Answers to Exercises, Week 7, MAT3100, V20

Michael Floater

Exercises in Week 7 are: 6.1, 6.6, 7.1 of Vanderbei.

Exercise 6.1
(a) The basic variables are x3, z1, the non-basic ones are x4, s, 5.

(b) Recall that we can express the current dictionary as
n_= cpApb — ()T
rp = A0 — Ap'Anzy

where
* A—lA T
N = ( B N) Cp — CN.

In the example, B = {3,1} and N = {4,2,5}. So z}; = (2,0).
(c) 2y = (24,22, 25) = (3,—2,0).
(d)

L, 1 o—a 2
A Ay = {_2 ik
(e) Yes, becasue 23 > 0.

(f) No, because z3 # 0 .
(g) Yes, because z; = 0.

Exercise 6.6

The safest approach is to write the given problem in standard form. Then
it’s easy to find the dual (even though there might be some short cuts). For
the given problem, we could let T = x — [, so that then Z is a non-negative
variable. With this substitution the problem becomes

maximize Al+c"%
subject to a — Al < Az < b-— Al,
0<z <u-1.



Note that the term ¢’ is a constant and will not affect the optimal solution Z,
but will affect the value of the objective function. We can further write the

problem as
. . T TN
maximize c'l+c¢'Z

subject to Az <b— Al
—Ar < Al —a,
Tz <u-—1,
z >0.
Now we can let
A b— Al
A= |-Al, b= |Al—al,
I, u—1

so that the problem is

maximize c'l+ 'z
subject to AZ
T

IV IA
o o

Now we can write down the dual problem. We just need to retain the constant
term ¢l .
minimize ¢l + b'y

subject to ATy >c¢
y =0.

Exercise 7.1
(a) We use the fact that the final dictionary can be written in the form

n_= cpApb —  ()Taw
rg =  AGb — AplAyzy

where
* —1 T
2y = (Ag An) e —cn.

Since B = {2,3, 7} and N = {1,5,6,4} and ¢ = [1,2,1,1,0,0,0]T we
have
Cp = [02703767]T = [2a 170]T7

cn = [e1, 05, ¢6,ca)” = [1,0,0,1]7.



We are asked what happens if the objective function is changed to ¢’ x,

where
¢=1[3,2,1,1,0,0,0)".

The only change is in ¢; and we have
ép = cp, én = cy +[2,0,0,0]".
The only change to the dictionary is in the term 2%, and we get
2N = (A;AN)TCB — CN
=z —[2,0,0,0"

=1[1.2,0.2,0.9,2.8]" —[2,0,0,0]"
=[-0.8,0.2,0.9,2.8]".

So the current solution is no longer optimal. The new dictionary is

n = 124 + 08r; — 0225 — 09z — 2.814
Ty = 6 — Ty — 0.bxg -— 224
rg = 04 — 02z — 0225 + 0.1xsg + 0.2z4
Ty = 11.2 — 16.771 + 04l’5 + 03ZL’6 + 161‘4

To find the optimal solution we need to proceed with the simplex algorithm.
x1 enters the basis and 3 leaves and we get:

n = 14 — 4dx3 — x5 — 0dxg — 2x4
Ty = 4 + 51‘3 + 5 — T — 31’4
Try = 2 — 51‘3 - Ts + 05.1‘6 + Ty
X7 = 8 + 8333 + 2$5 — 05[E6

This dictionary is optimal and the solution is
¥ =1[2,4,0,0,0,0,8)", n*=14.
(b) Now we change ¢ to
¢=11,2,0.5,1,0,0,0]".
Then the only change is in ¢3 and we have

ép=cp+10,-050%, &y =cn.
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The only change to the dictionary is in the objective function. We get
27\[ = (AglAN)TéB — CN
= 2 + (A" AN)T[0, —0.5,0]".
From the given dictionary,

1 0 05 2
AZ' Ay =102 02 -01 —0.2],
1.6 —04 —03 —1.6

and therefore

1 02 16 0 —0.1
L1y T r_ |0 02 —04] | =01
(Ap An)7[0,-0.5,0" = 05 —0.1 —0.3 8‘5 ~10.05
2 —02 —16 0.1

Also, from the dictionary,
2y =[1.2,0.2,0.9,2.8]7,
and so
#r =1[1.2,0.2,0.9,2.8]" +10.1,-0.1,0.05,0.1]" = [1.1,0.1,0.95,2.9]".

Hence, z3, > 0 and so z* remains optimal. We can also find the new objective
value:

0" = epAg'h
=n*+[0,-0.5,0]A5"b
=12.4+10,-0.5,0][6,0.4,11.2]"
=124-02
=12.2.

(¢) Now we change b = [8,12,18]T to b = [8,26, 18]7. The change to b is b
and .
b=10b+10,14,0]".



Let’s compute the modified dictionary. We can do this by computing the
inverse of Ag. Since

2151100
A=12 204 0 1 0f,
3120001
150
Ap =12 0 0],
121
and we find
0 05 0
Agl=102 -01 0
—04 —03 1
Then
AGlh = AZ'b + ABY0,14,0)T
= [6,0.4,11.2]" + AZ'[0,14,0]"
=[6,0.4,11.2)" +[7,—1.4,-4.2]"
= [13,-1,7]",
and

EAGD = [2,1,0][13, -1, 7] = 25.

The primal solution is no longer feasible, but the dual is. The updated dual
dictionary is

—C = =25 - 132’2 + Z3  — 72’7
zn = 1.2 + zo + 0223 + 1.6z
25 = 0.2 + 022’3 — 0427
zg = 09 + 05z — 0.1z — 0.3z
zg = 2.8 + 229 — 0.2z3 — 1.6z

So we can now proceed with the simplex algorithm for the dual. z3 enters
the basis and zg leaves and we get:

—( = —16 — 8z — 10z — 1027
1 = 3 4+ 2z — 2z + 27
z5 = 2 + oz = 2z — 27
z3 = 9 + 522 — 1 026 - 327
Zy = 1 4+ 2z 4+ 2z — 27
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This is optimal. Going to the primal dictionary, we obtain the solution

r*=10,8,0,0,0,10,10]", #* = 16.



