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Problem 1 (weight 25%)

Consider the third-order differential equation

y(3)(x) = 3y′(x)− 2y(x) + 12ex. (1)

a

Find all solutions of the homogeneous equation associated to (1).

b

Find a particular solution of (1).

c

Find a solution of (1) which satisfies the initial value condition y(0) = 2.

Problem 2 (weight 20%)

The function y(x) = ex is the unique solution of the initial value problem

dy

dx
= y, y(0) = 1. (2)

a

Approximate the values e2 and e5 by applying Euler’s method with step
size h = 1 to the initial value problem (2).

b

Let n be any positive integer. Approximate the value en by applying Euler’s
method with step size h = 1 to the initial value problem (2).
(Use induction if necessary.)

(Continued on page 2.)
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Problem 3 (weight 25%)

Let I be an open (non-empty) interval and suppose that the functions p, q,
and f are continuous on I. Consider the second-order differential equation

y′′(x) + p(x)y′(x) + q(x)y(x) = f(x), x ∈ I. (3)

Recall that a complementary function of (3) is a solution of the homogeneous
equation associated to (3).

a

Show that the complementary functions of (3) form a real vector space, i.e.,
show that if y1(x) and y2(x) are complementary functions then the function

Y (x) = c1y1(x) + c2y2(x), x ∈ I,

is a complementary function for all real numbers c1 and c2.

b

Show that if yp(x) is a solution of the differential equation (3) and yc(x) is
a complementary function of (3), then the function

Y (x) = yp(x) + yc(x), x ∈ I,

is a solution of the differential equation (3).

c

Suppose that yp(x) is a solution of the differential equation (3). Show
that if Y (x) is another solution of the same equation, then there exists a
complementary function yc(x) such that

Y (x) = yp(x) + yc(x), x ∈ I.

Problem 4 (weight 30%)

Consider the system 
dx

dt
= x− 5y + 2 sin t

dy

dt
= x− y − 3 cos t

(4)

of first-order differential equations.

a

Find all solutions of the homogeneous system associated to (4).

b

Find a particular solution of (4).


