Answers to Exercises, Week 6, MAT3100, V20

Michael Floater

Exercises in Week 6 are: 5.1, 5.4, 5.5, 5.7 of Vanderbei.

Exercise 5.1

First we convert the problem to standard form. z; is a free variable and
so we replace it by the difference o — 1 where xg, 21 > 0. Similarly, x4 is a
free variable and so we replace it by the difference x4 — x5 where x4, x5 > 0.
Then we obtain

maximize To— T1 — 2T9
subject to To— X1+ 209 — 23+ 24— 25 >0,
4:[L‘[) - 41’1 + 31’2 + 4l‘3 - 2ZE4 + 21‘5 S 3,
—xo+ 21 —To+ 203+ x4 — 25 =1,
Zo,...,r5 > 0.

Then we invert the > inequality and replace the equality by < and > and
we get

maximize To— T1 — 2T9
subject to —Xo+ 21 — 29+ 23— 24+ 25 <0,
41}0 - 4I1 + 3ZE2 + 4!133 — 21’4 + 21’5 S 3,
—Zo+ X1 — X+ 2r3+ 14 — 5 <1,

x0—$1+x2—2x3—$4+x5 < —1,
Toy,...,Ts > 0.
Then the dual problem is
minimize 3y1 + Y2 — U3

subject to  —yo+4y1 —y2 +ys > 1,
Yo— 4y ty2 —ys = —1,
—2yo+3y1 —y2tys = -2,
Yo +4y1 + 2y — 2ys >0,
—Yo—2y1+y2—ys =0,
Yo+2y1 —y2+ys >0,
Yo, ---,Ys3 Z O



Exercise 5.4
The LP problem is

maximize 2z + o
subject to 2z + x5 < 4,

2.’131 + 3.%2 S 3,
4.%'1 +x2 < 5,
T+ 5$2 < 1,

Ty, T3 g 0.
The dual problem is

minimize 4y; + 3y; + dys + Y4
subject to 2y; +2y2 +4ys +ya > 2,
Y1+ 3y +ys+0ys > 1,
Y1,Y2, Y3, ya > 0.

We introduce slack variables for both problems. The two initial dictio-
naries are:

n = 2r1 + X

w, = 4 — 21’1 — )

Wy = 3 — 21‘1 — 31’2

w3 = 5 — 4512'1 — i)

wy = 1 - ry — 51’2

and

—¢ = — 4y — 3y — Odys —
21 = =2 + 2y1 + 2y + 4dyz + ua
22 = —1 + yi + 3y2 + yz + O

The primal dictionary is feasible, the dual not. We pivot on the primal
dictionary. x; enters and wy leaves (as in Exercise 2.2). The new dictionary
is:

n = 2 — 2wy — 9x,
wp = 2 + 2wy + 919
Wo 1 + 2wy + Txo
W3 1 + 4wy + 1929
r = 1 - ws - 529



Then we apply the corresponding pivot to the dual dictionary: i.e., z; leaves
and gy, enters. The new dictionary is:

- = =2 — 2y — Yy - ys — 2
ya = 2 — 2y — 2y — dys + 2z
Zg = 9 — 9y — Ty2 — 19y3s + 5z

The primal dictionary is now optimal. and the dual dictionary is feasible.
We also see that both objective functions have the same value. Thus, this
illustrates the Strong Duality Theorem.

Exercise 5.5
(a) The dual problem is

minimize 6y; + 1.5y2 + 4ys

subject to  2y; — 2yo + 3y3 > 2,
3yr +4ys +2ys > 8,

3ys — 2y3 > —1,

6y1 - 4343 Z _27
Y1, Y2,y3 > 0.

(b) The basic variables are x1, ws, 3. The non-basic ones are wy, xs, w3, 4.
(c¢) The primal solution (basic solution in the primal problem) is z; = 3.0,
wy = 0.0, z3 = 2.5. It is feasible because all these basic variables have
non-negative values. It is degenerate because wy = 0.

(d) We use the negative transpose property: the corresponding dual dictio-
nary is

—( = =35 — 30z + Oys —  2.523
T 0.25 + 0.5z, — 1.25y, + 0.75z3
o = —6.25 4+ 15z + 3.2bys + 1.2523
Yys = 0.5 + 0z: 4+ 1By — 0.5z
Zy = 1.5 + 3.0z — 135y, + 6.5z3

(e) The dual solution is y; = 0.25, z = —6.25, y3 = 0.5, zy = 1.5, and
z1 = yo = z3 = 0. It is not feasible because zs is negative.
(f) Yes, the solutions satisfy the complementary slack conditions:

l’z‘Zi:O, izl,...,4, ysz:O, Zzl,,3

Note y, and ws are both zero.



(g) No, the current primal solution is not optimal because x5 has a positive
coefficient, 6.25, in the objective function.

(h) In the next primal pivot, xo will enter and we will leave. This is a
degenerate pivot because wy has the current value 0. So the value of n will
not change.

Exercise 5.7
The LP problem in Exercise 2.3 is

maximize 2x1 — 629
subject to —x; — a9 — 23 < —2,
21‘1 — X9 + T3 S 1,
T1,T2,T3 Z 0.
The dual problem is
minimize —2y; + Yo
subject to —y; + 2y > 2,
—y1 — Y2 = —6,
—y1+y2 >0,
y1,¥2 2> 0.
The initial primal dictionary is
n = 2131 — 6%2
w, = -2 + Ty + T2 + T3
Wy = 1 - 2131 + To — I3
and the initial dual dictionary is
—C = 21— Y
z21 = =2 — g1+ 2
2z = 6 — wn — ¥
zZ3 = 0 — wn +

Both dictionaries are non-feasible. We can use the dual-primal two-phase
algorithm to solve this. In Phase I we find a feasible solution to the primal
problem. We do this by replacing the objective function by n = —x; —xs—x3.
This has the effect of making the dual problem feasible. We then solve the
dual problem, and use the result as a feasible solution to the primal problem.
With n = —x1 — x5 — x3, the dual dictionary is now
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¢ = 200 — Y2

2= 1 — y + 2
zg = 1 — [ Y2
z3 = 1 — y1 + 1y

which is feasible. Then y; enters and there is a tie for the leaving variable
among zp, 29, 23. Let’s choose z, to leave because then the coefficient of 5
will become negative. We get

—C = 2 = 2z — 3y
z1 = 0 + 2o+ 3y2
o= 1 — 2z —
zZ3 = O + Z9 + 2y2

This dictionary is optimal. The corresponding primal dictionary is

n = —2 + 0xy — w + O0Oxj
To = 2 — ry + wy — T3
Wy = 3 - 31’1 + w; — 25(]3

This gives us the feasible solution z; = x5 = 0, x5 = 2. We can check that
this is indeed feasible. We now express the original objective function in
terms of the current non-basic variables:

1N = 2x; — 629
:2x1—6(2—x1+w1—x3)
= —12 4+ 8z; — 6wy + 61‘3.

So we can start with the feasible dictionary

n = —12 + 8x; — 6w; + 6z
Ty = 2 — ry + w; — I3
Wy = 3 — 333'1 + w; — 2.]33

This is exactly the same dictionary we had at the start of Phase II when
we solved Exercise 2.3 (In Week 3). After two pivots we obtain the solution
x1 =0, 29 =1/2, 23 = 3/2 with n = —3. We also have w; = wy = 0.



