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This problem set consists of 5 pages.
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Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1
Determine the image of the open disk |z| < 1 under the fractional linear
transformation 5

z) = .

Solution: Let D denote the disk |z| < 1. We know that f(0D) is a circle in
the Riemann sphere. Because f(i) = oo, that circle has the form L U {oo}
for some line L in the complex plane. To determine L we compute

fl=i)y =i, f(1)=1+i.

It follows that L is the line Im(z) = 1. Since Im(f(0)) =2 > 1, we see that
f(D) is the half-plane Im(z) > 1.

Problem 2

Given a complex number w # 0 consider the function

fz)= 3

2% —wd’
a

Find the Laurent series of f(z) in the region |z| > |w|.

(Continued on page 2.)
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Solution: For |z| > |w| one has

f(z)zl_iw

b

Let r > |w|. Use the result of a to compute the line integral
/ f(z)dz.
|2|=r

Solution: The general formula for the coefficients of a Laurent series yields

/ f(2)dz = 2uw’i.
|z|=r

Problem 3

Let f(z) be a non-constant analytic function in C\ {0} such that

2f(2) =0 asz—0.

a

What kind of isolated singularity can f(z) have at 0 ?

Solution: By Riemann’s removable singularities theorem there is an entire
function g(z) such that g(z) = 22f(z) for z # 0. Hence

has at most a pole of order 2 at 0.

b
Suppose in addition that

f(z) =0 asz— oo.

(Continued on page 3.)
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Show that there exist constants a,b € C such that

a b
Solution: Let )
a
Plz)= -+ —
(2) =~ + 3

Page 3

be the principal part of f(z) at 0. Then h(z) = f(z2) — P(z) has a removable

singularity at 0 and satisfies

h(z) -0 asz— oo.

By Liouville’s theorem, h(z) must be identically zero, so f(z) = P(z).

Problem 4

Let D be a bounded domain and 9D its boundary. Let f(z) be a continuous
function on the bounded closed set D U 0D such that f(z) is analytic on
D and real-valued on dD. Show that f(z) is constant. Hint: Apply the

maximum principle to the imaginary part of f(z).

Solution: Let f = u + vi, where u, v are real-valued. Then v is harmonic in
D and vanishes on dD. By the maximum principle, v must be identically

zero. The Cauchy-Riemann equations says that

ou  Ov ou ov

or 9y 9y Oz

in D. Therefore, f = u is constant.

Problem 5

Consider the function

a

Classify all isolated singularities of f(z) in the complex plane and compute

the residue at each pole.

Solution: The numerator e — 1 has a simple zero at 2rk for every integer

k, whereas the denominator

2423 = 2(2 — i) (2 +1)

has simple zeros at 0,7, —i. Hence, f(z) has a removable singularity at 0 and

simple poles at +i. As for the residues,

Reslf(2).1] = lim(z = () = S|
Reslf(2).—i = S—5| = 5(1-e)

(Continued on page 4.)
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b

What kind of singularity does f(z) have at oo ?

Solution: For t > 1 we have

9
\f(t)|§t+t3—>0 as t — oo,
i =S o st
—1 = 0 as Q.
t3 —t

Therefore, f(z) cannot have a removable singularity or a pole at oo, so it
has an essential singularity there.

C
For r > 1 consider the curve

() =ret, 0<t<mT.
Show that

/ f(z)dz— 0 asr — oo.
Ir

Solution: For any z € C one has |¢*| = 7 ™) If |2| = r, Im(z) > 0 this

gives
2

r3 — o’

[f(2)] <
The ML-estimate gives

2 2T
ST = —0 asr — oo.
ro—r re~—1

f(z)dz

Yr

d

Apply the residue theorem in the domain
D, ={2€C: |z| <r, Im(z) >0}

together with the results of a and ¢ to compute the integral
0o
/ sin x d.
oo T+ 3
Solution: For r > 1 the residue theorem gives

2ri Res[f(2),1] = (2)dz = _7‘ f(zx) daj—l—/ f(z)d=.

oD,

Letting » — oo we get
ri(l— ey = / () da.

Taking imaginary parts we obtain

/ ST dr =7(1—e1).

3
o Tt T

(Continued on page 5.)



Exam in MAT2410, Monday December 12th 2016 Page 5

Problem 6

a
Determine the number of zeros, counting multiplicity, of the function
f(z) =€ +52" -2

in the square
R={z€C: |Re(z)| <1, |Im(2)| < 1}.

Solution: For any z € 0D we have
le*| = eRe®) < e < 3,

SO
le* — 2| < |e*| +2 < 5 < |527).

By Rouché’s theorem, the functions f(z) and g(z) = 5z have the same
number of zeros in D, counting multiplicity. Since 0 is the only zero of g(z)
and this zero has order 7, we conclude that f(z) has 7 zeros in D counting
multiplicity.

b

Show that if zq is a zero of f(z) of order k& > 1 then % is also a zero of f(z)

of order k.

Solution: Because f(z) is given by a power series centred at the origin where
all coefficients are real, we have

fz) = f(2).

The power series representation of f(z) at zp has the form
f(z) = i an(z — 20)"
n=k
with ap # 0. Therefore,
f(z)=f() = i an(z — Z0)",
n=k
S0 Z is also a zero of f(z) of order k.

v
How many of the zeros found in part a are real, and how many have positive
imaginary part?
Solution: Because
f(-D)=el-7<0, f(1)=e+3>0

and f'(xz) > 0 for x real, we see that f(z) has exactly one real zero in D,
and this zero is simple. Consequently, the number of zeros of f(z) in D with
positive imaginary part is (7 — 1)/2 = 3, counting multiplicity.

END



