx))
a

Separating the real and the imaginary parts, we get

o eax .
/e cosbr dr = m(a cos bz + bsin bz) (4.7.6)
and e
/ e’ sinbr dr = (1267_% (asinbz — bcos bx) (4.7.7)

In calculus, these formulas are usually proved by two times integration by
parts, but in our complex setting they follow more or less immediately from
the basic integration formula (4.7.5).

We shall be particularly interested in the functions

en(z) = ™" = cosnz +isinnx where n € Z

Observe first that these functions are 2w-periodic in the sense that
en(x + 27‘(’) — ein(az+2ﬂ') — einw2nmi _ jinz | _ €n(:li)

This means in particular that e, (—7) = e, (7) (they are both equal to (—1)"
as is easily checked). Integrating, we see that for n # 0, we have

/F en(x) da = [em]; _ enlm —enlzm) _,

m m

—Tr

while we for n = 0 have

/eg(l‘)dl':/ ldr =2m

This leads to the following orthogonality relation.

Proposition 4.7.1 For all n,m € Z we have

en(x)em(z)de =
- 2t ifn=m

/,r 0 ifn#m
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Proof: Since

en (J")m — inw —imz _ ei(n—m)x

the lemma follows from the formulas above. d

The proposition shows that the family {ey},ecz is almost orthonormal
with respect to the inner product

gy = | f@)a@ da.

The only problem is that (e,,ey) is 2 and not 1. We could fix this by
replacing e, by %, but instead we shall choose to change the inner product

to
o) = — [ f@)g(@) da.

2 J_,
Abusing terminology slightly, we shall refer to this at the Lo-inner product
on [—m,m|. The norm it induces will be called the La-norm.
The Fourier coefficients of a function f with respect to {e,}nez are
defined by

(frew =5 | t@ent@dr = o [ e ds

27 T on n

From the previous section we know that f = > >° _ (f, en)e, (where the
series converges in Lo-norm) provided f belongs to a space where {ey }nez
is a basis. We shall study this question in detail in the next sections. For

the time being, we look at an example of how to compute Fourier coefficients.

Example 1: We shall compute the Fourier coefficients v, of the function
f(z) = z. By definition

1 (7 »
an = (f,en) = / xe " dx
2 J_,
It is easy to check that ag = ffﬂxdw = 0. For n # 0, we use integration
by parts (see Exercise 4.6.7) with v = 2 and v' = e™"*. We get v’ = 1 and

—inx

v = =, and:
1 |: e—mr:| ™ 1 ™ e—inm
oy = —— |x— — - dx =
2 mo | 27 o in
(_1)n+1 1 e—inx T (_1)n+1
T in 2w [ n? } -~ in

The Fourier series becomes
-1 (_1)n+1 n41

S 00 (_1)
Z ey = Z P eina:_i_z - eine —

n=—oo n=—00 n=1
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n+1

= Z sin(nx)

We would like to conclude that x =3 7 20

n=1

but we don’t have the theory to take that step yet.

sin(nx) for x € (—m,m),

Exercises for Section 4.7
1. Show that (f,g) = 5= [ f g(z) dz is an inner product on C([—7, 7], C).
2. Deduce the formulas for sin(ac + y) and cos(z + ) from the rule ¢(**+¥) =
eixeiy

3. In this problem we shall use complex exponentials to prove some trigonomet-
ric identities.

a) Use the complex expressions for sin and cos to show that
. . 1
sin(u) sin(v) = 5 cos(u —v) — 3 cos(u + v)

b) Integrate [ sin4x sinx da.

¢) Find a similar expression for cosu cosv and use it to compute the inte-
gral [ cos 3z cos2x du.

d) Find an expression for sin u cos v and use it to integrate [ sinz cos 4z dx.
4. Find the Fourier series of f(z) = e”
5. Find the Fourier series of f(x) = x2.

6. Find the Fourier sries of f(z) = sin §.

7. a) Let s, = ag +agr +agr® +--- + agr™ be a geometric series of complex

numbers. Show that if r # 1, then
_ antl
5 = ag(1l —r™th)
1—7r

(Hint: Subtract rs, from s,.)

b) Explain that Y°;_, e = EYantil

e Wwhen z is not a multiplum of 27.

7 nr sin ntl . .
c¢) Show that Y °;_, e = ¢i's" % when z is not a multiplum of 2.

d) Use the result in ¢) to find formulas for Y ;_ cos(kz) and >} _, sin(kz).

4.8 Fourier series

In the middle of the 18th century, mathematicians and physicists started to
study the motion of a vibrating string (think of the strings of a violin or a
guitar). If you pull the string out and then let it go, how will it vibrate?
To make a mathematical model, assume that at rest the string is stretched
along the z-axis from 0 to 1 and fastened at both ends.
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The figure below shows some possibilities. If we start with a simple
sine curve fi(z) = C;sin(mx), the string will oscillate up an down between
the two curves shown in the top line of the picture (we are neglecting air
resistance and other frictional forces). The frequency of the oscillation is
called the fundamental harmonic of the string. If we start from a position
where the string is pinched in the middle as on the second line of the figure
(i.e. we use a starting position of the form fy(z) = Cysin(27z)), the curve
will oscillate with a node in the middle. The frequency will be twice the
fundamental harmonic. This is the first overtone of the string. Pinching
the string at more and more ponts (i.e. using starting positions of the form
fn(x) = Cpsin(nmz) for bigger and bigger integers n), we introduce more
and more nodes and more and more overtones (the frequency of f, will be
n times the fundamental harmonic). If the string is vibrating in air, the
frequencies (the fundamental harmonic and its overtones) can be heard as
tones of different pitch.

0 —— S |
— — 2
_—_ R ——
< TR T >

B . e
o - . . .
e ——
Sl iR Al R i
e M
- .'q-__d:-\"'::-.___.--"‘\-.__ __H,_h_d_:'.“-i_ -2

— _— e

LT I — — —
e T A s S

Imagine now that we start with a mixture
o
flx) = Z Cp, sin(nmx) (4.8.1)
n=1

of the starting positions above. The motion of the string will now be a
superposition of the motions created by each individual f,,. The sound
produced will be a mixture of the fundamental harmonic and the different
overtones, and the size of the constant C,, will determine how much overtone
number n contributes to the sound.

This is a nice description, but the problem is that a function is usually
not of the form (4.8.1). Or — perhaps it is? Perhaps any reasonable starting
position for the string can be written in the form (4.8.1)7 But if so, how do
we prove it, and how do we find the coefficients C,,? There was a heated
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discussion on these questions around 1750, but nobody at the time was able
to come up with a satisfactory solution.

The solution came with a memoir published by Joseph Fourier in 1807.
To understand Fourier’s solution, we need to generalize the situation a little.
Since the string is fastened at both ends of the interval, a starting position
for the string must always satisfy f(0) = f(1) = 0. Fourier realized that if
he were to include general functions that did not satisfy these boundary con-
ditions in his theory, he needed to allow constant terms and cosine functions
in his series. Hence he looked for representations of the form

fle)=A+ Z (Cy sin(nmz) + Dy, cos(nrz)) (4.8.2)
n=1

with A, Cy,, D, € R. The big breakthrough was that Fourier managed to
find simple formulas to compute the coefficients A, C,, D, of this series.
This turned trigonometric series into a useful tool in applications (Fourier
himself was mainly interested in heat propagation).

When we now begin to develop the theory, we shall change the setting
slightly. We shall replace the interval [0, 1] by [—m, 7] (it is easy to go from
one interval to another by scaling the functions, and [—m, 7] has certain
notational advantages), and we shall replace sin and cos by complex expo-
nentials €. Not only does this reduce the types of functions we have to
work with from two to one, but it also makes many of our arguments easier
and more transparent. The formulas in the previous section makes it easy
to get back to the cos/sin-setting when one needs to.

Recall from the previous section that the functions

form an orthonormal set with respect to the Lo-inner product

gy = = [ f@)g@ de

2 J_,

The Fourier coefficients of a continuous function f : [—m, 7] — C with
respect to this set are given by

1

an=fren) =5 | F@enle)da

From Parseval’s theorem, we know that if {e,} is a basis, then
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where the series converges in the Lo-norm, i.e.

N

lim |f — g apeénl2 =0
N—oo
n=—N

where |- |2 denotes the norm induced by the Lo-inner product (we shall refer
to it as the Lo-norm).

At this stage, life becomes complicated in two ways. First, we don’t
know yet that {e,}necz is a basis for C([—m,7],C), and second, we don’t
really know what Lo-convergence means. It turns out that Ls-convergence
is quite weak, and that a sequence may converge in Lo-norm without actually
converging at any point! This means that we would also like to investigate
other forms for convergence (pointwise, uniform etc.).

Let us begin by observing that since e, (—m) = e,(m) for all n € Z, any
function that is the pointwise limit of a series ) 7 ape, must also satisfy
this periodicity assumption. Hence it is natural to introduce the following
class of functions:

Definition 4.8.1 Let Cp be the set of all continuous functions f : [—m, 7] —
C such that f(—m) = f(mw). A function in Cp is called a trigonometric poly-
nomial if is of the form Zﬁlz_N ane, where N € N and each a,, € C.

To distinguish it from the Lo-norm, we shall denote the supremum norm
on C([-m,7],C) by | * |, i-€.

[floo = sup{[f(2) : = € [-m.7]}

Note that the metric generated by | - |~ is the metric p that we studied in
Chapter 3. Hence convergence with respect to | - |« is the same as uniform
convergence.

Theorem 4.8.2 The trigonometric polynomials are dense in Cp in the | -
loo-norm. Hence for any f € Cp there is a sequence {py} of trigonometric
polynomials which converges uniformly to f.

It is possible to prove this result from Weierstrass’ Approximation The-
orem 3.7.1, but the proof is technical and not very informative. In the next
section, we shall get a more informative proof from ideas we have to develop
anyhow, and we postpone the proof till then. In the meantime we look at
some consequences.

Corollary 4.8.3 For all f € Cp, the Fourier series Y oo __ (f,en)en con-

n=—oo

verges to f in La-norm, i.e. lim, o || f — ZHN:_N(f, en)enla = 0.
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Proof: Given ¢ > 0, we must show that there is an N € N such that
If — Z%:_MU’ en)enle < € when M > N. According to the theorem
above, there is a trigonometric polynomial p(z) = S\ aye, such that
|f — ploc < €. Hence

1 =vh= (5 [ 1@ -salan)’ < (5 [ @ar) =

According to Proposition 4.6.8, |f — Z%z_M(f, en)2 < |f — p|2 for all
M > N, and the corollary follows. a

The corollary above is rather unsatisfactory. It is particularly incon-
venient that it only applies to periodic functions such that f(—m) = f(m)
(although we can not have pointwise convergence to functions violating this
condition, we may well have Lo-convergence as we soon shall see). To get a
better result, we introduce a bigger space D of piecewise continuous func-
tions.

Definition 4.8.4 A function f : [—m, 7] — C is said to be piecewise con-
tinuous with one sided limits if there exists a finite set of points

—T=qp<a1<a<..<ap1<aQp=T
such that:
(i) f is continuous on each interval (a;, a;+1).

(it) f have one sided limits at each point a;, i.e. f(a; ) = limyyq, f(x) and
f(al) =limgq, f(x) both exist, but need not be equal (at the endpoints
ag = —m and a, = ™ we do, of course, only require limits from the

appropriate side).

(iii) The value of f at each jump point a; is the avarage of the one-sided
limits, i.e. f(a;) = 3(f(a;) + f(a})). At the endpoints, this is inter-
preted as f(ao) = f(an) = 5(f(a;) + f(a7)

The collection of all such functions will be denoted by D.

Remark: Part (iii) is only included for technical reasons (we must specify
the values at the jump points to make D an inner product space), but it
reflects how Fourier series behave — at jump points they always choose the
average value.

Note that the functions in D are bounded and integrable, that the sum
and product of two functions in D are also in D, and that D is a inner
product space over C with the Lo-inner product. The next lemma will allow
us to extend the corollary above to D.
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Lemma 4.8.5 Cp is dense in D in the Lo-norm, i.e. for each f € D and
each € > 0, there is a g € Cp such that |f — g|2 < €.

Proof: 1 only sketch the main idea of the proof, leaving the details to the
reader. Assume that f € D and € > 0 are given. To construct g, choose a
very small § > 0 (it is your task to figure out how small) and construct g as
follows: Outside the (nonoverlapping) intervals (a; — 6, a; +0), we let g agree
with f, but in each of these intervals, g follows the straight line connecting
the points (a; — 6, f(a; —9)) and (a; + 6, f(a; +0)) on f’s graph. Check that
if we choose ¢ small enough, | f — g|2 < € (In making your choice, you have
to take M = sup{|f(z)| : = € [-m, 7]} into account, and you also have to
figure ut what to do at the endpoints —m, 7 of the interval). O

We can now extend the corollary above from Cp to D.

Theorem 4.8.6 For all f € D, the Fourier series > .- (f, en)en con-
verges to f in Lo-norm, i.e. lim, o0 |f — SN (f, en)en]2 = 0.

Proof: Assume that f € D and € > 0 are given. By the lemma, we know that
there is a g € Cp such that |f — g[2 < §, and by the corollary above, there
is a trigonometric polynomial p = Zivz_ ~ Qnép such that g —ple < §. By
the same argument as in the proof of the corollary, we get |g—pl2 < 5. The
triangle inequality now tells us that

€ €
IS =pl2 <1f =gle+lg—pl2<5+5=¢

Invoking Proposition 4.6.8 again, we see that for M > N, we have

M

If= > (frendenla < |f —pla<e

n=—M

and the theorem is proved. O

The theorem above is satisfactory in the sense that we know that the
Fourier series of f converges to f for a reasonably wide class of functions.
However, we still have things to attend to: We haven’t proved Theorem 4.8.2
yet, and we would really like to prove that Fourier series converge pointwise
(or even uniformly) for a reasonable class of functions. We shall take a closer
look at these questions in the next sections.

