UNIVERSITY OF OSLO

Faculty of Mathematics and Natural
Sciences

Examination in: MAT-INF3100 — Linear Optimization
Day of examination: Monday, June 1st, 2015

Examination hours:  09.00-13.00

This problem set consists of 8 pages.

Appendices: None

Permitted aids: None.

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1
Consider the LP problem
maximize  —7xq + 23
subject to
— 3x9 + 4x3 < 1,
_ (1)
x1 T2 < 2
—3x1 + xz3 < 0,
x1,x2,23 > 0.

la

Use the simplex algorithm to find an optimal solution and the accompanying
optimal value.

Answer: Initial dictionary
maxn = —7x1 + 2x3,
wy = 1+ 3x9 — 4as,
wy =2 — 11 + X2,
wg = 3x1 — T3.
We perform a pivot step with zg into the basis and ws out of the basis (so
x3 = 31 — ws), resulting in the dictionary
maxn = —x; — 2ws,
wy; =1 — 1221 + 3z9 + 4ws, (2)
Wy = 2 — 1+ 9,

T3 = 3r1 — Wws.

An optimal solution is 1 = 9 = w3 = 0 and wy = 1, wy = 2, 3 = 0. The
optimal value is n = 0.

(Continued on page 2.)
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1b

Determine all the optimal solutions of (1).

Answer: In view of (2), there is a whole family of optimal solutions
corresponding to the objective value n = 0, namely 1 = 0, zo = t for
any number ¢t > 0, wg =0 and w1 =1+ 3t, wo =2+, z3 =0.

1c

Consider the LP problem

minimize Y1+ 2y
subject to
Y2 - 3y3 > _77
_Byl - Y2 > 07 (3)
4y1 + Y3 > 27
y1,y2,y3 = 0.

Use duality and your findings in (la) to obtain an optimal solution of (3)
and the accompanying optimal value.

Answer: We note that (3) is the dual of (1), to which we can apply the
simplex algortihm. The dual variables y1, y2,y3 corresponds to the primal
slack variables w1, wo, w3, while the dual slack variables z1, z9, 23 corresponds
to the primal variables x,x9,z3. For the primal dictionary (2), the basic
variables are w1, w9, r3, while the nonbasic variables are x1, z9, ws. For the
dual dictionary, the basic variables becomes zi, z2,y3, while the nonbasic
variables becomes y1,¥y2, z3. In view of the "negative-transpose property",
the dual dictionary reads

min —§ = —y1 — 2y,

21 =1+ 12y; + yo — 323,
z2 = —3y1 — Y2,

Y3 =2 — 4y + 2.

(4)

Hence, the optimal solution is y;3 = 0, yo = 0, 23 = 0 and 21 = 1, 29 = 0,
ys = 2. The optimal value is 0.

Problem 2

2a
Consider the (primal) LP problem

max ¢’ z,

subject to Az < b, z > 0,

()

where A € R™*" h e R™, and x,c € R™.
State the weak and strong duality theorems. Moreover, prove the weak
duality theorem.

(Continued on page 3.)
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Answer: The dual of (5) is
min by,
subject to ATy > ¢, y > 0.

(6)

If x € R" is primal feasible and y € R™ is dual feasible, then the weak
duality theorem states that
e <bly.

If the primal problem (5) has an optimal solution z*, then the dual (6) also
has an optimal solution y*, such that

Lo = vy

The proof of the weak duality theorem proceeds as follows:
Yoo < X (L)
J J i
=2 | 2w | v
i J
<> by,
i

where we have used that z; > 0 and ¢; < ). y;a;;, and moreover that y; > 0
and bl Z Zj Qjj.

2b

Let © = (x1,22,...,2,)7 be primal feasible and y = (y1,%2,...,Ym)"
dual feasible. Denote by (w1, ws,...,wy,) the corresponding primal slack
variables and (z1, 22, . .., z,) the corresponding dual slack variables.

Suppose x is optimal for the primal problem and y is optimal for the dual
problem. State and prove the complementary slackness equations.

Answer: The complementary slackness equations read
xjz; =0, j=1....n

and
w;y; = 0, 1=1,...,m.

By the proof of the weak duality theorem,
Y < X (L) o
J J i

=D | D ayi | v
i \J
Szbiyi'
%

(Continued on page 4.)
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The first inequality is actually an equality (due to optimality), and therefore

;=0 or cj:E Yilij, j=1,...,n.
%

Since zj = ), yiai; —cj, the last part takes the form z; = 0. Thus, optimality
implies x;z; = 0, for all j.
The second inequality is also an equality (due to optimality), and so

g aj;r; =b; or y; =0, 1=1,...,m,
J

and, since w; = b; — Zj a;jxj, the first part takes the form w; = 0. Thus,
optimality implies w;y; = 0, for all 4.

2c
maximize 3z1 + 2x9
subject to
201 + w2 < 4, (7)
221 + 3z < 6,
T1,T2 Z 0.

