LP. Lecture 2. Chapter 2.3-2.5: the simplex method, cont.

» initialization
» two phases
» unbounded solution

» geometry
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Repetition

» LP problem
» feasible solution, optimal solution
» dictionary
» basis, basic variable and nonbasic variable
> pivot
maximize 3x3+ @
subject to =4 —x
¢ =12 —2x
CZaS'O
=18 —3X1 —2X2
X1, X2, wi, w2, w3 > 0
X=0

Red arrows indicate pivots (two possible "routes")
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Initialization

LP problem:
n . .
max 16X
subj.to
do—1aixg < b fori=1,...,m

xi 20 forj=1,...,n

Introduce slack variables and obtain the dictionary:

X: 72 O
_ g
no = Z;=1ijj W
w, = b,-—zj'.’zla,-jxj fori=1,...,m 7 O
bsscc

If b; > 0 for all i < m we find an initial feasible solution by letting

xi=0 forall j < nand

wi=b; foralli<m
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Problem: what if some of the b;'s are negative?
Solution:

» consider finding a first feasible solution as a new problem
» and this problem may be written as an LP problem !!!!
» the new LP problem is called the Phase | problem

» fortunately: it is easy to find an initial feasible solution of the
phase | problem !

Phase | problem:

max —Xp

EJ'-’=1 a,'ij-S b; fori=1,...,m

x; >0 forj=0,1,...,n.

subject to

Note: this is also an LP problem. We denote it by LP-I.



The Phase | problem:

» same variables as before, but one extra variable xg

» the original objective function is replaced by —xg. We want to
maximize —xp. T his is equivalent to minimizeA xp.

» the constraints are “almost as before” and they are

n
> " ajixj < bj+ xo
j=1

Interpretation of the Phase | problem:

The Phase | problem determines if the original problem has a
feasible solution (which may be highly nontrivial). And, if the
answer is positive, then it also finds a feasible solution. More on

this:

» think about xg as an increase of each right-hand side b;.
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» If we find a feasible solution (xp, x1, ..., x,) of LP-I where this
increase is 0 (xp = 0), then we have

n
Zaijxj < bi + xp = b;
j=1

so then (xi,...,X,) is a feasible solution in the original LP
problem! Great!

» If there is no feasible solution in LP-l with xo = 0, then the
original problem does not have any feasible solution either.
Why?
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Initialization, example
An LP problem (with at least one negative b;):

max —2X1 — X2
subj. to
—x1 + x2 <
—x3 — 2x <
X < 1
x1,xp > 0
This gives the Phase | problem:
max —X0
subj. to
-x1 + x2 —x < -1
—X1 — 2x3 —Xp < —2
X2 —x < 1
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This is the first dictionary. Which is nonfeasible!!? (Why?)

£ = - ()

wi =1\ + x1 — x + X0 X,z Nz = O
— w =2+ x3 + 2x + Xxp %o = ?
wyz =\l — X2 + X

But it can be converted into a feasible dictionary by a pivot! We let
Xg enter the basis (interpretation: we need a surplus on the
right-hand side) and let the variable which is the most negative
leave the basis. This is wo here.

Result:

§ =22+ x + 2 - W x.og ==

~ w =1 — 3 + w
I q2 ) - xx — 20 + w)
w3 = - x1 — 3x + w
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This is a feasible dictionary, and the corresponding basic solution is

wi = 1,xp = 2,w3 =3 and the other variables are zero.

What next? Since we have a feasible dictionary (i.e., a dictionary
with a basic feasible solution) we proceed with the simplex
algorithm from this solution.

So: pivot until we have found an optimal solution.