Exercises for Section 4.8
1. Show that Cp is a closed subset of C([—m,n],C)

2. In this problem we shall prove some properties of the space D.
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Show that if f,¢g € D, then f +g¢, fg € D.

a)
b) Show that D is a vector space.
¢) Show that all functions in D are bounded.
d) Show that all functions in D are integrable on [—m, 7.
e) Show that (f,g) = &= /7 f(z)g(z)dz is an inner product on D.
3. In this problem we shall show that if f : [-7, 7] — R is a realvalued function,
then the Fourier series ZZO:_OO ape, can be turned into a sine/cosine-series

of the form (4.8.2).

a) Show that if «,, = a, + ib,, are Fourier coefficients of f, then a_,, =
@y = ay — iby,.
b) Show that a, = 5= [ f(x)cos(nz)dz and b, = —5= ["_ f(z) sin(nz) da.

¢) Show that the Fourier series can be written

ap + Z (2a,, cos(nx) — 2by, sin(nz))

n=0

4. Complete the proof of Lemma 4.8.5.

4.9 The Dirichlet kernel

Our arguments so far have been entirely abstract — we have not really used
any properties of the functions e, (z) = €™* except that they are orthonor-
mal. To get better results, we need to take a closer look at these functions.
In some of our arguments, we shall need to change variables in integrals,
and such changes may take us outside our basic interval [—7, 7], and hence
outside the region where our functions are defined. To avoid these prob-
lems, we extend our functions periodically outside the basic interval such
that f(x +2m) = f(z) for all x € R. The figure shows the extension graph-
ically; in part a) we have the original function, and in part b) (a part of )
the periodic extension. As there is no danger of confusion, we shall denote
the original function and the extension by the same symbol f.

A A

[
=k
15

Y

S ——
S
——

Figure 1
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Let us begin by looking at the partial sums

N
SN(x) = Z <fa 6n>6n(x)
n=—N
of the Fourier series. Since
1 T —int
an = (f,en) = 5= [ [f(t)e™™ dt
27

—T

we have

1 N s ™
- —znt dt — eznx t) dt
([ ) 03

/ flx —u) m“du

where we in the last step has substituted u = x—t and used the periodicity of
the functions to remain in the interval [—m, 7]. If we introduce the Dirichlet
kernel

we may write this as

% i f(z —wu)Dy(u) du

sn(z) =
Note that the sum Y0 e = SNV (e)" is a geomtric series. For
u = 0, all the terms are 1 and the sum is 2NV + 1. For u # 0, we use the sum
formula for a finite geometric series to get:

e~ Nu _ ei(NJrl)u e—i(N—‘r%)u Z(N—&-%)u Sln((N + %)u)

e
Dn(u) = . = - =
(u) 1 — et el _ els sin §

iz

where we have used the formula sinz = <=5 “ twice in the last step. This
formula gives us a nice, compact expression for Dy (u). If we substitute it
into the formula above, we get

1 (7 sin((N + 1)u)
sn(z)= o~ [ flo—u) — 52—

— du
2 J_, sin 4

If we want to prove that partial sums sy (x) converge to f(z) (i.e. that the
Fourier series converges pointwise to f), the obvious strategy is to prove that
the integral above converges to f. In 1829, Dirichlet used this approach to
prove:
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Theorem 4.9.1 (Dirichlet’s Theorem) If f € D has only a finite num-
ber of local minima and mazima, then the Fourier series of f converges
pointwise to f.

Dirichlet’s result must have come as something of a surprise; it probably
seemed unlikely that a theorem should hold for functions with jumps, but
not for continuous functions with an infinite number of extreme points.
Through the years that followed, a number of mathematicians tried — and
failed — to prove that the Fourier series of a periodic, continuous function
always converges to the function. In 1873, the German mathematician Paul
Du Bois-Reymond explained why they failed by constructing a periodic,
continuous function whose Fourier series diverges at a dense set of points.

It turns out that the theory for pointwise convergence of Fourier series
is quite complicated, and we shall not prove Dirichlet’s theorem here. In-
stead we shall prove a result known as Dini’s test which allows us to prove
convergence for many of the functions that appear in practice. But before
we do that, we shall take a look at a different notion of convergence which
is easier to handle, and which will also give us some tools that are useful
in the proof of Dini’s test. This alternative notion of convergence is called
Cesaro convergence or convergence in Cesaro mean. But first of all we shall
collect some properties of the Dirichlet kernels that will be useful later.

15 30
10 20
5 10
0 0
15 -0
5 0 5 5 0 5
40 D
el 40
20
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10
i 0
10 .20
5 0 5 o 0 5

Let us first see what they look like. The figure above shows Dirichlet’s
kernel D,, for n = 5,10,15,20. Note the changing scale on the y-axis; as
we have alresdy observed, the maximum value of D,, is 2n + 1. As n grows,
the graph becomes more and more dominated by a sharp peak at the origin.
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The smaller peaks and valleys shrink in size relative to the big peak, but
the problem with the Dirichlet kernel is that they do not shrink in absolute
terms — as n goes to infinity, the area between the curve and the z-axis
(measured in absolute value) goes to infinity. This makes the Dirichlet
kernel quite difficult to work with. When we turn to Cesaro convergence in
the next section, we get another set of kernels — the Fejér kernels — and
they turn out not to have this problem. This is the main reason why Cesaro
convergence works much better than ordinary convergence for Fourier series.
Let us now prove some of the crucial properties of the Dirichlet kernel.
Recall that a function g is even if g(t) = g(—t) for all ¢ in the domain:

Lemma 4.9.2 The Dirichlet kernel D, (t) is an even, realvalued function
such that |Dy(t)| < D,(0) =2n+1 for all t. For all n,

1 ™
D t)dt =1
o n(t)dt
but .
lim | Dy (t)] dt — oo

—T
Proof: That D,, is realvalued and even, follows immediately from the formula

D,(t) = M To prove that | Dy, (t)| < D,(0) = 2n+1, we just observe
that

)= Z ettt < Z €| = 2n +1 = D,(0)

k=—n k=—n

sin = 2

Similarly for the integral

1 T zkt
= z%/ dt =1

k=—n
as all integrals except the one for k = 0 is zero. To prove the last part, we

observe that since |sinu| < |u| for all u, we have

[sin((n+ 5))| _ 2[sin((n + 3)t)|

D,(t)| =
S T

Using the symmetry and the substitution z = (n + %)t, we see that

4 4 ™ 4l sin((n + %
/\Dn(t)|dt:/0 2|Dn(t)]dt2/0 4 ((|t|+2)t)‘dt:

(nt3) ™ 4|sin z| SlIlZ| / 4|smz[ 8 wm 1
= Z = — —
| Z 2
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The expression on the right goes to infinity since the series diverges. o

The last part of the lemma is bad news. It tells us that when we are
doing calculations with the Dirichlet kernel, we have to be very careful in
putting in absolute values as the integrals are likely to diverge. For this
reason we shall now introduce another kernel — the Fejér kernel — where
this problem does not occur.

Exercises for Section 4.9

1. Let f : [-m, 7] — C be the function f(x) = x. Draw the periodic extension

of f. Do the same with the function g(r) = x2.

sin((n+3)t)
sin % :

2. Check that D, (0) = 2n 4+ 1 by computing lim;_q

3. Work out the details of the substitution © = z — ¢ in the derivation of the
formula sy (z) = 5= [7_f(z —u) SN e du.

4. Explain the details in the last part of the proof of Lemma 4.9.2 (the part
that proves that lim, o 7| Dy (t)| dt = ).

4.10 The Fejér kernel

Before studying the Fejér kernel, we shall take a look at a generalized notion
of convergence for sequences. Certain sequences such at

0,1,0,1,0,1,0,1,...

do not converge in the ordinary sense, but they do converge “in average” in
the sense that the average of the first n elements approaches a limit as n
goes to infinity. In this sense, the sequence above obviously converges to %
Let us make this notion precise:

Definition 4.10.1 Let {ay}2, be a sequence of complex numbers, and let
Sp = % Z;é ar. We say that the sequence converges to a € C in Cesaro
mean if
: . R
a= lim S, = lim dota1t dn-1

n—00 n— o0 n

We shall write a = C-lim,,_,o G, .

The sequence at the beginning of the section converges to % in Cesaro

mean, but diverges in the ordinary sense. Let us prove that the opposite
can not happen:

Lemma 4.10.2 If lim,, . a, = a, then C-lim, . a, = a.
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Proof: Given an € > 0, we must find an N such that
|Sn —al <e

when n > N. Since {a,} converges to a, there is a K € N such that
lan —a| < § when n > K. If we let M = max{lay —a| : £ =0,1,2,...}, we
have for any n > K:

1, — af = (ap —a)+ (a1 —a)+ -+ (axg_1 —a) + (axg —a) + -+ (ap_1 — a) <
n

< (ao—-a)+(a1——a)+~‘“+(aK_1——a)%_(aK——a)+—~-(an_1——a) < MK ¢

- n n - n 2

Choosing n large enough, we get % < 5, and the lemma follows, O

The idea behind the Fejér kernel is to show that the partial sums s, (z)
converge to f(x) in Cesaro mean; i.e. that the sums

so(x) + s1(x) + -+ + sp—1(x)

Sn(z) = -
converge to f(z). Since
1) = o= [ (e w)De(w) du

where Dy, is the Dirichlet kernel, we get

T n—1 T
Sp(z) = 217r/ flz —u) (;ZDM@) du = 217r/ f(z —u)F,(u)du
T k=0

—T

where F,(u) = 1 Z;é Dy.(u) is the Fejér kernel.
We can find a closed expression for the Fejér kernel as we did for the
Dirichlet kernel, but the arguments are a little longer:

Lemma 4.10.3 The Fejér kernel is given by

sin? (7))
Fo(u) = —— 25
nsin®(%)
for u #0, and F,(0) = n.
Proof: Since
1 n—1 1 n—1 1
Fn(u) = 72Dk(u) = nsin(y) Sln((k+§)u>
k=0 27 k=0
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we have to find

n—1 n—1 n—1

S s 1 1 3 ekt - 3 emilkapu
Sln((k + Q)u) = Z < e ( 2) — e ( 2)

k=0 k=0 k=0

The series are geometric and can easily be summed:

n—1

- _ _ inu
Zelm)u: gz ul etn _ 1.u6 -
P P 1 — eiu e~ i5 _ ¢l
and
n—1 n—1 —inu —inu
E :e—z(k-l—%)u _ e—z% E e—zku —¢ l—e _ 1u e _
—iu Y iz
=0 =0 1—e e'2 —e "2
Hence
1 1— einu +1— efinu 1 einu — 24 efinu
g sin( k:+ ):— _ - = — - - =
21 e 2 —¢'2 21 etz —e 2
2
(ean—e_%u)
inu —nuyg 2i 2(nu
_ 1 ("2 —e 2): :sm(2)
2 els — els 8 _e il sin §
21
and thus
a2/ nu
sin® (%)
Fn( = u E Sln k + ) = 722114
nSID 5 n S1n b

To prove that F,,(0) = n, we just have to sum an arithmetic series

[y

n—1
:%ZDk(O) %Z( k1) =
k=0

k=0
|

The figure below shows the Fejer kernels F,, for n = 5,10,15,20. At
first glance they look very much like the Dirichlet kernels in the previous
section. The peak in the middle is growing slower than before in absolute
terms (the maximum value is n compared to 2n+ 1 for the Dirichlet kernel),
but relative to the smaller peaks and values, it is much more dominant. The
functions are now positive, and the area between their graphs and the z-axis
is always equal to one. As n gets big, almost all this area belongs to the
dominant peak in the middle. The positivity and the concentration of all
the area in the center peak make the Fejér kernels much easier to handle
than their Dirichlet counterparts.
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Let us now prove some of the properties of the Fejér kernels.

Proposition 4.10.4 For all n, the Fejér kernel F, is an even, positive
function such that

1 K
o F(z)dx =1
For all nonzero x € [—7, 7]
2
T
0 < Fp(z) < o)

Proof: That Fj, is even and positive follows directly from the formula in the
lemma. By Proposition 4.9.2, we have

1 P 1 7r1nfl 1n711 T 1n71
— E dr = — — Dy dxr = — — Dydx = — 1=1
2 J_, n(@) du 27 /ﬂn];) L nkZ_OQﬂ' - B nl;o

For the last formula, observe that for u € [—%, 3], we have Z|u| < |sinul
(make a drawing). Thus
sin?("4%) 1 w2

Fo(z) = — < < —
" nsin®§ ~ n(
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We shall now show that S,,(x) converges to f(x), i.e. that the Fourier
series converges to f in Cesaro mean. We have already observed that

Sy (z) = % /_7r F(z — u) F(u) du

If we introduce a new variable ¢t = —u and use that F}, is even, we get
1 —T
Sp(x) = o flz+t)F(—t)(—=dt) =
™ K
= o [ s oRmda = [ e uFmd
_27[_ , xT n _271' - T Uu)inll)au

If we combine the two expressions we now have for S, (z), we get

Su(z) = - / " (Fle )+ ) Fa(u) du

:E .

Since 5~ [*_ F,(u)du = 1, we also have

f@) =5 [ H@F ) du

™
Sul@) = Fla) = 4 [ () + flo = 0) = 26(@)) Filw) du
—T

To prove that S,(z) converges to f(x), we only need to prove that the
integral goes to 0 as n goes to infinity. The intuitive reason for this is that for
large n, the kernel F),(u) is extremely small except when w is close to 0, but
when w is close to 0, the other factor in the integral, f(x+u)+f(z—u)—2f(z),
is very small. Here are the technical details.

Theorem 4.10.5 If f € D, then S, converges to f on [—m, 7|, i.e. the
Fourier series converges in Cesaro mean. The convergence is uniform on
each subinterval [a,b] C [—m, 7] where f is continuous.

Proof: Given € > 0, we must find an N € N such that |S,(z) — f(z)] < €
when n > N. Since f is in D, there is a 6 > 0 such that

[f(@+u) = flz—u) = 2f(z)] <e

when |u| < & (keep in mind that since f € D, f(z) = & limyj0(f(z + u) —
f(z —u))). We have
Su(a) = £(@) = 3= [ 1@ +u) + Flo = )~ 27(0)| Folw) du =

ar J_
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[
= [ 10+ S =) = 24(@) Fuwydut
-5
b [ 1w+ f - ) = 20(@)] Fa(u) dect
b [ 1@ )+ o =) = 27(@)] Falu) d

For the first integral we have

1 0
o | et +fle—u) = 2f(2)] Fa(u) du <
-6
Lo I €
<— | eFuuydu< — [ eFy(u)du=<
< i _66 (u)du_4ﬂ _Fe (u) du 5

For the second integral we get

1 )
L Ve )+ £ )~ 24(@)| P du <
1 m 7| floo
< - L du=
~ Ar 4”f”oon52 du nd?