Show that z* = (3/2,1) is primal feasible and y* = (5/4, 1/4) is dual feasible.
Moreover, show that z* is in fact an optimal solution of (7).

Answer: The dual of (7) is

min 4y1 + 6ys2,

subject to
2y1 +2y2 > 3, (8)
y1+3y2 =2 2,
y1,y2 > 0.

Straightforward computations reveal that z* = (3/2,1) and y* = (5/4,1/4)
satisfy their respective constraints:

2%3/2+1=4, 2%3/24+3%1=6
and
2%5/44+2x1/4=12/4 = 3, 5/4+3x1/4=8/4=2.

Moreover, the objective function values n*,&* of the primal and dual
problems coincide:
n :=3%3/2+2x1=13/2

and
& :=4x5/4+4+6x1/4=26/4=13/2.

We then conclude by the weak duality theorem that x* and y* are optimal
in their respective problems.

(Continued on page 5.)



Examination in MAT-INF3100, Monday, June 1st, 2015 Page 5

2d
Consider the LP problem

max cT:c,

subject to Az =b, z > 0,

(9)

where the linear constraints are equalities. Show that the dual of (9) is

3T
min b* y
et to AT (10)
subject to A"y > c.

Answer: First, we write the equality constraint as inequality constraints:
max ¢! z,
subject to Ax < b, —Ax < —b, x > 0,

or, in terms of partitioned matrices,

max ch,

A 0 b
(0 )e=(4)
x> 0.

Given this LP problem in standard form, we can write down its dual, using
two duality variables (vectors) y* and y~:

min byt — by,
subject to ATyt — ATy~ >¢, yt,y~ >0.

If we set y := y* —y~ (y is not necessarily nonnegative), the dual problem
of (9) becomes
min b’ y, subject to ATy > ¢.

Problem 3

3a

Consider the LP problem

n
max E CiZyj,
j=1

subject to

N (11)
Zai]’l’jgbi, izl,...,m,
j=1

where c¢;, a;;, b; are given numbers.

(Continued on page 6.)
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Introduce slack variables and identify vectors z, ¢, b and a matrix A such
that (11) can be written as

max ¢!z,

: (12)
subject to Ax = b, z > 0.

Answer: Introduce the slack variables:

n
$n+i:bi_ E Qi3 , izl,...,m,
Jj=1
and write
x1
X
x = mo R
Tn+1
Tn4+m

Take A = {fl 1 }, where I is the m x m identity matrix and

aip a2 - Qlp
Ao e |
aml Am?2 Amn
Moreover, take
C1
Cn, c m+n
c= = eR
0
and
by
b= : | €eR™
b

Then (11) can be written in the form (12).

3b

In the simplex algorithm denote by B the set of indices corresponding to the
basic variables, and by A the remaining nonbasic indices.

Let B denote an invertible m x m matrix whose columns consist of the
m columns of A associated with the basic variables. Similarly, denote by N
an m X n matrix whose columns are the n nonbasic columns of A.

(Continued on page 7.)
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Assume that A can be partitioned as
A= [B N],

and that ¢ and x can be partitioned similarly as

=) =)

Page 7

Show that the dictionary associated with the basis B can be written as

T
n=n"—zZy TN,
g =z} — B !Ny,

where
n* = chflb, 2N = (Ble)TcB —cp,

T =

B~ .

What is the (primal) basic solution and objective value associated with this

dictionary?

Answer: From the constraints Az = b it follows that

Bxg+ Nz =0,

and this gives the result for xp since

og = B—l(b _ N:UN> — B %= B 'Nuy.

Regarding the objective function,

n=c a::chg—kcf/a:/\/

= c;‘g <B_1b - B_lNac/\/> + cf[xN

=cEB7'b — kBT Ny + chran

=By — ((B—lN)TcB - cN>
The basic solution is obtained by setting xar = 0, which gives

zh =0, Tp = Tg, n=n".

3c

Consider the LP problem

max 5x1 + 4xo + 3x3,
subject to

2x1 4+ 3xo + 23 < 5,
4x1 4+ 29 + 223 < 11,
3x1 + 4xe + 223 < 8,

x1,x2,x3 > 0.

(Continued on page 8.)
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It turns out the optimal dictionary for this problem is

maxn = 13 — 3x9 — x4 — x4,
3 =14 220 + 324 — 274,

1 =2 — 210 — 224 + T4,

x5 = 14 dxg + 2x4.

For this dictionary, identify B, N, n*, 2, B~'N, z}.

Suppose the coefficient of 4 on s in the objective function is changed to
4 4t for some number ¢ > 0. How large can ¢t be chosen without sacrificing
the optimality of the dictionary?

Answer: We read off the dictionary:

-1 -3 2 3
BIN=]|2 2 -1/, Zv=[1
-5 -2 0 1

Next, changing 4 to 4 +t changes 2}, to
1

Zy=zy—t 0],
0

while the other quantities remain unchanged. To ensure the optimality of
dictionary ¢ must be chosen such that 2z, > 0 <=3 -t >0, i.e,

t<3.

THE END