1. iteration: Xx; into the basis and w; out, which gives:

f = —1.33 +®— 067W1 — 033W2
x» = 0.33 — — 033wy + 0.33w,
~ X = 133 — x3 + 067wy + 0.33wm,

w3 = 2 — x3 + wq
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2. iteration: xj into the basis and xp out, which gives:

§ = 0 - X
x» = 0.33 — 0.33w1 + 0.33wp
x1 = 133 — x + 067wy + 0.33w,

wy3 = 067 + x + 0.33w; — 0.33wp

We see that this dictionary is optimal! So we have solved the Phase
| problem.

Since the optimal value is 0, there is a feasible solution in the
original LP problem. Namely: x; =4/3,x; = 1/3. Check this!
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Furthermore, we can write down a feasible dictionary for the

original LP problem by

» removing xg from the optimal dictionary in Phase |, and

» reintroduce the original objective function: n = —2x; — xo:
n = -3 — w - wo
x = 033 — 0.33w; + 0.33w
x1 = 133 + 0.67w; + 0.33wp
w3 = 0.67 + 0.33w; — 0.33ws

Now we have a feasible dictionary (and a basic feasible solution)
and we solve this problem using the simplex algorithm. We call this

the Phase Il problem.

By chance, this dictionary is already optimal, so no pivot was
necessary. Normally several pivots are required to solve the Phase |l

problem.
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Initialization

Summary:

» the method in the example may be used in general.

» Phase |: solve the Phase | problem to find, if possible, an initial
feasible solution (actually a basic feasible solution). This is a
feasible starting point for the next phase.

» Phase |I: solve the Phase Il problem using the solution from
Phase | as the starting point. We then find, using the simplex
algorithm, an optimal solution of the original LP problem or,
possibly, an unbounded solution.
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Unbounded solution

Next topic: some problems have an unbounded value!

Look closer at a pivot. Recall:

» an index k is moved from N to B (xk is entering variable; new
basic variable because it increases 7,

» another index / is moved from B to N (x; is leaving variable;
this variable leaves the basis because it becomes zero, and

» we find a new feasible dictionary from the previous one by row
operations.
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Possible problem: it could be that when the ingoing variable x; is
increased, then none of the basic variables become zero! Example:

Taking x4 into the basis, no basic variable becomes zero for any

x4 > 0.

n =2 + 3x4 — Xxs
x1 = 1 4+ x4 4+ x5
X2 = 2 4+ 5x4 + x5
x3 = 0 — X
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Conclusion: may increase x; without bounds and thereby obtain
arbitrarily large value on the objective function 7. We then say that
the problem is unbounded, and that the optimal “value” is 0.
Further, we see that if x moves along the ray

(X]_,XQ,X3,X4,X5) — (la 2a03 0’0) + (1,5,0, 1,0)X4
then n — oo as x4 — 00,

What can be said in general?

Let x, be the variable that enters the basis. If all the coefficients
(in the dictionary) of x, are nonnegative, then the same thing as
above will happen.

So:

» unbounded value, and

» we find a ray where 7 goes towards infinity.
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Geometry

Geometry for LP in two variables:

» feasible set: polyhedron P.
» feasible basic solution: vertex.
» pivot: move along an edge between two neighbor vertices.

» the level set {x: c"x = a}: line orthogonal to c, translate
this line until it becomes a tangent to P.

» the similar geometry for several variables: see later (convexity).
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maximize 3z + 2x9

A_ o subject to —z1 + 322
W= We = T+ Ty
—x1+3x2=12 2£L’1 — T2

L1, T2

Gradient-direction of the objective function
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Final comments

When we solve an LP problem the following possibilities are present:
1. the problem has no feasible solution. If so, this is determined
in Phase |.

2. the problem has a feasible solution, but no optimal solution
because the problem is unbounded.

3. the problem is feasible but not unbounded, and we terminate
with an optimal solution

And these are in fact all possibilities

But the reason for this is nontrivial. We need to prove that the
simplex algorithm always terminates.

» We have so far assumed that all basic variables are positive,
but we have not discussed what happens if at least one of
them is zero!

» This is the topic we consider in Lecture 3.
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