—T
Exactly the same estimate holds for the third integral, and by choosing

N > %, we get the sum of the last two integrals less than 5. But then
|Sp(z) — f(x)] < €, and the convergence is proved.

So what about the uniform convergence? We need to check that we can
choose the same N for all z € [a, b]. Note that N only depends on = through
the choice of §, and hence it suffices to show that we can use the same ¢ for all
x € [a,b]. One might think that this follows immediately from the fact that
a continuous function on a compact interval [a,b] is uniformly continuous,
but we need to be a little careful as x 4+ u or £ — v may be outside the inter-
val [a,b] even if z is inside. The quickest way to fix this, is to observe that
since f is in D, it must be continuous — and hence uniformly continuous
— on a slightly larger interval [a —n, b+ n]. This means that we can use the
same § < 7 for all x and z+w in [a—n, b+n], and this clinches the argument.O

We have now finally proved Theorem 4.8.2 which we restate here:

Corollary 4.10.6 The trigonometric polynomials are dense in Cp in || |oo-
norm, i.e. for any f € Cp there is a sequence of trigonometric polynomials
converging uniformly to f.

Proof: According to the theorem, the sums Sy(z) = + iV:_Ol sn(z) con-
verge uniformly to f. Since each s, is a trigonometric polynomial, so are
the Sy’s. O
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Exercises to Section 4.10
1. Let {a,} be the sequence 1,0,1,0,1,0,1,0,.... Prove that C-lim,, . a, = %
2. Show that C-lim,,_,o(an + b,) = C—lim,— 0 @y, + C—lim, o by,

siHQ(%)

n sin?

3. Check that F;,(0) = n by computing lim,,o g

2

4. Show that Sy(x) = ZTIY;_I(N_D an (1 — %)en(x)7 where a,, = (f,e,) is the
Fourier coefficient.

5. Assume that f € Cp. Work through the details of the proof of Theorem
4.10.5 and check that S,, converges uniformly to f.

4.11 The Riemann-Lebesgue lemma

The Riemann-Lebesgue lemma is a seemingly simple observation about the
size of the Fourier coefficients, but it turns out to be a very efficient tool in
the study of pointwise convergence.

Theorem 4.11.1 (Riemann-Lebesgue Lemma) If f € D and

1 4 .
oy = — f@)e ™™™ dx, ne€Z,

~ o o

are the Fourier coefficients of f, then lim,| o o — 0.

Proof: According to Bessel’s inequality 4.6.9, > >° lan|? < |3 < oo,

n=—oo
and hence o, — 0 as |n| — oo. O

Remark: We are cheating a little here as we only prove the Riemann-
Lebesgue lemma for function which are in D and hence square integrable.
The lemma holds for integrable functions in general, but even in that case
the proof is quite easy.

The Riemann-Lebesgue lemma is quite deceptive. It seems to be a result
about the coefficients of certain series, and it is proved by very general and
abstract methods, but it is really a theorem about oscillating integrals as
the following corollary makes clear.

Corollary 4.11.2 If f € D and [a,b] C [—7,«], then
b .
| l‘im / f(z)e ™™ de =0
Also
b b
lim / f(z)cos(nz)dr = lim / f(z)sin(nz)dr =0

n|—o0 In|—o0
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Proof: Let g be the function (this looks more horrible than it is!)
0 if © ¢ [a,b]
f(z) if x € (a,b)

1lim,), f(z) fz=a

then ¢ is in D, and

b ™
/ f(z)e " dx = / g(x)e™ ™ dx = 27 ay,

where «,, is the Fourier coefficient of g. By the Riemann-Lebesgue lemma,
oy, — 0. The last two parts follows from what we have just proved and the
identities sin(nx) = % and cos(nx) = M O

Let us pause for a moment to discuss why these results hold. The reason
is simply that for large values of n, the functions sinnz, cosnz, and e™*
(if we consider the real and imaginary parts separately) oscillate between
positive and negative values. If the function f is relatively smooth, the
positive and negative contributions cancel more and more as n increases,
and in the limit there is nothing left. This argument also indicates why
rapidly oscillating, continuous functions are a bigger challenge for Fourier
analysis than jump discontinuities — functions with jumps average out on
each side of the jump, while for wildly oscillating functions “the averaging”
procedure may not work.

Since the Dirichlet kernel contains the factor sin((n+ 1)), the following
result will be useful in the next section:

Corollary 4.11.3 If f € D and [a,b] C [—7, 7], then

b
lim / f(x)sin ((n + 1)ac) de =0

[n]—o0 2

Proof: Follows from the corollary above and the identity

sin ((n + 5):5) = sin(nz) cos g + cos(nx) sin g

Exercises to Section 4.11

1. Work out the details of the sin(nz)- and cos(nz)-part of Corollary 4.11.2.
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2. Work out the details of the proof of Corollary 4.11.3.

3. a) Show that if p is a trigonometric polynomial, then the Fourier coeffi-
cients 3, = (p,ey) are zero when |n| is sufficiently large.

b) Let f be an integrable function, and assume that for each € > 0 there is
a trigonometric polynomial such that 5 ["_[f(t) — p(t)| dt < e. Show

that if a, = 5= [ f(t)e"™" dt are the Fourier coefficients of f, then
hm‘n|*,oo Oy = 0.

4.12 Dini’s test

We shall finally take a serious look at pointwise convergence of Fourier series.
As aready indicated, this is a rather tricky business, and there is no ultimate
theorem, just a collection of scattered results useful in different settings. We
shall concentrate on a criterion called Dini’s test which is relatively easy to
prove and sufficiently general to cover a lot of different situations.

Recall from Section 4.9 that if

N

sny(z) = Z (f,en)en(z)

n=—N
is the partial sum of a Fourier series, then
1 ™
sny(x) = Py f(z —u)Dn(u) du
™ —T
If we change variable in the intergral and use the symmetry of Dy, we see
that we also get
1 s
sy(z) = — f(z+wu)Dn(u) du
2 J_,
Combining these two expressions, we get

sn(z) = - / " (frtw) + flo — ) D) du

:E .

Since 5= [7 Dy (u)du = 1, we also have

f@) =5 [ 7Dy () du
and hence
1 ™
sw(@) = f@) = 3 [ (fla+ )+ o~ u) - 26(2) Dy(u) du

(note that the we are now doing exactly the same to the Dirichlet kernel as
we did to the Fejér kernel in Section 4.10). To prove that the Fourier series
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converges pointwise to f, we just have to prove that the integral converges
to 0.

The next lemma simplifies the problem by telling us that we can con-
centrate on what happens close to the origin:

Lemma 4.12.1 Let f € D and assume that there is a 1 > 0 such that
1 [
lim / (Flz+u) + @ —u) — 2f(2)) Dar(w) du = 0
-n
Then the Fourier series {sn(x)} converges to f(x).

Proof: Note that since Sm% is a bounded function on [n, 7], Corollary 4.11.3
2
tells us that

N—oo 47

i - | C(fle 4 u) + f(r—u) — 2f(2)) Dy (u) du =

sin (N + %)u) du=0

— Jim - / v+ s - - 25

U
lIl2

The same obviously holds for the integral from —n to —n, and hence

sn(z) = f(z) : /” (f(z+u)+ f(z —u) = 2f(x)) Dy (u) du =

S

= [ GG )+ S ) - 25() D) dut

—1—% ! (flx+u)+ f(x —u) —2f(z)) Dn(u) dut+
-n

+% /nw (f(x+u)+f(x_u)_2f($))DN(U)du

—-04+0+0=0

Theorem 4.12.2 (Dini’s test) Let x € [—m, 7|, and assume that there is
a6 > 0 such that

19
.
Then the Fourier series converges to the function f at the point x, i.e.

sy(xz) — f(x).

[l +u) + fz —u) = 2f(x)

u

du < 0o
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Proof: According to the lemma, it suffices to prove that

)
lim 1/ (F(z+u) + flx —u) — 2f(2)) Dy () du = 0

N—oo 47 -5
Given an € > 0, we have to show that if NV € N is large enough, then

1 0

= [ G+ g —u) - 2f(@) Dy()du <

Since the integral in the theorem converges, there is an 1 > 0 such that

/’7 flz+u) + flz —u) = 2f(x)
-n

u

du < €

Since |sinv| > @ for v € [~F, 5] (make a drawing), we have [Dy(u)| =
. 1
]m((sll\riijfm| < q foru e [—m,7]. Hence
2
1 (7
1= [ (0 + fo— 0~ 20(e)) Dy(u)dul <
-7
< L [N @)+ fa ) - 20 () du <
I |ul 4

By Corollary 4.11.3 we can get

1

1)
4W/n (Flz+u) + f(z — u) — 2f(x)) Dy (u) du

as small as we want by choosing N large enough and similarly for the integral
from —§ to —n. In particular, we can get

)
1 [ e+ =) =2f() D) du =
1 ["
=1 [ U0+ @ =) ~2/() Dy () dut
L e b ) 1 £ — u) — 27(2)) D) duct

E‘ﬂ

1 é
b [ Gt 0+ £ = )~ 24(a)) Da(w) du
n
less than e, and hence the theorem is proved. O

Dini’s test have some immediate consequences that we leave to the reader
to prove.
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Corollary 4.12.3 If f € D is differentiable at a point x, then the Fourier
series converges to f(x) at this point.

We may even extend this result to one-sided derivatives:
Corollary 4.12.4 Assume f € D and that the limits
fla+w) — fa*)

lim
u|0 u

and B
o ) = fa)
uT0 u

exist at a point x. Then the Fourier series sy(x) converges to f(x) at this
point.

Exercises to Section 4.12

1. Show that the Fourier series Y. -, 2= sin(nx) in Example 4.7.1 con-

verges to f(x) =« for € (—m,w). What happens in the endpoints?
2. Prove Corollary 4.12.3
3. Prove Corollary 4.12.4

4.13 Termwise operations

In Section 4.3 we saw that power series can be integrated and differentiated
term by term, and we now want to take a quick look at the corresponding
questions for Fourier series. Let us begin by integration which is by far the
easiest operation to deal with.

The first thing we should observe, is that when we integrate a Fourier
series > ™ ane™ term by term, we do not get a new Fourier series since
the constant term g integrates to agx, which is not a term in a Fourier
series when ag # 0. However, we may, of course, still integrate term by
term to get the series

aox + Z (—m"> en®
n
n€Z,n#0
The question is if this series converges to the integral of f.
Proposition 4.13.1 Let f € D, and define g(x) = [ f(t)dt. If s, is the

partial sums of the Fourier series of f, then the functions tn(x) = [3 sn(t) dt
converge uniformly to g on [—m,w]. Hence

g(x) = / f(t)dt = apx + Z _tan (e — 1)
0 n€Z,n#0 n

where the convergence of the series is uniform.
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Proof: By Cauchy-Schwarz’s inequality we have

™

o) = tu() = | [ (0= s atl < [ 150) = (0]t <

—T

<on (0 [ 176 = sa(o)l 1) = 2m( sl 1) <

< 27| f = snf21]2 = 27 f — sal2

By Theorem 4.8.6, we see that |f — s,[2 — 0, and hence ¢, converges uni-
formly to g(z). O

If we move the term agx to the other side in the formula above, we get

1 10y,
glo) —agr= Y —— Y ™
n

n
neZ,n#0 n€Z,n#0

where the series on the right is the Fourier series of g(z) — apx (the first
sum is just the constant term of the series).

As always, termwise differentiation is a much trickier subject. In Exam-
ple 1 of Section 4.7, we showed that the Fourier series of x is

o
2(—1 n+1
Z 2A=D™ sin(nzx),
n
n=1
and by what we now know, it is clear that the series converges pointwise to x
on (—m, 7). However, if we differentiate term by term, we get the hopelessly

divergent series

Z 2(—1)" cos(nx)

n=1

Fortunately, there is more hope when f € C), i.e. when f is continuous

and f(—7) = f(m)

Proposition 4.13.2 Assume that f € Cp and that f' is continuous on
[—m, 7). If S0° ane™ is the Fourier series of f, then the differentiated
series Y " ina,e™® is the Fourier series of f', and it converges pointwise
to ' at any point x where f"(x) exists.

Proof: Let (3, be the Fourier coefficient of f’. By integration by parts

o= [ pe =2 e~ 1 7 ) (iney de =

T o . 27 2 J_,

™

1 .
=0+ in— f()e ™ dt = inay,
2

—T
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which shows that ) >° ina,e™ is the Fourier series of f’. The convergence
follows from Corollary 4.12.3. a

Final remark: In this chapter we have developed Fourier analysis over the
interval [—m,7]. If we want to study Fourier series over another interval
[a — 7,a 4 7], all we have to do is to move and rescale the functions: The
basis now consists of the functions

the inner product is defined by

a-+r 7
o) =5 [ f@@d

and the Fourier series becomes

inm
§ : Qane " (z—a)

n=—oo

Note that when the length r of the interval increases, the frequencies * T of

7=0) get closer and closer. In the limit, one mlght

inm

imagine that the sum ) > _aper *=a) turns into an integral (think of

the case a = 0):
[e.e]
/ a(t)e™ dt
—0o0

This leads to the theory of Fourier integrals and Fourier transforms, but we
shall not look into these topics here.

the basis functions e+ (

Exercises for Section 4.13

1. Use integration by parts to check that ZnEZ,n;aéO an = ez 0 “:l" ein® g
the Fourier series of g(x) —apx (see the passage after the proof of Proposition
4.13.1).

2. Show that >°)_, cos((2k — 1)x) = sin2nz,

2sinzx

3. In this problem we shall study a feature of Fourier series known as Gibbs’
phenomenon. Let f :[—m, 7] — R be given by

-1 forxz <O
fley=¢ 0  forxz=0
1 forz >1

The figure shows the partial sums s, (z) of order n = 5,11,17,23.
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2 2
1 1
1] 1]
1 1
2 2
5 0 5 -5 1] 5
2 2
1 1
1] 1]
1 1
25 0 ) 2-5 1] 5

We see that although the approximation in general seems to get better and
better, the maximal distance between f and s,, remains more or less constant
— it seems that the partial sums have “bumps” of more or less constant
height near the jump in function values. We shall take a closer look at this
phenomenon. Along the way you will need the solution of problem 3.

2)

f)

Show that the partial sums can be expressed as

4 N sin((2k — 1))
sn-1(@ E; ok — 1

Use problem 2 to find a short expression for sb,,_; ().

Show that the local minimum and maxima of so,_71 closest to 0 are

- -
rx_=—g-and x4y = 5.

Show that
(2k—1)m

s 4 N sin
no1(t—)=+— = 2n
sm-1(Fg0) =+ ; 2% — 1

Show that sg,,—1(£7-) — j:% foﬂ % dx by recognizing the sum above
as a Riemann sum.

Use a calculator or a computer or whatever you want to show that

2 T sinx ~
oS gy & 1.18

These calculations show that the size of the “bumps” is 9% of the size of the
jump in the function value. Gibbs showed that this number holds in general
for functions in D.
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Chapter 5

Lebesgue measure and
integration

If you look back at what you have learned in your earlier mathematics
courses, you will definitely recall a lot about area and volume — from the
simple formulas for the areas of rectangles and triangles that you learned in
grade school, to the quite sophisticated calculations with double and triple
integrals that you had to perform in calculus class. What you have probably
never seen, is a systematic theory for area and volume that unifies all the
different methods and techniques.

In this chapter we shall first study such a unified theory for d-dimensional
volume based on the notion of a measure, and then we shall use this theory
to build a stronger and more flexible theory for integration. You may think
of this as a reversal of previous strategies; instead of basing the calculation
of volumes on integration, we shall create a theory of integration based on
a more fundamental notion of volume.

The theory will cover volume in R? for all d € N, including d = 1 and
d = 2. To get a unified terminology, we shall think of the length of a set in R
and the area of a set in R? as one- and two-dimensional volume, respectively.

To get a feeling for what we are aiming for, let us assume that we want
to measure the volume of subsets A C R3, and that we denote the volume
of A by u(A). What properties would we expext p to have?

(i) u(A) should be a nonnegative number or co. There are subsets of R?
that have an infinite volume in an intuitive sense, and we capture this
intuition by the symbol co.

(ii) p(@) = 0. It will be convenient to assign a volume to the empty set,
and the only reasonable alternative is 0.

(iii) If Ay, Ag,..., A,,... are disjoint (i.e. non-overlapping) sets, then
p(Unly An) = > 07 (Ay). This means that the volume of the whole
is equal to the sum of the volumes of the parts.

143



144 CHAPTER 5. LEBESGUE MEASURE AND INTEGRATION

(iv) If A = (a1,a2) x (b1,b2) x (c1,c2) is a rectangular box, then u(A) is
equal to the volume of A in the traditional sence, i.e.

p(A) = (a2 — a1)(bz — b1)(c2 — c1)

It turns out that it is impossible to measure the size of all subsets of A
such that all these requirements are satisfied; there are sets that are simply
too irregular to be measured in a good way. For this reason we shall restrict
ourselves to a class of measurable sets which behave the way we want. The
hardest part of the theory will be to decide which sets are measurable.

We shall use a two step procedure to construct our measure u: First we
shall construct an outer measure p* which will assign a size p*(A) to all
subsets A € R3, but which will not satisfy all the conditions (i)-(iv) above.
Then we shall use p* to single out the class of measurable sets, and prove
that if we restrict u* to this class, our four conditions are satisfied.

5.1 Outer measure in R?

The first step in our construction is to define outer measure in R?. The
outer measure is built from rectangular boxes, and we begin by intoducing
the appropriate notation and teminology.

Definition 5.1.1 A subset A of R% is called an open box if there are num-
bers agl) < agl), a§2) < a,;Q), cee agd) < agd) such that

A= (" a) x (af?,af) x ... x (al?, a§")

In addition, we count the empty set as a rectangular box. We define the
volume |A| of A to be 0 if A is the empty set, and otherwise

d d
4] = () = a{") (@) —aP) - (@5 —al?)

Observe that when d = 1,2 and 3, |A| denotes the length, area and
volume of A in the usual sense.

If A={A;, Ay, ..., Ay,...} is a countable collection of open boxes, we
define its size |A| by

(o]
LAl = Ay
k=1
(we may clearly have |A| = co). Note that we can think of a finite collection
A = {A;,As,..., Ay} of open boxes as a countable one by putting in the
empty set in the missing positions: A = {41, Ay, ..., A,,0,0,...}. This is
the main reason for including the empty set among the open boxes. Note
also that since the boxes A, Ag, ... may overlap, the size |.4] need not be
closely connected to the volume of (J;7 | Ap.
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A covering of a set B C R? is a countable collection
A={A1,A9,..., Ay, ...}

of open boxes such that B C |J;2; A,. We are now ready to define outer
measure.

Definition 5.1.2 The outer measure of a set B € R is defined by
p*(B) = inf{|A| : A is a covering of B by open bozes}

The idea behind outer measure should be clear — we measure the size
of B by approximating it as economically as possible from the outside by
unions of open boxes. You may wonder why we use open boxes and not
closed boxes

A=1af",a{"] x @, ) x ... x [, a5

in the definition above. The answer is that it does not really matter, but that
open boxes are a little more convenient in some arguments. The following
lemma tells us that closed boxes would have given us exactly the same result.
You may want to skip the proof at the first reading.

Lemma 5.1.3 For all B C R?,
w*(B) =inf{|A| : A is a covering of B by closed bozes}
Proof: We must prove that
inf{|A| : A is a covering of B by open boxes} =

= inf{|A] : A is a covering of B by closed boxes}

Observe first that if Ag = {41, Ag,...} is a covering of B by open boxes, we
can get a covering A = {41, Ag,...} of B by closed boxes just by closing
each box. Since the two coverings have the same size, this means that

p*(B) = inf{|A| : Ais a covering of B by open boxes} >

> inf{|A| : A is a covering of B by closed boxes}

To prove the opposite inequality, assume that ¢ > 0 is given. If A =
{A1,As,...} is a covering of B by closed boxes, we can for each n find
an open box A, containing A, such that |4,| < [4,|+ o. Then A = {4,}
is a covering of B by open boxes, and | A| < | A| +e. Since € > 0 is arbitrary,
this shows that to any closed covering, there is an open covering arbitrarily
close in size, and hence

inf{|A| : A is a covering of B by open boxes} <



146 CHAPTER 5. LEBESGUE MEASURE AND INTEGRATION

<inf{|A| : Ais a covering of B by closed boxes}

Here are some properties of the outer measure:

Proposition 5.1.4 The outer measure p1* on RY satisfies:

(i) p*(0) =0.
(ii) (Monotonicity) If B C C, then u*(B) < u*(C).

(iii) (Subadditivity) If { B, }nen is a sequence of subsets of R, then
N*(U By) < ZN*(Bn)
n=1 n=1
(iv) For all closed boxes
B =Y, 65"] x 7,57 x ... x b, b5

we have
u'(B) =Bl = 05 ~ 505" ) - (07 by
Proof: (i) Since A = {0,0,0,...} is a covering of 0, u*(0) = 0.
(ii) Since any covering of C' is a covering of B, we have p*(B) < p*(C).
(iii) If pu*(By) = oo for some n € N, there is nothing to prove, and we

may hence assume that p*(B),) < oo for all n. Let € > 0 be given. For each
n € N, we can find a covering Agn), Ag"), ... of By, such that

DI < 1 (Ba) + 55
k=1

The collection {A,(Cn)}k’neN of all sets in all coverings is a countable covering
of | Uy2 | Bp, and

PREIIEDY <Z !A,@\) <> (1 (B + 55 ) = Do (Ba) +e
k,neN n=1 \k=1 n=1 n=1

(if you are unsure about these manipulation, take a look at exercise 5). This
means that

,u*(U By) < Zu*(Bn) +e
n=1 n=1
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and since € is an arbitrary, positive number, we must have
w (U Ba) <D 1 (B)
n=1 n=1
(iv) Since we can cover B by B. = {B., 0,0, ...}, where
B = (bgl) +e, bgl) —€) X (bg) + e,b?) —€) X ... X (bgd) +e, bgd) —€),
for any € > 0, we se that
X 1 1 2 2 d d
w(B) < |Bl = (by) = b)) — i) - (05" — b))
The opposite inequality,
¥ 1 1 2 2 d d
w(B) > |B| = (05 — )68 — o) - (0 - 1)

may seem obvious, but is actually quite tricky to prove. We shall need a
few lemmas to establish this and finish the proof. O

I shall carry out the remaining part of the proof of Proposition 5.1.4(iv)
in the three dimensional case. The proof is exactly the same in the d-
dimensional case, but the notation becomes so messy that it tends to blur
the underlying ideas. Let us begin with a lemma.

Lemma 5.1.5 Assume that the intervals (ag,ar), (bo,bn), (co,car) are
partioned
ap<a<ay<...<ag

bo<bl<bg<...<b]\[
cp<cr<cg<...<cy
and let Aayp, = apr1 — ag, Aby, = apt1 — Nn, Ay = Cmt1 — &m- Then
(axg — ag)(by — bo)(cm — o) = Z AapAb,Acy,
k,n,m

where the sum is over all triples (k,n,m) such that 0 <k < K,0<n <N,
0 <m < M. In other words, if we partition the box

A = (ag,ar) x (bo,bn) % (co,cnr)

into KNM smaller boxes By, Bo, ..., Bgny, then

KNM

A= IB|
j=1
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Proof: If you think geometrically, the lemma seems obvious — it just says
that if you divide a big box into smaller boxes, the volume of the big box
is equal to the sum of the volumes of the smaller boxes. An algebraic
proof is not much harder and has the advantage of working also in higher
dimensions: Note that since axg — ag = Zf:_ol Aay, by — by = Ziv:_ol Ab,,

M—1
cM —Co =) pm_o Acm, we have

(ax — ao)(bn — bo)(cm — co) =

(&) (o) ()

= Y AgpAbyAcy,

k,n,m

a

The next lemma reduces the problem from countable coverings to finite
ones. It is the main reason why we have chosen to work with open coverings
(If you have read section 2.6, you will see that this result is an immediate
consequence of Theorem 2.6.6).

Lemma 5.1.6 Assume that A= {A1, As,..., Ay, ...} is a countable cover-
ing of a compact set K by open boxes. Then K is covered by a finite number
Ay, As, ..., A, of elements in A.

Proof: Assume not, then we can for each n € N find an element x, € K
which does not belong to |J;_; Ax. Since K is compact, there is a subse-
quence {zp, } converging to an element € K. Since A is a covering of K,
x must belong to an A;. Since A; is open, x,, € A; for all sufficently large
k. But this is impossible since z,, ¢ A; when nj > i. O

We are now ready to prove the missing inequality in Proposition 5.1.4(iv).
Lemma 5.1.7 For all closed boxes
B = [ay1, az] X [b1,ba] x [c1, ¢

we have
p*(B) = |B| = (a2 — a1)(bz — b1)(c2 — c1)

Proof: By the lemma above, it suffices to show that if Ay, As,..., A, is a
finite covering of B, then

|B] < [Ar] + [Ag] + ... + | An]
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Let , ‘ . .
A= (2, 28)) x @, 08)) x (o1, %)
We collect all z-coordinates xgl),xg ),x§2),x§ ), . ,xgn),xg") and rearrange

them according to size:
To<r1 <2< ...<IJ
Doing the same with the y- and the z-coodinates, we get partitions

Yo <y1 <y2<...<yy

<21 <zp<...<2zKg

Let By, By, ..., Bp be all boxes of the form (x;, zi+1) X (Y5, Yj+1) X (2 2k+1)
that is contained in at least one of the sets Ay, Ao, ..., A,. Each A;, 1 <
i < n is made up of a finite number of B;’s, and each B; belongs to at least
one of the A;’s. According to Lemma 5.1.5,

|Ail = |Bj,, | + |Bj, | + ...+ 1Bj,,|

where By, , Bj, ..., Bj, are the small boxes making up A;. If we sum over

all 7, we get
n P
> 1Al > ) 1Bl
i=1 j=1

(we get an inequality since some of the B;’s belong to more than one A;,
and hence are counted twice or more on the left hand side).

On the other hand, the B;’s almost form a partition of the original box
B, the only problem being that some of the B;’s stick partly outside B. If
we shrink these B;’s so that they just fit inside B, we get a partition of B
into even smaller boxes C1, Cs, ..., Cg (some boxes may disappear when we
shrink them). Using Lemma 5.1.5 again, we see that

Q P
1Bl = ICk <> |Bjl
k=1 j=1

Combining the results we now have, we see that

P n
1B <> IBjl <> Al
j=1 i=1

and the lemma is proved. O

We have now finally established all parts of Proposition 5.1.4. and are
ready to move on. The problem with the outer measure p* is that it fails
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to be countably additive: If {A,} is a disjoint sequence of sets, we can only
guarantee that

w( U Ap) < ZM*<An)
n=1 n=1
not that ~ ~
pr(J A = 3w (4n) (5.1.1)
n=1 n=1

As it is impossible to change p* such that (5.1.1) holds for all disjoint se-
quences {A,} of subsets of R, we shall follow a different strategy: We shall
show that there is a large class M of subsets of R? such that (5.1.1) holds
for all disjoint sequences where A,, € M for all n € N. The sets in M will
be called measurable sets.

Exercises for Section 5.1

1. Show that all countable sets have outer measure zero.
2. Show that the z-axis has outer measure 0 in R2.

3. If Ais a subset of R and b € R, we define
A+b={a+blac A}
Show that p*(A + b) = p*(A).

4. If A is a subset of R, define 24 = {2a | a € A}. Show that u*(24) =
241%(A).

5. Let {ank}nken be a collection of nonnegative, real numbers, and let a be
the supremum over all finite sums of distinct elements in this collection, i.e.

1
A= sup{z an, k; © I € Nand all pairs (n1,k1),...,(nr, kr) are different}
i=1

a) Assume that {b,, }men is a sequence which contains each element in the
set {an i }n ken exactly ones. Show that > °_, b, = a.

b) Show that > >, (e ank) = a.
¢) Comment on the proof of Proposition 5.1.4(iii).

5.2 Measurable sets

We shall now begin our study of measurable sets — the sets that can be
assigned a “volume” in a coherent way. The definition is rather mysterious:

Definition 5.2.1 A subset E of R? is called measurable if
W (AN E) + u* (AN E°) = i*(4)

for all A C R%. The collection of all measurable sets is denoted by M.
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Although the definition above is easy to grasp, it is not easy too see
why it captures the essence of the sets that are possible to measure. The
best I can say is that the reason why some sets are impossible to measure,
is that they have very irregular boundaries. The definition above says that
a set is measurable if we can use it to split any other set in two without
introducing any further irregularities, i.e. all parts of its boundary must
be reasonably regular. Admittedly, this explanation is vague and not very
helpful in understanding why the definition captures exactly the right no-
tion of measurability. The best argument may simply be to show that the
definition works, so let us get started.

Let us first of all make a very simple observation. Since A = (AN E) U
(AN E€), subadditivity (recall Proposition 5.1.4(iii)) tells us that we always
have

p(ANE)+p (AN ES) > p*(A)

Hence to prove that a set is measurable, we only need to prove that
(AN E) + (AN E°) < ()
Our first observation on measurable sets is simple.

Lemma 5.2.2 If E has outer measure 0, then E is measurable. In partic-

ular, ) € M.
Bevis: If F has measure 0, so has AN E since AN FE C E. Hence
WA E) + it (AN ES) = 1 (AN EY) < 1 (4)
for all A C R%. |

Next we have:

Proposition 5.2.3 M is an algebra of sets, i.e.:
(i) e M.
(i) If E € M, then E€ € M.
(iii) If Er, Ea, ..., E, € M, then EyUFE>U...UE, € M.

(z'v) If E1,FEs,... ., B, € M, then E1NEyN...NE, € M.

Proof: We have already proved (i), and (ii) is obvious from the definition of
measurable sets. Since By U E;U...UE, = (EfNESN...N ES)° by De
Morgans laws, (iii) follows from (ii) and (iv). Hence it remains to prove (iv).



152 CHAPTER 5. LEBESGUE MEASURE AND INTEGRATION

To prove (iv) is suffices to prove that if 1, Es € M, then E1 N Ey € M
as we can then add more sets by induction. If we first use the measurability
of E1, we see that for any set A C R?

0 (A) = 1 (A By + (AN ES)
Using the measurability of Fsy, we get

W (ANE) =p (ANE)NEy)+ p (AN Ey) N ES)
Combining these two expressions, we have

i (A) = (AN (B 0 Ey)) + 1 (AN Ey) 0 ES) + 1 (A 1 E)
Observe that (draw a picture!)
(ANETNES)U(ANE]) =AN(ENEy)°

and hence

p (AN EyL N Ey) + p* (AN EY) 2 p* (AN (BN Ey)°)
Putting this into the expression for p*(A) above, we get

WH(A) = p (AN (By 0 E2)) + (AN (By 0 Ez))

which means that E1 N Ey € M. O

We would like to extend parts (iii) and (iv) in the proposition above to
countable unions and intersection. For this we need the following lemma:

Lemma 5.2.4 If E1, Fo, ..., E, is a disjoint collection of measurable sets,
then

P (AN(EYUEU...UE,)) = (ANE) +pu (ANEy) +...+ (AN E,)

Proof: 1t suffices to prove the lemma for two sets £ and F» as we can then
extend it by induction. Using the measurability of F;, we see that

P (AN (ErU Ey)) = p (AN (E1U E)) N E1) + p (AN (B U Ey)) N EY) =

=W (ANEY) +p (AN E)

We can now prove that M is closed under countable unions.

Lemma 5.2.5 If A, € M for each n € N, then | J, .y An € M.
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Proof: Note that since M is an algebra,
E,=A4A,N (E1 UEQU...En_l)C

belongs to M for n > 1 (for n = 1, we just let £y = A;). The new sequence
{E,} is disjoint and have the same union as {A,} (make a drawing!), and
hence it suffices to prove that |,y En € M, i.e.

w2 (a0 J B+ (a0 (U 59

n=1 n=1
Since Uivzl E, € M for all N € N, we have:
N N

pr(A) = (An | En) +pw(An (| En)°) =

n=1 n=1

N
ZZ (ANE,) +p (AN ( UE

where we in the last step have used the lemma above plus the observation
that (Uzozl En)c C (Ufy:1 En)c. Since this inequality holds for all N € N,
we get

pHA) > ANE) +pt(An (| En))
n=1 n=1

By sublinearity, we have > > p*(ANE,) > p* (U, (ANE,)) = p*(AN
U2, (Ey)), and hence

n=1

W) 2 e (an U B+ (an (U Ba))

n=1 n=1

Let us sum up our results so far.

Theorem 5.2.6 The measurable sets M form a o-algebra, i.e.:
(i) D e M
(i) If E € M, then E¢ € M.

(iii) If E, € M for alln € N, then Jo- | En, € M.

(iv) If E, € M for alln € N, then ()2, E, € M.
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Proof: We have proved everything except (iv), which follows from (ii) and
(iii) since (00, By = (U2 E9)". |

Remark: By definition, a o-algebra is a collection of subsets satisfying (i)-
(iii), but — as we have seen — point (iv) follows from the others.

There is one more thing we have to check: that M contains sufficiently
many sets. So far we only know that M contains the sets of outer measure
0 and their complements!

In the first proof it is convenient to use closed coverings as in Lemma
5.1.3 to determine the outer measure.

Lemma 5.2.7 For each i and each a € R, the open halfspaces
H={(z1,...,2i...,0q) €ER? : z; <a}

and
K={(z1,...,2i...,2q9) €R? : z; > a}

are measurable.
Proof: We only prove the H-part. We have to check that for any B C R¢,
W (B) > p*(BNH) + w* (BN H)

Given a covering A = {A4;} of B by closed boxes, we can create closed
coverings A = {4} and A® = {A®)} of BAH and BNH®, respectively,
by putting

b= {1, sziy . q) € Ay 0wy < af
={(1,.. -, Ti,...,mq) € Aj © x; > a}

Hence
Al = [AD] + |AP] > (BN H) + p* (BN H)

and since this holds for all closed coverings A of B, we get

p(B) z p (BOH)+ p*(BNHS)

O
The next step is now easy:
Lemma 5.2.8 All open boxes are measurable.
Proof: An open box is a finite intersection of open halfspaces. O

The next result tells us that there are many measurable sets:
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Theorem 5.2.9 All open sets in R% are countable unions of open boxes.
Hence all open and closed sets are measurable.

Proof: Note first that the measurability of closed sets follows from the mea-
surability of open sets since a closed set is the complement of an open set.
To prove the theorem for open sets, let us first agree to call an open box

A= (" a) x (@ ,al) x ... x (af?, 05"

1 @) (2) (2) (d) ()

rational if all the coordinates a;’, a5 ’,ay",a5 " ,...,a; ’,a5  are rational.
There are only countably many rationals boxes, and hence we only need to
prove that if G is an open set, then

G = U{B : B is a rational box contained in G}

We leave the details to the reader. O

Exercises for Section 5.2

Show that if A, B € M, then A\ B € M.

Explain in detail why 5.2.3(iii) follows from (ii) and (iv).

Carry out the induction step in the proof of Proposition 5.2.3(iv).

Explain the equality (AN E; N ES)U(ANES) = AN (E1 N E2)° in the proof
of Lemma 5.2.3.

= W b

o

Carry out the induction step in the proof of Lemma 5.2.4.
6. Explain in detail why (iv) follows from (ii) and (iii) in Theorem 5.2.6.
7. Show that all closed halfspaces
H={(x1,...,24,...,2q) €R? : z; <a}
and
K={(z1,...,25...,2q) €ERY : z; >a}
are measurable

8. Recall that if A is a subset of R and b € R?, then
A+b={a+b|ac A}

Show that A + b is measurable if and only if A is.

9. If A is a subset of R?, define 24 = {2a | a € A}. Show that 24 is measurable
if and only if A is.

10. Fill in the details in the proof of Lemma 5.2.8.
11. Complete the proof of Theorem 5.2.9.
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5.3 Lebesgue measure

Having constructed the outer measure p* and explored its basic properties,
we are now ready to define the measure p.

Definition 5.3.1 The Lebesgue measure p is the restriction of the outer
measure ¥ to the measurable sets, i.e. it is the function

i M= [0,00]
defined by

for all A e M.

Remark: Since p and p* are essentially the same function, you may wonder
why we have introduced a new symbol for the Lebesgue measure. The an-
swer is that although it is not going to make much of a difference for us here,
it is convenient to distinguish between the two in more theoretical studies
of measurability. All you have to remember for this text, is that u(A) and
p*(A) are defined and equal as long as A is measurable.

We can now prove that p has the properties we asked for at the beginning
of the chapter:

Theorem 5.3.2 The Lebesgue measure p : M — [0,00] has the following
properties:

(1) p(®) = 0.

(ii) (Completeness) Assume that A € M, and that u(A) = 0. Then all
subset B C A are measurable, and p(B) = 0.

(iv) (Countable subadditivity) If { An}nen is a sequence of measurable sets,

then
n(lU An) <D nl(An)
n=1 n=1

(iv) (Countable additivity) If { Ep}nen is a disjoint sequence of measurable

sets, then
:U( U En) = ZM(ETZ)
n=1 n=1

(v) For all closed bozes
B =Y b5 x b7, 057 x . ox o, b5
we have

w(B) = |B| = 05" = o) — by (65— biY)
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Proof: (i) and (ii) follow from Lemma 5.2.2, and (iii) follows from part (iii) of
Proposisition 5.1.4 since M is a o-algebra, and | J;~ ; A, hence is measurable.
Since we know from Theorem 5.2.9 that closed boxes are measurable, part
(v) follows from Proposition 5.1.4(iv).

To prove (iv), we first observe that

,U(U Ep) < ZM(En)
n=1 n=1

by (iii). To get the opposite inequality, we use Lemma 5.2.4 with A = R?
to see that

N N 00
> w(En) = p(|J En) < u(| ] En)
n=1 n=1

n=1

Since this holds for all N € N, we must have

ZM(EH) < u( U E,)
n=1 n=1

Hence we have both inequalities, and (iii) is proved. O

In what follows, we shall often need the following simple lemma:

Lemma 5.3.3 IfC, D are measurable sets such that C' C D and u(D) < oo,
then

p(D\ C) = (D) — u(C)
Proof: By additivity

n(D) = p(C) + u(D\ C)
Since p(D) is finite, so is u(C), and it makes sense to subtract u(C') on both
sides to get

w(D\ C) = u(D) - u(C)

The next properties are often referred to as continuity of measure:

Proposition 5.3.4 Let {A, }en be a sequence of measurable sets.

(i) If the sequence is increasing (i.e. A, C Api1 for all n), then

(| 4a) = lim p(A,)

n—oo
n=1

(i) If the sequence is decreasing (i.e. An D Apt1 for allmn), and pu(Ay) is
finite, then
M(m Ap) = lim p(Ay)

n—o00
n=1
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Proof: (i) If we put E1 = A; and E, = A, \ A,—1 for n> 1, the sequence
{E,} is disjoint, and (J;_, Ey = A, for all N (make a drawing). Hence

p(J An) = n(|J En) =D n(E,) =
n=1 n=1 n=1

= nlij;oZM(Ek) = nlijgou(u Ey) = lim p(Ay)
=1

k.fl n—oo
where we have used the additivity of u twice.

(ii) We first observe that {A; \ Ay }nen is an increasing sequence of sets
with union A; \ (2, 4,. By part (ii), we thus have

p(ALN (1) An) = lim p(Ar\ Ay)

n=1
Applying Lemma 5.3.3 on both sides, we get

Ap) = lim (u(A1) — p(An)) = p(Ar) — lim p(Ay)

n—oo n—oo

1(Ar) — pu(

1 ¢

Since p(A) is finite, we get p((Noeq An) = lim, o0 1(Ay), as we set out to
prove. a

Remark: The finiteness condition in part (ii) may look like an unnecessary
consequence of a clumsy proof, but it is actually needed. To see why, let u
be Lebesgue measure in R, and let A,, = [n,00). Then p(A,) = oo for all n,

but p(oy An) = pu(®) = 0. Hence limy, o0 (Ap) # u(Moey An).

Example 1: We know already that closed boxes have the “right” measure
(Theorem 5.3.2 (iv)), but what about open boxes? If

B =" 68y x (0, 657) x ... x (04 657y

is an open box, let B,, be the closed box
1 1 1 1 1 1
Bp= |0+ =6 — = 5 [P+ = 6P — = x L ox b\ =l -
n n n n n n

1

n

p(B) = lim pu(By)

obtained by moving all walls a distance - inwards. By the proposition,

and since the closed boxes B, have the “right” measure, it follows that so
does the open box B. &
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Example 2: Let

K, = [-n, n]d
be the closed box centered at the origin and with edges of length 2n. For
any measurable set A, it follows from the proposition above that

p(A) = lim p(ANKy)
&

We shall need one more property of measurable sets. It tells us that
measurable sets can be approximated from the outside by open sets and
from the inside by closed sets.

Proposition 5.3.5 Assume that A C R?% is a measurable set. For each
€ > 0, there is an open set G D A such that n(G'\ A) < ¢, and a closed set
F C A such that u(A\ F) < e.

Proof: We begin with the open sets. Assume first A has finite measure.
Then there is a covering {B,,} of A by open rectangles such that

n=1

Since p(Up2y Bn) < >onty (Bn) = Y02 |Bp|, we see that G = ;2| B,
is an open set such that A C G, and u(G) < p(A) + €. Hence

G\ A) = pu(G) — n(A) <e
by Lemma 5.3.3.

If u(A) is infinite, we first use the boxes K, in Example 2 to slice A into
pieces of finite measure. More precisely, we let A, = AN (K, \ K,—1), and
use what we have already proved to find an open set G,, such that 4, C G,
and p(G, \ Ay) < 57. Then G = J;; G, is an open set which contains A,
and since G\ A C [J;7 (G \ 4,), we get
€

2=

M8

WG\ A) < G\ Ay) <

n=1 n

1
proving the statement about approximation by open sets.

To prove the statement about closed sets, just note that if we apply
the first part of the theorem to A€, we get an open set G D A° such that
u(G\ A°) < e. This means that F' = G° is a closed set such that F' C A,
and since A\ F' = G \ A¢, we have u(A\ F) <e. O

We have now established the basic properties of the Lebesgue measure.
For the remainder of the chapter, you may forget about the construction of
the measure and concentrate on the results of this section plus the properties
of measurable sets summed up in theorems 5.2.6 and 5.2.9 of the previous
section.
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Exercises for Section 5.3
1. Explain that A\ F = G\ A° and the end of the proof of Proposition 5.3.5.
2. Show that if Fy, Fs are measurable, then

(B + p(E2) = p(Ey U Er) + p(Ey N Ey)
3. The symmetric difference A /N B of two sets A, B is defined by
AANB=(A\B)U(B\A)

A subset of R? is called a Gs-set if it is the intersection of countably many
open sets, and it is called a F,-set if it is union of countably many closed set.

a) Show that if A and B are measurable, then so is A A B.

¢) Show that if A is measurable, there is a Gs-set G such that u(AAG) = 0.

d) Show that if A is measurable, there is a F,-set F' such that u(AAF) =
0.

)

b) Explain why all G5- and F,-sets are measurable.
)
)

4. Assume that A € M has finite measure. Show that for every € > 0, there is
a compact set K C A such that u(A\ K) < e.

5. Assume that {A,} is a countable sequence of measurable sets, and assume
that >°° , 1(A,) < co. Show that the set

A = {z € R?|z belongs to infinitely many A, }

has measure zero.

5.4 Measurable functions

Before we turn to integration, we need to look at the functions we hope to
integrate, the measurable functions. As functions taking the values oo will
occur naturally as limits of sequences of ordinary functions, we choose to
include them from the beginning; hence we shall study functions

f:RYSR

where R = R U {—00,00} is the set of extended real numbers. Don’t spend
too much effort on trying to figure out what —oco and oo “really” are — they
are just convenient symbols for describing divergence.

To some extent we may extend ordinary algebra to R, e.g., we shall let

00+00 =00, —00—00=-—00

and
000 =00, (—00)-00=-00, (—0):(—00)=c.



5.4. MEASURABLE FUNCTIONS 161

If r € R, we similarly let
o0+Tr=00, —00+T=-—00
For products, we have to take the sign of r into account, hence

00 ifr>0

—o0 ifr<o

and similarly for (—oo) - r.

All the rules above are natural and intuitive. Expressions that do not
have an intuitive interpretation, are usually left undefined, e.g. is co — 00
not defined. There is one exception to this rule; it turns out that in measure
theory (but not in other parts of mathematics!) it is convenient to define
0-co=00-0=0.

Since algebraic expressions with extended real numbers are not always
defined, we need to be careful and always check that our expressions make
sense.

We are now ready to define measurable functions:

Definition 5.4.1 A function f : R — R is measurable if
FH([=o0,m) € M

for all r € R. In other words, the set
{zeR?: f(z) <7}

must be measurable for all r € R.

The half-open intervals in the definition are just a convenient starting
point for showing that the inverse images of more complicated sets are mea-
surable:

Proposition 5.4.2 If f : R — R is measurable, then f~1(I) € M for all
intervals I = (s,r),I = (s,r],I = [s,r),I = [s,r] where s,r € R. Indeed,
f~Y(A) € M for all open and closed sets A.

Proof: We use that inverse images commute with intersections, unions and
complements. First observe that for any r € R

FH([=o0,7]) = £7( ﬂ [—oo, 7 + %)) = ﬂ FH([~oo,r + %)) eM
neN neN

which shows that the closed intervals [—oo, r] are measurable. Taking com-
plements, we see that the intervals [s, co] and (s, co] are measurable:

FH (s 00]) = F7H([=00,5)) = (F ([~ 00,9)))¢ € M
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and
FH(s,00]) = fH([00, ) = (f 7 ([-00,8])) € M
To show that finite intervals are measurable, we just take intersections, e.g.,

FH(som)) = fH([=o0,m) N (s,00]) = fH([=00, 7)) N f (s, 00]) € M

If A is open, we know from Theorem 5.2.9 that it is a countable union
A =, en In of open intervals. Hence

FFrAay=r"(Jn) = ') em

neN neN

Finally, if A is closed, we use that its complement is open to get
FHA) = (F71(A%) e M

a

It is sometimes convenient to use other kinds of intervals than those in
the definition to check that a function is measurable:

Proposition 5.4.3 Consider a function f : R? — R. If either
(i) f~Y([~oo,7]) € M for allT € R, or
(ii) f~([r,00]) € M for allr € R, or

(iii) f=((r,o0]) € M for allr € R,

then f is measurable.

Proof: In either case we just have to check that f~!([—oco,7)) € M for all
r € R. This can be done by the techniques in the previous proof. The details
are left to the reader. O

The next result tells us that there are many measurable functions:
Proposition 5.4.4 All continuous functions f : R* — R are measurable.
Proof: Since f is continuous and takes values in R,

FH([=o0,m)) = fH(—o0,7))

is an open set by Proposition 2.3.9 and thus measurable by Theorem 5.2.9. 0

We shall now prove a series of results showing how we can obtain new
measurable functions from old ones. These results are not very exciting, but
they are necessary for the rest of the theory. Note that the functions in the
next two propositions take values in R and not R.
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Proposition 5.4.5 If f : R? — R is measurable, then ¢ o f is measurable
for all continuous functions ¢ : R — R. In particular, f? is measurable.

Proof: We have to check that

((b o f)_l((—OO,T)) - f_l(¢_1((_oou 7’)))

is measurable. Since ¢ is contiunuous, ¢~!((—o0o,7)) is open, and con-
sequently f~(¢~((—o0,r))) is measurable by Proposition 5.4.2. To see
that f2? is measurable, apply the first part of the theorem to the function
¢(x) = a*. O

Proposition 5.4.6 If the functions f, g :— R are measurable, so are f+g,
f—g, and fg.

Proof: To prove that f+ g is measurable, observe first that f+ g < r means
that f < r — g. Since the rational numbers are dense, it follows that there
is a rational number ¢ such that f < ¢ < r — ¢g. Hence

(f +9) 7 ([~o0,r) ={z e RY[(f+g) <7) =

U ({z R f(z) < gt n{w e R g < - q})
q€Q

which is measurable since QQ is countable and a countabe union of measurable

sets is measurable. A similar argument proves that f — g is measurable.
To prove that fg is measurable, note that by Proposition 5.4.5 and what

we have already proved, f2, g2, and (f + g)? are measurable, and hence

fo==(f+9°-f*-4¢%

N =

is measurable (check the details). a

We would often like to apply the result above to functions that take
values in the extended real numbers, but the problem is that the expressions
need not make sense. As we shall mainly be interested in functions that are
finite except on a set of measure zero, there is a way out of the problem.
Let us start with the terminology.

Definition 5.4.7 We say that a measurable function f : R* — R is finite
almost everywhere if the set {x € R? : f(x) = £oo} has measure zero. We
say that two measurable functions f,g : R? — R are equal almost everywhere
if the set {x € R? : f(z) # g(z)} has measure zero. We usually abbreviate
“almost everywhere” by “a.e.”.
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If the measurable functions f and ¢ are finite a.e., we can modify them
to get measurable functions f’ and ¢’ which take values in R and are equal
a.e. to f and g, respectively (see exercise 11). By the proposition above,
f"+4d, f'—¢ and f'¢g’ are measurable, and for many purposes they are
good representatives for f + g, f — g and fg.

Let us finally see what happens to limits of sequences.

Proposition 5.4.8 If {f,} is a sequence of measurable functions, then
sup,en fn(z), infren fn(x), limsup,,_,o fn(z) and liminf,_ .. f,(z) are mea-
surable. If the sequence converges pointwise, then lim, oo frn(x) is a mea-
surable function.

Proof: To see that f(z) = sup,cy fn(2) is measurable, we use Proposition
5.4.3(iii). For any r € R

FH((r00)) = {z eR? Sup fo(@) >} =

= U{xERd D falx) >} = U fot((r,00]) € M

neN neN

and hence f is measurable by Propostion 5.4.3(iii). The argument for
inf,en fn(z) is similar.

To show that limsup,,_, ., fn(z) is measurable, first observe that the
functions

gr(x) = sup fn(2)

are measurable by what we have already shown. Since

li n = inf ’
imsup fy,(z) éfelNgk(x))

n—oo

the measurability of limsup,,_, . fn(z) follows. A similar argument holds for
liminf,, .~ fn(z). If the sequence converges pointwise, then lim,, . fn(z) =
limsup,,_,, fn(x) and is hence measurable. O

Let us sum up what we have done so far in this chapter. We have
constructed the Lebesgue measure p which assigns a d-dimensional volume
to a large class of subset of R%, and we have explored the basic properties of
a class of measurable functions which are closely connected to the Lebesgue
measure. In the following sections we shall combine the two to create a
theory of integration which is stronger and more flexible than the one you
are used to.
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Exercises for Section 5.4

1.

Show that if f : R? — R is measurable, the sets f~!({oc}) and f~!({—o00})

are measurable.

Complete the proof of Proposition 5.4.2 by showing that f~! of the intervals
(—o0, 1), (—o0,7], [r,0), (r,00), (—00,0), where r € R, are measurable.

3. Prove Proposition 5.4.3.

5. Show that if fi, fo,..., fn are measurable functions with values in R, then

fitfo+---+ foand fifo-...- f, are measurable.
The indicator function of a set A C R is defined by
1 ifzed
1A($) =
0 otherwise
a) Show that 14 is a measurable function if and only if A € M.
b) A simple function is a function f : R — R of the form

f@) = > aila (@)

where a1, as,...,a, € Rand Ay, As,..., A, € M. Show that all simple
functions are measurable.

Let {E,} be a disjoint sequence of measurable sets such that | J77, E,, = R%,
and let {f,} be a sequence of measurable functions. Show that the function
defined by

f(x) = fn(x) when z € E,,

is measurable.

Fill in the details of the proof of the fg part of Proposition 5.4.6. You may
h

want to prove first that if h : R* — R is measurable, then so is 5

Prove the inf- and the lim inf-part of Proposition 5.4.8.

9. Let us write f ~ g to denote that f and g are two measurable functions

10.

11.

12.

which are equal a.e.. Show that ~ is an equivalence relation, i.e.:
i) f~f
(ii) If f ~ g, then g ~ f.
(iii) If f ~ g and g ~ h, then f ~ h.
Show that if f : R? — R is measurable and g : R* — R equals f almost
everywhere, then g is measurable.
Assume that f:R? — R is finite a.e. Define a new function f’: R¢ — R by
f(x) if f(x) is finite
f(@) =
0 otherwise
Show that f’ is measurable and equal to f a.e.

A sequence {f,} of measurable functions is said to converge almost every-
where to f if there is a set A of measure 0 such that f,(x) — f(x) for all
x ¢ A. Show that f is measurable.
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5.5 Integration of simple functions

If Ais a subset of RY, we define its indicator function by

1 ifxe A
1a(z) =
0 otherwise

The indicator function is measuable if and only if A is measurable.
A measurable function f : R? — R is called a simple function if it takes
only finitely many different values a1, as,...,a,. We may then write

@) =3 arla, (@)
=1

where the sets A; = {x € R?| f(z) = a;} are disjoint and measurable. Note
that if one of the a;’s is zero, the term does not contribute to the sum, and
it is occasionally convenient to drop it.

If we instead start with measurable sets B1, Bo, ..., B,, and real numbers
b1,bs, ..., by, then

g(z) =Y bilp,(2)
=1

is measurable and takes only finitely many values, and hence is a simple
function. The difference between f and g is that the sets Ay, As,..., A,
in f are disjoint with union R¢, and that the numbers a1, as,...,a, are
distinct. The same need not be the case for g. We say that the simple
function f is on standard form, while g is not.

You may think of a simple function as a generalized step function. The
difference is that step functions are constant on intervals (in R), rectangles
(in R?), or boxes (in higher dimensions), while simple functions need only
be constant on much more complicated (but still measurable) sets.

We can now define the integral of a nonnegative simple function.

Definition 5.5.1 Assume that
n
Fa) =S aila,(x)
i=1

is a nonnegative simple function on standard form. Then the (Lebesgue)
integral of f is defined by

[ Fan=>" ()
=1

Recall that we are using the convention that 0-co = 0, and hence a;u(A4;) =0
if a; =0 and p(A4;) = oo.
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Note that the integral of a simple function is
[ adu=na)

To see that the definition is reasonable, assume that you are in R?. Since
1(A;) measures the area of the set A;, the product a;u(A4;) measures in an
intuitive way the volume of the solid with base A; and height a;.

We need to know that the formula in the definition also holds when the
simple function is not on standard form. The first step is the following,
simple lemma

Lemma 5.5.2 If

g(z) = bjlp,(z)
j=1

is a nonnegative simple function where the B;’s are disjoint and R? =
UjL1 Bj, then

/gdu = bju(By)
j=1

Proof: The problem is that the values by, bo, . . ., b,, need not be distinct, but
this is easily fixed: If ¢, c2,. .., ¢; are the distinct values taken by g, let b; 1,
bi 2,...,bin; bethe b;’s that are equal to ¢;, and let C; = B; 1UB; oU. . .UB; 5,,.
Then p(C;) = p(Bia) + w(Bi2) + ...+ u(Biy,), and hence

n k
D biu(By) = einlCi)
j=1 i=1
Since g(z) = Zle ¢ile,(x) is the standard form representation of g, we

have .
[odu=3cn(c)
j=1

and the lemma is proved O
The next step is also easy:

Proposition 5.5.3 Assume that f and g are two nonnegative simple func-
tions, and let ¢ be a nonnnegative, real number. Then

(i) [cfdu=c[ fdu
(i) [(f+g)du=[fdu+ [gdu
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Proof: (i) is left to the reader. To prove (ii), let

fle) =Y aila (2)
=1

g(x) =Y bjlp,(z)
j=1
be standard form representations of f and g, and define C; ; = A; N B;. By

the lemma above
/fdu = aip(Ciy)
1,J

and
/gdu = b;u(Ciy)
i,j
and also
[+ 9ydn =30+ bu(Ci)
0.
since the value of f + g on C; ; is a; + b; O

We can now easily prove that the formula in Definition 5.5.1 holds for
all positive representations of step functions:

Corollary 5.5.4 If f(xz) = >, _,aila,(x) is a step function with a; > 0

for all i, then
[ Fan=>" an(a)
i=1

Proof: By the Proposition

/fdu = /ZailAi dp = Z/ailAi dp = Zai/lAi dp = Z%M(Ai)
=1 =1 =1 =1
O

We need to prove yet another almost obvious result. We write g < f to
say that g(z) < f(z) for all .

Proposition 5.5.5 Assume that f and g are two nonnegative simple func-

tions. If g < f, then
/gduﬁ /fdﬂ
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Proof: We use the same trick as in the proof of Proposition 4.5.3: Let

fx) = Z aila,(x)

g(x) =Y bjlp,(x)
j=1

be standard form representations of f and g, and define C;; = A; N B;.

Then
/f dp = aip(Ciz) 2> bju(Ciy) = /g dp
i i

g

We shall end this section with a key result on limits of integrals, but
first we need some notation. Observe that if f = > ; a1y, is a simple
function and B is a measurable set, then 1gpf = Z?Zl anla,nB is also a
measurable function. We shall write

/deu—/ledu

and call this the integral of f over B. The lemma below may seem obvious,
but it is the key to many later results.

Lemma 5.5.6 Assume that B is a measurable set, b a positive real number,
and {fn} an increasing sequence of nonnegative simple functions such that
lim, 00 fn(z) > b for all x € B. Then lim,,_, fB fndu > bu(B).

Proof: Let a be any positive number less than b, and define
An ={z € B| fu(z) = a}

Since fn(z) T b for all x € B, we see that the sequence {4,} is increasing

and that -
B = U A,
n=1

By continuity of measure (Proposition 5.3.4(1)), u(B) = lim,, o (A4;), and
hence for any positive number m less that u(B), we can find an N € N such
that u(Ay,) > m when n > N. Since f, > a on A,,, we thus have

/fnd,uZ/ adp = am
B Ay,

whenever n > N. Since this holds for any number a less than b and any
number m less than p(B), we must have limy, .o [5 fn dp > bu(B) O

To get the result we need, we extend the lemma to simple functions:
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Proposition 5.5.7 Let g be a nonnegative simple function and assume that
{fn} is an increasing sequence of nonnegative simple functions such that
lim,, oo fn(z) > g(x) for all x. Then

lim /fnduz /gdu

Proof: Let g(z) = >.", bilp,(x) be the standard form of g. If any of the
b;’s is zero, we may just drop that term in the sum, so that we from now on
assume that all the b;’s are nonzero. By Corollary 5.5.3(ii), we have

/ fudp= [ fodpt | fodpt o+ [ fudn
B1UBsU...UB,, B1 Bs Bm

By the lemma, lim,,_, fBi fadp > bju(B;), and hence
m
lim [ fudu> lim Fudn = > bin(B) = [ gdn
n—eo N0 JB1UBU...UB,, i—1

a

We are now ready to extend the Lebesgue integral to all positive, mea-
surable functions. This will be the topic of the next section.

Exercises for Section 5.5
1. Show that if f is a measurable function, then the level set
Ay = {o € RY| f(z) = a}
is measurable for all a € R.
2. Check that according to Definition 5.5.1, [14du = pu(A) for all A € M.
3. Prove part (i) of Proposition 5.5.3.

4. Show that if f1, fs,..., f, are simple functions, then so are

hz) = max{fi(z), fa(x), ..., fu(2)}

and

h(z) = min{f1(x), f2(x), ..., fn(2)}

5. Let A = Qn[0,1]. This function is not integrable in the Riemann sense.
What is [ 14 dp?
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5.6 Integrals of nonnegative functions

We are now ready to define the integral of a general, nonnegative, measurable
function.

Definition 5.6.1 If f : RY — [0, 00] is measurable, we define

/fdu = sup{/gdu | g is a nonnegative simple function, g < f}

Remark: Note that if f is a simple function, we now have two definitions
of f f du; the original one in Definition 5.5.1 and a new one in the definition
above. It follows from Proposition 5.5.5 that the two definitions agree.

The definition above is natural, but also quite abstract, and we shall
work toward a reformulation that is often easier to handle.

Proposition 5.6.2 Let f : R? — [0,00] be a measurable function, and
assume that {h,} is an increasing sequence of simple functions converging
pointwise to f. Then

n—oo

lim hndu:/fdu

Proof: Since the sequence { [ hy du} is increasing by Proposition 5.5.5, the
limit clearly exists (it may be o), and since [ hy,dp < [ fdp for all n, we
must have

lim hnd,u</fdu

n—oo

To get the opposite inequality, it suffices to show that

n—o0o

lim [ h,du > /gdu

for each simple function g < f, but this follows from Proposition 5.5.7. O

The proposition above would lose much of its power if there weren’t any
increasing sequences of simple functions converging to f. The next result
tells us that there always are. Pay attention to the argument, it is a key to
why the theory works.

Proposition 5.6.3 If f : R? — [0, 00) is measurable, there is an increasing
sequence {hy,} of simple functions converging pointwise to f. Moreover, for
each n either fo(z) — 3= < hn(2) < fo(z) or hy(z) =27

Proof: To construct the simple function h,, we cut the interval [0,2") into

half-open subintervals of length %, i.e. intervals

kok+1
L= |—, =
=)
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where 0 < k < 22", and then let

Ap = fH(Iy)
We now define
22n—1 L
ha(z) = ) on 14, (2) + 2L g | jay>am)
k=0

By definition, A, is a simple function no greater than f. Since the intervals
get narrower and narrower and cover more and more of [0, 00), it is easy to
see that h, converges pointwise to f. To see why the sequence increases,
note that each time we increase n by one, we split each of the former intervals
I in two, and this will cause the new step function to equal the old one for
some z’s and jump one step upwards for others (make a drawing).

The last statement follows directly from the construction. O

Remark: You should compare the partitions in the proof above to the par-
titions you have seen in earlier treatments of integration. When we integrate
a function of one variable in calculus, we partition an interval [a,b] on the
x-axis and use this partition to approximate the original function by a step
function. In the proof above, we instead partitioned the y-axis into intervals
and used this partition to approximate the original function by a simple
function. The difference is that the latter approach gives us much better
control over what is going one; the partition controls the oscillations of the
function. The price we have to pay, it that we get simple functions instead of
step functions, and to use simple functions for integration, we need measure
theory.

Let us combine the last two results in a handy corollary:

Corollary 5.6.4 If f : R? — [0,00) is measurable, there is an increasing
sequence {hy,} of simple functions converging pointwise to f, and

/fdu: lim /hnd,u

Let us take a look at some properties of the integral.

Proposition 5.6.5 Assume that f,g : R? — [0,00] are measurable func-
tions and that c is a nonnegative, real number. Then:

(i) [efdu=c]/ fdpu.
(i) [(f+g)du= [ fdu+ [gdu.
(i) If g < f, then [gdu < [ fdp.
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Proof: (iii) is immediate from the definition, and (i) is left to the reader. To
prove (ii), let {f,} and {g,} be to increasing sequence of simple functions
converging to f and g, respectively. Then { f,,+gn} is an increasing sequence
of simple functions converging to f + g, and

[t ardn= i [ adu=tm ([ fudus [ o) -

= lim /fndu+ lim /g,wlyz/fdu—i—/gd,u

One of the big advantages of Lebesgue integration over traditional Rie-
mann integration, is that the Lebesgue integral is much better behaved with
respect to limits. The next result is our first example:

|

Theorem 5.6.6 (Monotone Convergence Theorem) If {f,} is an in-
creasing sequence of monnegative, measurable functions such that f(z) =
limy, oo fn(z) for all z, then

JLI&/fndN:/fdﬂ

lim /fnd,u:/ lim f, du

Proof: We know from Proposition 5.4.8 that f is measurable, and hence the
integral [ fdu is defined. Since f,, < f, we have [ f, du < [ fdp for all n,
and hence

In other words,

lim [ fodu < /fdu

To prove the opposite inequality, we approximate each f,, by simple functions
as in the proof of Proposition 5.6.3; in fact, let h,, be the n-th approximation
to fn. Assume that we can prove that the sequence {h,} converges to f;
then

lim hndu:/fdu

n—oo

by Proposition 5.6.2. Since f,, > h,,, this would give us the desired inequality
i [ fudu= [ fau
n—oo

It remains to show that h,(z) — f(z) for all . From Proposition 5.6.3
we know that for all n, either f,(z) — 5= < hy(z) < fu(x) or hy(z) =27 If
hy(z) = 2" for infinitely many n, then h,(x) goes to co, and hence to f(x).
If h,(x) is not equal to 2" for infinitely many n, then we eventually have
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fa(2) = 55 < hy(z) < fo(x), and hence h,(x) converges to f(z) since f,(z)
does. O

We would really have liked the formula
lim [ fn,dp :/ lim f,dp (5.6.1)
n—od n—oo

above to hold in general, but as the following example shows, this is not the
case.

Example 1: Let f, = 1p, 4. Then lim, .o fo(z) = 0 for all x, but
[ fndp = 1. Hence

lim [ fodpu=1

/ lim f,du=0

There are many results in measure theory giving conditions for (5.6.1)
to hold, but there is no ultimate theorem covering all others. There is,
however, a simple inequality that always holds.

Theorem 5.6.7 (Fatou’s Lemma) Assume that {f,} is a sequence of non-
negative, measurable functions. Then

liminf/fn dp > /liminf fndu

n—oo

Proof: Let gg(z) = infg>y, fn(x). Then {gx} is an increasing sequence of
measurable functions, and by the Monotone Convergence Theorem

lim /gk duz/ lim gpdp = /liminffn du
k—o0 k—oo n—o0

where we have used the definition of liminf in the last step. Since fr > g,
we have [ frdu > [ gi dp, and hence

lim inf/fk dp > lim /gk dy = /liminf fndu
k—o0 k—o0 n—00
and the result is proved. O

Fatou’s Lemma is often a useful tool in establishing more sophisticated
results, see Exercise 14 for a typical example.

Just as for simple functions, we define integrals over measurable subsets
A of R? by the formula
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/Qfdﬂ=i/1Afdu

So far we have allowed our integrals to be infinite, but we are mainly
interested in situations where [ fdp is finite:

Definition 5.6.8 A function f : R? — [0,00] is said to be integrable if it
is measurable and [ fdp < oc.

Exercises for Section 5.6

1.

Assume f : R? — [0, 00| is a nonnegative simple function. Show that the two
definitions of [ fdu given in Definitions 5.5.1 and 5.6.1 coincide.

Prove Proposition 5.6.5(i).

Show that if f : R? — [0, co] is measurable, then

MweRﬂﬂwzaDSé/fw

for all positive, real numbers a.

In this problem, f,g : R — [0, 0] are measurable functions.
a) Show that [ fdu =0 if and only if f =0 a.e.
b) Show that if f = g a.e., then [ fdu = [ gdp.

¢) Show that if [, fdu = [, gdu for all measurable sets E, then f = g
a.e.

In this problem, f : R? — [0,00] is a measurable function and A, B are
measurable sets.

a) Show that [, fdu < [ fdu
b) Show that if A, B are disjoint, then [, o fdu= [, fdu+ [5 fdu.
c¢) Show that in general [, o fdu+ [, pfdu= [, fdu+ [5fdp.
Show that if f : RY — [0, 00] is integrable, then f is finite a.e.
Let f: R — R be the function

1 if z is rational

fz) =

0 otherwise
and for each n € N, let f,, : R — R be the function

1 ifxzswherepGZ,qu,qgn

fn(x) =

0 otherwise

a) Show that {f,(x)} is an increasing sequence converging to f(x) for all
xR
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10.

11.

12.

13.
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b) Show that each f, is Riemann integrable over [0, 1] with fol falz)de =0
(this is integration as taught in calculus courses).

¢) Show that f is not Riemann integrable over [0, 1].

d) Show that the one-dimensional Lebesgue integral f[ fdu exists and

find its value.

0,1]
a) Let {u,} be a sequence of positive, measurable functions. Show that
o oo
/Zund,u': Z/und,u

n=1 n=1

b) Assume that f is a nonnnegative, measurable function and that {B,}
is a disjoint sequence of measurable sets with union B. Show that

/de/z=§:1/3nfdu

. Assume that f is a nonnegative, measurable function and that {A,} is an

increasing sequence of measurable sets with union A. Show that

/ fdp = lim fdu
A n—oo A,

Show the following generalization of the Monotone Convergence Theorem:
If {f,} is an increasing sequence of nonnegative, measurable functions such
that f(z) = limy,— o0 fn(z) almost everywhere. (i.e. for all x outside a set N
of measure zero), then

lim fndu=/fcm

n—oo

Find a decreasing sequence {f,} of measurable functions f, : R — [0,00)
converging pointwise to zero such that lim,, . [ fn, dp #0

Assume that f : R? — [0,00] is a measurable function, and that {f,} is a
sequence of measurable functions converging pointwise to f. Show that if
fn < f for all n,

ti [ fudu= [ fd

Assume that { f,, } is a sequence of nonnegative functions converging pointwise
to f. Show that if

lim fndu:/fdu<oo,

n—oo
then
i [ fudu= [ fau

E E

n—oo

for all measurable E C R?.
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14. Assume that g : R? — [0,00] is an integrable function, and that {f,} is
a sequence of nonnegative, measurable functions converging pointwise to a
function f. Show that if f, < g for all n, then

lim fndu=/fdu
n—oo

Hint: Apply Fatou’s Lemma to both sequences {f,} and {g — f.}.

5.7 Integrable functions

So far we only know how to integrate nonnegative functions, but it is not
difficult to extend the theory to general functions. Given a function f :
R? — R, we first observe that f = f, — f_, where f; and f_ are the
nonnegative functions

flz) if f(z) >0
f(z) =

0 otherwise

and
—f(x) if f(x) <0
f-(z) =

0 otherwise
Note that f, and f_ are measurable if f is. Recall that a nonnegative,

measurable function f is integrable if [ fdu < oco.

Definition 5.7.1 A function f : R — R is called integrable if it is mea-
surable, and f+ and f— are integrable. We define the (Lebesgue) integral

of [ by
/fdu=/f+du—/f—du

The next lemma gives a useful characterization of integrable functions.
The proof is left to the reader.

Lemma 5.7.2 A measurable function f is integrable if and only if its ab-
solute value | f| is integrable, i.e. if and only if [ |f|dp < oc.

The next lemma is a useful technical tool:

Lemma 5.7.3 Assume that g : R? — [0,00] and h : R? — [0, 0] are two
integrable, nonnegative functions, and that f(x) = g(x) — h(z) at all points
where the difference is defined. Then f is integrable and

/fduz/gdﬂ—/hdu
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Proof: Note that since g and h are integrable, they are finite a.e., and hence
f =g — h a.e. Modifying g and h on a set of measure zero (this will not
change their integrals), we may assume that f(z) = g(z) — h(x) for all z.
Since |f(x)| = |g(z) — h(x)| < |g(z)| + |h(z)|, it follows from the lemma
above that f is integrable.

As

f(@) = f+(z) = [-(z) = g(z) — h(z)
we have

f(@) + h(z) = g(z) + f-(x)

where we on both sides have sums of nonnegative functions. By Proposition

5.6.5(ii), we get
/f+du+/hdu—/gdu+/f—du

Rearranging the integrals (they are all finite), we get

[tan=[teau- [r-an=[gau- [nan

and the lemma is proved. O

We are now ready to prove that the integral behaves the way we expect:

Proposition 5.7.4 Assume that f,g : R — R are integrable functions,
and that ¢ is a constant. Then f + g and cf are integrable, and

(i) [efdu=c [ fdpu.
(i) [(f+g)dp= [ fdu+ [gdu.
(iii) If g < f, then [gdu < [ fdu.

Proof: (i) is left to the reader (treat positive and negative ¢’s separately). T
prove (ii), first note that since f and g are integrable, the sum f(z) + g(x )
is defined a.e., and by changing f and g on a set of measure zero (this
doesn’t change their integrals), we may assume that f(z) + g(x) i defined
everywhere. Since

|f(@) + g(z)] < |f(2)] +|g(z)],
f =+ g is integrable. Obviously,

fro=+—f)+ g+ —9-)=(f++g+)—(f-+g-)

and hence by the lemma above and Proposition 5.6.5(ii)

/(f+9)du=/(f++g+)du—/(f_+g_)duz
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:/ﬁ@+/mw—/ﬂm—/mw=
:/ﬁw—/fw+/%w—/gw=
— [sau+ [gan

To prove (iii), note that f — g is a nonnegative function and hence by (i)
and (ii):

/fw—/ﬁmui/ﬂm+/vnmm=/U—wmuw

Consequently, [ fdu > [ gdu and the proposition is proved. O

We can now extend our limit theorems to integrable functions taking
both signs. The following result is probably the most useful of all limit
theorems for integrals as it quite strong and at the same time easy to use.
It tells us that if a convergent sequence of functions is dominated by an
integrable function, then

lim [ f.dup :/ lim f,du

n—00 n—00
Theorem 5.7.5 (Lebesgue’s Dominated Convergence Theorem) As-
sume that g : R? — R is a nonnegative, integrable function and that {f,}

is a sequence of measurable functions converging pointwise to f. If |fu| < g
for all n, then

tiw [ fudu= [ fau
n—oo
Proof: First observe that since |f| < g, f is integrable. Next note that

since {g — fn} and {g + f.} are two sequences of nonnegative measurable
functions, Fatou’s Lemma gives:

imint [ (g fu)dp > [mintto—f)dn = [(g-Pdu= [ gdu- [ du
and
%gg{/@+fmduEi/Qgg§@+ﬁ0du=:/@+fﬂw=i/gdu+/fdu

On the other hand,

liminf/(g—fn)d;z:/gd,u—limsup/fnd,u

n—oo
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and
lim inf (g+fn)du:/gd,u—i—liminf/fndu

Combining the two expressions for iminf,, .o [(g — fn) dp, we see that
/gdu—limsup/fndu > /gdu—/fdu

hmsup/fnd,ug/fdu

n—oo

and hence

Combining the two expressions for liminf, o [(g+ fn) dp, we similarly get

liminf [ f,du > /f du

Hence
1imsup/fn dp < /fd,u <liminf f, du
which means that lim, o [ fndp = [ f dp. The theorem is proved. O

Remark: It is easy to check that we can relax the conditions above some-
what: If f,(z) converges to f(x) a.e., and |f,(x)| < g(z) fails on a set of
measure zero, the conclusion still holds (see Exercise 8 for the precise state-
ment).

Let us take a look at a typical application of the theorem:

Proposition 5.7.6 Assume that f : R? — R is a continuous function,
and assume that there is an integrable function g : R — [0,00] such that
|f(z,y)| < g(y) for all x,y € R. Then the function

h(z) = /f(wvy) du(y)

is continuous (the expression [ f(x,y)du(y) means that we for each fized x
integrate f(x,y) as a function of y).

Proof: According to Proposition 2.2.5 it suffices to prove that if {a,} is a
sequence converging to a point a, then h(a,) converges to h(a). Observe
that

hay) = / F(an, ) dpu(y)

and

h(a) = /f(a, y) du(y)
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Observe also that since f is continuous, f(an,y) — f(a,y) for all y. Hence
{f(an,y)} is a sequence of functions which is dominated by the integrable
function g and which converges pointwise to f(a,y). By Lebesgue’s Domi-
nated Convergence Theorem,

i h(an) = lim [ f(en)dn = [ flay)di=h(a)

n—oo n—:o0

and the proposition is proved. O

As before, we define [, fdp = [ f14dp for measurable sets A. We say
that f is integrable over A if f14 is integrable.

Exercises to Section 5.7

1. Show that if f is measurable, so are f, and f_.

2. Show that if an integrable function f is zero a.e., then [ fdu = 0.
3. Prove Lemma 5.7.1.
4

. Prove Proposition 5.7.4(i). You may want to treat positive and negative c's
separately.

5. Assume that f:R? — R is a measurable function.

a) Show that if f is integrable over a measurable set A, and A, is an
increasing sequence of measurable sets with union A, then

lim fdu= / fdu
n—oo A, A

b) Assume that {B,} is a decreasing sequence of measurable sets with
intersection B. Show that if f is integrable over By, then

lim fdu= / fdu
n—oo Jp B

6. Show that if f : R? — R is integrable over a measurable set A, and A, is a
disjoint sequence of measurable sets with union A, then

/jﬁlfdu:g/j%fdu

7. Let f : R — R be a measurable function, and define
A, ={z e R?| f(z) > n}
Show that
lim fdu=0

n—oo A
n
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8. Prove the following slight extension of the Dominated Convergence Theorem:

Theorem: Assume that ¢ : R — R is a nonnegative, integrable function
and that {f,} is a sequence of measurable functions converging a.e. to f. If
|fn(z)| < g(x) a.e. for each n, then

lim [ fodu = /fdu

9. Assume that g : R? — R is continuous and that y — g(x,v) is integrable for
each x. Assume also that the partial derivative %(337 y) exists for all z and

y, and that there is an integrable function h : R — [0, 0o] such that

dg

2 @] < o)

for all z,y. Then the function

f(z) = / oz, y) du(y)

is differentiable at all points x and

£ = [ ) duty)

5.8 LY(R?) and L*(RY)

In this final section we shall connect integration theory to the theory of
normed spaces in Chapter 4. Recall from Definition 4.5.2 that a norm on a
real vector space V is a function | - | : V' — [0, 00) satisfying

(i) Ju] > 0 with equality if and only if u = 0.

(ii) |au| = |a||u| for all « € R and all u € V.

(iii) Ju+v| <|u| + |v]| for all u,v € V.

Let us now put
LYRY) ={f:R? =R : f is integrable}
and define | - |; : £1(R%) — [0, 00) by
Il = | 11w

It is not hard to see that | - |1 satisfies the three axioms above with one

exception; | f|1 may be zero even when f is not zero — actually |f|; = 0 if
and only if f =0 a.e.



5.8. LY(RP) AND L?*(RP) 183

The usual way to fix this is to consider two functions f and g to be equal
if they are equal almost everywhere. To be more precise, let us write f ~ g
if f and g are equal a.e., and define the equivalence class of f to be the set

[f1=1{9€ L'®RY) g~ f}

Note that two such equivalence classes [f] and [g] are either equal (if f
equals g a.e.) or disjoint (if f is not equal to g a.e.). If we let L'(R?) be
the collection of all equivalence classes, we can organize Ll(Rd) as a normed
vector space by defining

alff =laf] and [fl+]g] =[f+g] and [[f]L =]/

The advantage of the space (L'(R?),|-|1) compared to (L*(R?), |-]1) is that
it is a normed space where all the theorems we have proved about such spaces
apply — the disadvantage is that the elements are no longer functions, but
equivalence classes of functions. In practice, there is very little difference
between (L'(R%),|-]1) and (L}(RY), |- |1), and mathematicians tend to blur
the distinction between the two spaces: they pretend to work in L!'(R?), but
still consider the elements as functions. We shall follow this practice here;
it is totally harmless as long as you remember that whenever we talk about
an element of L!'(R?) as a function, we are really choosing a representative
from an equivalence class (Exercise 3 gives a more thorough and systematic
treatment of L'(R?)).

The most important fact about (L'(R%),|-|) is that it is complete. In
many ways, this is the most impressive success of the theory of Lebesgue
integration: We have seen in previous chapters how important completeness
is, and it is a great advantage to work with a theory of integration where
the space of integrable functions is naturally complete. Before we turn to
the proof, you may want to remind yourself of Proposition 4.5.5 which shall
be our main tool.

Theorem 5.8.1 (L'(RY), |- |1) is complete.

Proof: Assume that {u,} is a sequence of functions in L'(R?) such that the
series > |up|1 converges. According to Proposition 4.5.5, it suffices to
show that the series Y °° | u,(x) must converge in L*(R?). Observe that

o) N N
50> 3 fualy = Jim 3 fuols = fim S [ funldn =
n=1 n=1 n=1

N N oo
= g [ 3t = [ Sl = 3 ol
n= n—= n=
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where we have used the Monotone Convergence Theorem to move the limit
inside the integral sign. This means that the function

e}

g9(@) =Y lun()|

n=1

is integrable. We shall use g as the dominating function in the Dominated
Convergence Theorem.

Let us first observe that since g(z) = > .2, |un(x)| is integrable, the
series converges a.e. Hence the sequence Y 7 un(x) (without the abso-
lute values) converges absolutely a.e., and hence it converges a.e. in the
ordinary sense. Let f(z) = > o7 un(z) (put f(z) = 0 on the null set
where the series does not converge). It remains to prove that the series
converges in L!'-sense, i.e. that |f — 25:1 uplt — 0 as N — oo. By

definition of f, we see that limy_, (f(x) -y un(af)) = 0 a.e. Since

|f(x) — 27]:[:1 un ()] = | X0y un(x)] < g(2) ae., it follows from Domi-
nated Convergence Theorem (actually from the slight extension in Exercise
5.7.8) that

N N
£= Y al = [ 15 = unldu =0
n=1 n=1

The theorem is proved. O

Let us take a brief look at another space of the same kind. Let
LY RY) = {f:R? =R : |f|? is integrable}

and define | - |2 : £L2(R%) — [0, 00) by

= ( |f|2du>é

It turns out (see Exercise 4) that £2(RY) is a vector space, and that |- | is a
norm on £2(R%), except that |f|2 = 0 if f = 0 a.e. If we consider functions
as equal if they are equal a.e., we can turn (L2(R%),| - |2) into a normed
space (L2(R%),]| - |2) just as we did with £!'(R%). One of the advantages of
this space, is that it is an inner product space with inner product

wmz/mw

By almost exactly the same argument as for L'(R?), one may prove:

Theorem 5.8.2 (L?(RY), |- |2) is complete.
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Let me finally mention that L'(R?) and L?(R%) are just two representa-
tives of a whole family of spaces. For any p € [1,00), we may let

LP(RY) = {f :RY = R : |f|? is integrable}

and define | - |, : £V — [0,00) by

= ( \fIQdM);

Proceeding as before, we get complete, normed spaces (LP(R9),] - |,).

Exercises for Section 5.8

1. Show that £!(R9) is a vector space. Since the set of all functions from R?
to R is a vector space, it suffices to show that £!(R?) is a subspace, i.e. that
cf and f + g are in £!(R?) whenever f,g € L}(R?) and ¢ € R.

2. Show that || - |1 satisfies the following conditions:

(i)

|f]1 > 0 for all f, and |0]; = O (here O is the function that is constant
0).

(ii) Jefli = ||l f]1 for all f € £Y(RY) and all ¢ € R.
(iii) |f+gl < £+ lglh for all £, € LY(R?)
This means that || - |; is a seminorm.

3 If f,g € LYR?), we write f ~ g if f = g a.e. Recall that the equivalence
class [f] of f is defined by

2)
b)

c)
d)

fl={9€ LR : g~ f}

Show that two equivalence classes [f] and [g] are either equal or disjoint.

Show that if f ~ f/ and g ~ ¢, then f + g ~ f' + ¢’. Show also that
cf ~cf’ for all c € R.

Show that if f ~ g, then |f — gl = 0 and | /1 = [gls.
Show that the set L'(R?) of all equivalence classes is a normed space if
we define scalar multiplication, addition and norm by:
(i) c[f] = [cf] for all c € R, f € LY(RY).
(ii) [f]+ [g] = [f +g] for all f,g € LY(RY)
(iii) |[f]lx = [f]x for all f € L}(RY).
Why do we need to establish the results in (i), (ii), and (iii) before we
can make these definitions?

Show that £2(R9) is a vector space. Since the set of all functions
from R? to R is a vector space, it suffices to show that £2(R%) is a
subspace, i.e. that cf and f + g are in £L2(R?) whenever f, g € £2(R?)
and ¢ € R. (To show that f + g € £L2(R?), you may want to use that
la + b|? < 2|al? + 2|b|? for all real numbers a, b).
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b) Show that if f,g € £2(R?), then fg is integrable. (You may want to
use the identity |fg| = 5 ((|f| + [g)* — | F1* —1gI?)

¢) Show that the semi inner product

(f.9)= /fg du

on L£2(R?) satisfies:
(i) (f.g) =g, f) forall f,g€ EQ(Rd)~
(i) (f +g,h) = (f,h) + (g, h) for all f,g,h € L2(R?) .
(iii) (cf,g) = c(f,g) for all c € R, f,g € L2(R?).
(iv) For all f € L2(R?), (f, f) > 0 with equality if f = 0 (here 0 is the
function that is constant 0).

Show also that (f, f) = 0 if and only if f =0 a.e.
e) Assume that f, f’,g,¢g' € £L?>(R?), and that f = f’, g = ¢’ a.e. Show
that (f,g) = (f",¢')

5. Show that (L?(R%),|- |2) is complete by modifying the proof of Theorem
5.8.1.



